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PREFACE TO THE FOURTH EDITION. 


Ekiht year- have elap-ed .-ince the appearance of the tliii 
edition, tluriiig wliich time the book has been reprinted without 
change, and a re\’ision therefore became gi-eatly desired. 

It was very gratihing, howe\'er, to fim.1 that none of the 
contents of the former Cvlitioii had t(j be dropped as superseded 
or antiquated. However, very much new material had to bo 
added. During the>e eight yearr^ the electrical industry has 
progre>sed at least as rapidly as in am* pretdous period, and 
apparatus and phenomena wliich at the time of the third edition 
were of theoretical interest only, or of no interest at all, have 
as-umed great industrial imi>ortanca, as. for instance, the single- 
phase commutator motor or liigli freciuency phenomena, and 
therefore require an e^:tellsi^ e recognition. 

Besides rewriting and enlarging uumeroib paragraphs through- 
out tht‘ tc\t, nine e-ntiriiy new chapters lia\'e been addl'd, on 
single-pluise commutator motors and alieniatmg-ciuTeiit motors 
in gtnend, on iiivlu(*ti<ai niaehin(‘s, aniiatiiro reaction of alti rna- 
toi’s, '^Liigiiig v)f '-yniiironous machines, [)hase contiol, coibUiiit- 
curreiit traibhjniiation, et(‘., and si\ otlu^r chapltis ^K^atlv 
eiilarg' d. Tli(‘i‘c‘ has aho been addi‘(l to tlu‘ theor}' ol apparatus 
and plieiioini'na a sport ( iitline o[ the method of calculating the 
('oii-.taiil- eiitviiiig into the tlusn’y, and of their determination 
by e\i)erniieiital tt‘-ts. 

The gieat(-t ad\aiiee of late yc^ar- ha- l)i*eii in the -tud\ ol 
Tiai'-ieut pht'lioUK'lia. \Miile the plleueiic'na ot tlu‘ (low ol 
elev-ti’ic entia\ in siaiioiiai} or {»-iinaUeiit emMiition 
alieadx Will im. k i -luod iigiil \eai- ago with the e.replion ol 
the I la’-^'U* b()(»k ot Di-. Hoikil aiid (ii^iioii. picaUealh lie 
tiigiiK'ei mg Volk had bem done at that unit* on tln‘ flow ol 
t'Fetiir (‘Iieigx under transit at e( mditioiis, a- the -tarting of 
eireuil-, .sboit-ciivuit eurreiiis ol altei iiator-, mductixe dis- 
ehargt's, fico o-cillatioiis ol ti’aiismisMoii hii(s, lagli 1 i\‘(|ueii(‘y 
euiie.its. -urges, o-'Mlkilioiis, lia\(img wa\e-, eke, au<l \'ery 
httk' Oil eireiiits eoiitaming di-tribiitcd ea[)a(‘it^\ and induetaiie(\ 
as traii^Uii>sioii lines, cables, telephone lines, wduk at 
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PREFACE 


present we are rapidly approaching the time when these phe- 
nomena will be as well understood as those of the steady flow of 
energy. To give even a short abstract of the theory of these 
phenomena (which are probably the most important the engineer 
has to meet at present) would have been impossible without 
enormously increasing the already large volume, and they will 
therefore be published as a separate work on .''Theory and 
Calculation of Transient Electric Phenomena and Oscillations, ” 
which is in press and may be considered as the second volume 
of the present work. 

When reading the book, or using it as text-book, it is recom- 
mended : 

First, to take up Part I of "Theoretical Elements of Elec- 
trical Engineering,^^ which deals with general theory and is 
intended as an introduction to this treatise. 

Then to proceed with the reading of the present volume, but 
when reading the chapters dealing with the theory of apparatus, 
to parallel their study with the reading of the corresponding 
chapters of Part II of "Theoretical Elements of Electrical 
Engineering,^^ which deal with the same subjects in a different 
manner, and thus should greatly assist in imparting a clear 
insight into the nature of apparatus. 

After finishing the main parts of these two books, tlie reading 
of "Theory and Calculation of Transient Elecdric Plienoniena 
and Oscillations’’ may be taken up. 

Where time is limited, a large part of the niathemati(*al dis- 
cussion may be skipped and in that way a general review of the 
material gained. 

The reader is advised, after completing Cliapter V, carefully 
to read Appendix I, on the algebra of the complex (luantily, 
before continuing with the main text. 

Great thanks are due to the technical staff of the McCraw 
Publishing Company, which has spared no effort to produce the 
fourth edition in as perfect and systematic a manner as {)ossible, 
and to the numerous engineers who have greatly assisted me by 
pointing out typographical and other errors in the previous 
edition. 

Charles Proteus Steinmetz. 

Camp Mohawk, Viele^s Creek, Schenectady, N.Y. 

August , 1908. 



PREFACE TO FIRST EDITION. 


The foUomng volume is intended as an exposition of the 
methods which I have found useful in the theoretical investiga- 
tion and calculation of the manifold phenomena taking place 
in alternating-cuiTent circuits, and of their application to alter- 
nating-current apparatus. 

AVliile the book is not intended as first instruction fora beginner, 
but presupposes some knowledge of electrical engineering, I have 
endeavored to make it as elementary as possible, and have 
therefore used only common algebra and tiigonometiy, prac- 
ticalty excluding calculus, except in §§ 144 to 151 and Appendix 
II; and even §§ 144 to 161 have been paralleled by the elemen- 
tary api')roximation of the same phenomenon in §§ 140 to 143. 

All the metluKls used in the book have been introduced and 
explicitly discu>sed, with examples of their application, the 
first part of the book being devoted to thi^. In the inve>tiga- 
tion of alternating-current idienoinona and apparatus, one 
method only ha.s usually been employed, though the otlier 
available methods are sufficiently explained to show {\\r\r 
application. 

A considerable part of the book i'- nece^-^arily (Unvoted to the 
application of coinidex imaginary (piantitie-, a"- tlu‘ method 
which I fouiul ino^t useful in di*almg with alternatina-curr(‘nt 
phenomena: and in thi^ reeard the book may bt* con'-id(‘ri‘d a^- 
an exi)ansion and I'xteii'^ion of my papin* on th(‘ application of 
complex imaginary (luantilie'- to eh‘ctrical engiiuvring, r(‘ad 
before the International lilectrical Congre>^ at (diicago, 1SP;>. 
The complex imaginary (luantity is gradually introduc(‘d, 
with full explanations, the algebraic operations with complex 
ciuantities being discussed in Appendix I, so as not to re({uire 
from the reader any previous knowledge of the algebra of the 
complex imaginary plane. 

Wliile those phenomena which are characteristic of polyphase 

vii 
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PREFACE TO FIRST EDITION. 


systems, as the resultant action of the phases, the effects of 
unbalancing, the transformation of polyphase systems, etc., 
have been discussed separately in the last chapters^ many of the 
investigations in the previous parts of the book apply to poly- 
phase systems as well as single-phase circuits, as the chapters 
on induction motors, generators, synchronous motors, etc. 

A part of the book is original investigation, either published 
here for the first time, or collected from previous pubhcations 
and more fully explained. Other parts have been pubhshed 
before by other investigators, either in the same, or more fre- 
quently in a different form. 

I have, however, omitted altogether literary references, for 
the reason that incomplete references would be worse than none, 
wliile complete references would entail the expenditure of much 
more time than is at my disposal, without offering sufficient 
compensation; since I believe that the reader who wants infor- 
mation on some phenomenon or apparatus is more interested 
in the information than in knowing who first investigated the 
phenomenon. 

Special attention has been given to supply a complete and 
extensive index for easy reference, and to render the book as 
free from errors as possible. Nevertheless, it probaldy (‘oiitains 
some errors, typographical and otherwise; and I will Ik' obliged 
to any reader who on discovering an error or an apparent (‘n-or 
will notify me. 

I take i)leasure here in expressing my thaiiks to Mc'ssrs. 
W. D. Weavkr, a. E. Kknnklly, and Townsend Wolcott, 
for the interest they have taken in the book wliile in tlu‘ course 
of publication, as well as for the valuable assistance given by 
them in correcting and standardizing the notation to confoi-ni 
to the international system, and numerous valuable sugges- 
tions regarding desirable improvements. 

Thanks are due also to the publishers, who have spared no 
effort or expense to make the book as creditable as possible 
mechanically. 


January, 1897. 


CHARLES PROTEUS STEINMETZ. 
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THEOKY AND CALCULATION 

OF 

ALTERNATITO-CURRENT PHENOMENA 


CHAPTER I. 


INTRODUCTION. 


1 . In the practical applications of electrical energy, we meet 
with two different classes of phenomena, due respectively to the 
continuous current and to the alternating current. 

The continuous-current phenomena have been brought A\dthin 
the realm of exact analytical calculation by a few fundamental 
laws : 


(1) Ohnds law: i ==-» where r, the resistance, is a constant 
r 


of the circuit. 


(2) Joule law: P = 'Pr, where P is the power, or the rate at 
wliich encTgy is expt'iided by the current, i, in the resistance, r. 

(3) The pow(‘r equation: P^ = eq where P^ is the power 
exp('iid(‘d in the circuit of e.in.f., c, and current, i. 

(4) Kirchhoff’s laws: 

(a) The sum of all the e.m.fs. in a cIommI circuit = 0, if the 
e.m.f. couMimed by the resistance, /V, is aKo consicku’eel as a 
counter e.m.f., and all the e.m.fs. are takiui in their proper 
direction. 


(b) The sum of all the currents directed towards a distributing 
point = 0. 


In alternating-current circuits, that is, in circuits in which the 
currents rapidly and i)eriodically change their direction, these 
laws cease to hold. Energy is expended, not only in the con- 
ductor through its ohmic resistance, but also outside of it; 
energy is stored up and returned, so that large cuiTents may 
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exist simultaneously with high e.m.fs., without representing any 
considerable amount of expended energy, but merely a surging 
to and fro of energy; the ohmic resistance ceases to be the deter- 
mining factor of current value; currents may divide into com- 
ponents, each of which is larger than the undivided current, etc. 

2. In place of the above-mentioned fundamental laws of 
continuous currents, we find in alternating-current circuits the 
following: 

Ohm’s law assumes the form, i =-, where z, the apparent 

z 

resistance, or impedance, is no longer a constant of the circuit, 
but depends upon the frequency of the currents; and in circuits 
containing iron, etc., also upon the e.m.f. 

Impedance, z, is, in the system of absolute units, of the same 
dimension as resistance (that is, of the dimension LT-^ = 
velocity), and is expressed in ohms. 

It consists of two components, the resistance, r, and the 

reactance, x, or — 

z = Vr^ x^. 

The resistance, r, in circuits where energy is exi')en(kHl only 
in heating the conductor, is the same as the oliinic resistance of 
continuous-current circuits. In circuits, however, where energy 
is also expended outside of the conductor by magncdic liysteresis, 
mutual inductance, dielectric hysteresis, etc., r is hirgcn* Hum the 
true ohmic resistance of the conductor, since it ref(‘rs to 1h(‘ total 
expenditure of energy. It may be calk'd tlu'ii the clJecLive 
resistance. It is no longer a constant of the cirimit. 

The reactance, x, does not represent th(' ('xiK'nditurc of energy 
as does the effective resistance, r, but nu'U'ly the surging to and 
fro of energy. It is not a constant of the circuit, but depends 
upon the frequency, and frequently, as in circuits containing 
iron, or in electrolytic conductors, upon the e.m.f. also. Hence, 
while the effective resistance, r, refers to the jiower component 
of e.m.f., or the e.m.f. in phase with the current; the reactance, 
X, refers to the wattless component of e.m.f., or the e.m.f. in 
quadrature with the current. 

3. The principal sources of reactance are electromagnetism 
and capacity. 
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Electromagnetism. 

An electric current, i, in a circuit, produces a magnetic flux 
surrounding the conductor in lines of magnetic force (or more 
correctly, lines of magnetic induction), of closed, circular, or 
other form, which alternate with the alternations of the current, 
and thereby generate an e.m.f. in the conductor. Since the 
magnetic flux is in phase with the current, and the generated 
e.m.f. 90^^, or a quarter period, behind the flux, this e.m.f, of self- 
induction lags 90°, or a quarter period, behind the current; that 
is, is in quadrature therewith, and therefore wattless. 

If now ^ = the magnetic flux produced by, and interlinked 
with, the current i (where those lines of magnetic force, w’’hich 
are interlinked 7i-fold, or pass around n turns of the conductor, 

(f> 

are counted n times), the ratio, is denoted b}^ L, and called 

the inductance of the circuit. It is numerically equal, in 
absolute units, to the interlinkages of the circuit with the 
magnetic flux produced by unit cuiTent, and is, in the system 
of absolute units, of the dimension of length. Instead of the 
inductance, L, sometimes its ratio with the ohmic resistance, 
r, is used, and is called the time-constant of the circuit, 



r 


If a conductor surrounds with n turns a magnetic circuit of 
reluctance, the current, in the conductor represents the 
m.m.f. of ni ampere-turns, and hence produces a magnetic flux 

of ~ lines of magnetic force, surrounding each n turns of the 
(R 

h 

conductor, and tliereby giving (f> =“ inttniinkages between 

ui 

the magnetic and electric circuits. Hence the inductance is 

i cR 

The fundamental law of electromagnetic induction is, that 
the e.m.f. generated in a conductor by a magnetic field is 
proportional to the rate of cutting of the conductor through 
the magnetic field. 
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Hence, if i is the cuiTent, and L is the inductance of a 
circuit, the magnetic flux interlinked with a circuit of cur- 
rent, i, is U, and 4 fU is consequently the average rate of 
cutting; that is, the number of lines of force cut by the con- 
ductor per second, where / = frequency, or number of com- 
plete periods (double reversals) of the current per second, i = 
maximum value of current. 

Since the maximum rate of cutting bears to the average rate 
the same ratio as the quadrant to the radius of a circle (a sinu- 
soidal variation supposed), that is the ratio ^ 1. the maxi- 

mum rate of cutting is 2 nf, and, consequently, the maximum 
value of e.m.f. generated in a circuit of maxiinuni current value, 
i, and inductance, L, is 

e = 2 TrfLd. 

Since the maximum values of sine waves are proportional (by 
factor V2) to the effective values (square root of mean s(iiiares), 
if i = effective value of alternating current, e = 2 jtjLi is tlie 

effective value of e.m.f. of self-induction, and th(‘ rat io, " =- 2 tt/L, 

i 

is the inductive reactance, 

Xm “2 Tzjlj. 

Thus, if r == resistance, x,,,, -= reactance, z iin|)(‘(lanco, 
the e.m.f. consumed by resislaiuM^ is: Cj //•; 
the e.m.f. consumed l)y reaclanc(‘ is: ix,„; 

and, since botli (‘.m.fs. are in (juadrature to (‘ach oIIkm*, the; total 
e.m.f. is 

e = i + a:,,,- = iz] 

that is, the impedance, z, takes in altc^rnatin^-curnml ciixtiiits 
the place of the resistance, r, in continuous-cun*ont circuits. 


Capacity, 

4. If upon a condenser of capacity, C, an e.m.f., e, is impi-esscd, 
the condenser receives the electrostatic charge, Ce. 

If the e.m.f., c, alternates with the fre(juency, /, the average 
rate of charge and discharge is 4 /, and 2 nf the maximum rate 
of charge and discharge, sinusoidal waves supposed; hence, 
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i —2 izfCe, the current to the condenser, winch is in quadrature 
to the e.m.f and leading. 



the condensive reactance.” 

Polarization in electrolytic conductors acts to a certain extent 
like capacity. 

The condensive reactance is inversely proportional to the 
frequency and represents the leading out-of-phase wave; the 
inductive reactance is directly proportional to the frequency, 
and represents the lagging out-of-p^se wave. Hence both are 
of opposite sign with regard to each other, and the total react- 
ance of the circuit is their difference, x = Xm — x^. 

The total resistance of a circuit is equal to the sum of all the 
resistances connected in series; the total reactance of a circuit 
is equal to the algebraic sum of all the reactances connected 
in series; the total impedance of a circuit, however, is not equal 
to the sum of all the individual impedances, but in general less, 
and is the resultant of the total resistance and the total reactance. 
Hence it is not permissible directly to add impedances, as it is 
with resistances or reactances. 

A further discussion of these quantities will be found in the 
later chapters. 

6. In Joule’s law, P -= zt, r is not the true oliinie n^sLstanco, 
but the '‘effectivci resistance”; that is, the ratio of the pow'er 
component of e.m.f. to the current. Since in alternating- 
current circuits, in addition to the energy expended in the 
ohmic resistance of the conductor, energy is expended, partly 
outside, partly inside, of the conductor, by magnetic hysteresis, 
mutual induction, dielectric hysteresis, etc., the effective resist- 
ance, r, is in general larger than the true resistance of tli(‘ 
conductor, sometimes many times larger, as in transformers 
at open secondary circuit, and is no longer a constant of the 
circuit. It is more fully discussed in Chapter VIII. 

In alternating-current circuits the power equation contains 
a third term, which, in sine waves, is the cosine of the angle of 
the difference of phase between e.m.f. and current: 
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Consequently, even if e and i are both large, P, may be very 
small, if cos 6 is small, that is, 6 near 90°. 

Kirchhoff’s laws become meaningless in their original form 
since these laws consider the e.m.fs. and currents as directional 
quantities, counted positive in the one, negative in the opposite 
direction, while the alternating current has no definite direction 
of its own. 

6. The alternating waves may have widely different shapes; 
some of the more frequent ones are shown in a later chapter. 



The simplest form, however. Is the sine wave, sliown in 
Fig. 1, or, at least, a wave very near sine shaix', which may bo 
represented anal 5 dically by 


i - I sin --- (t - Q = I sin 2 tt/ (/ - l ) 

Where 7 is the maximum value of t]i(> wave, or its amplitude-, 
IS the time of one complete cyclic repetition, or llic^ period of 

the wave, or / — ^ is the frequency or iiumbt'i' of coiiiph'tc 

periods per second, -“and t, is the time, wliciv tli(‘ wave is zero, 
or the epoch of the wave, generally called the p/io.se.* 

datum position, of a perioSncl t^t a tl" bVI 

current phenomena only different ways of expressing the sate tlli ' 
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Obviously, phase or ''epoch'^ attains a practical meaning 
only when several waves of different phases are considered, as 
'difference of phase/^ When dealing with one wave only, we 
may count the time from the moment when the wave is zero, 
or from the moment of its maximum, representing it respec- 
tively by 

i = / sin 2 7i:% 
and i = I cos 2 reft 

Since it is a univalent function of time, that is, can at a 
given instant have one value only, by Fourier’s theorem, any 
alternating wave, no matter what its shape may be, can be 
represented by a series of sine functions of different frequencies 
and different phases, in the form: 

i = 7^ sin 2 tt/ (i — t^) + sin 4 tt/ (i — 

+ Zg sin 6 t:/ ~ fg) + ... 

where /j, /g, /g, . . . are the maximum values of the different 
components of the wave, ^3 • - • the times, where the 

respective components pass the zero value. 

The first term, sin 2zf {t — ^j), is called the jundamenial 
wave, or the first harmonic] the further terms are called the 
higher harmonics, or "overtones,” in analogy to the overtones 
of sound waves. 7^ sin 2 rntf (t ~ tf) is the harmonic. 

By resolving the sine functions of the time differences, t — 
t — . . ., we reduce the general expression of the wave to 

the form: 

i == sin 2 -ft + sin 4 Tzft -f .I 3 sin i) -ft + ... 

4- cos 2 -ft 4 B^ cos 1 -ft 4- B^ eo^ (> “//I 

The two half-wav(\s of each period, the jjos^iiive wave and the 
negative wave (counting in a definite direction in the circuit), 
are almost always identical, because, for reasons inherent in 
their construction, practically all alternating-currcnit machines 
generate e.m fs. in which the negative half-wave is identical with 
the positive. Hence the oven higher harmonics, which cause 
a difference in the shape of the two half-waves, disappear, and 
only the odd harmonics exist, except in very special cases. 



6 alternating-current phenomena . 

Consequently, even if e and i are both large, may be very 
small, if cos 0 is small, that is, 6 near 90°. 

Eirchhoff’s laws become meaningless in their original form, 
since these laws consider the e.m.fs. and currents as directional 
quantities, counted positive in the one, negative in the opposite 
direction, whde the alternating current has no definite direction 
of its own. 

6. The alternating waves may have widely different shapes; 
some of the more frequent ones are shown in a later chapter. 



The simplest form, however, is the sine wave, shown in 
Fig. 1, or, at least, a wave very near sine shaix*, winch may bo 
represented anal 3 dically by 

2 7Z 

i = I sin (t — =7 sin 2 tt/ (/— 

h 

where 1 is the maximum value of tht‘ wav(‘, or its am'pUtude] 
Iq is the time of one complete cyclic repetition, or tli(‘ period of 

the wave, or / = “ is the frequency or numbcu’ of complete 

h 

periods per second; and is the time, where tlu^ wave is zero, 
or the epoch of the wave, generally called the phase,^ 

* “Epoch” is the time where a periodic function reaches a certain value, 
for instance, zero; and “phase” is the angular position, with respect to a 
datum position, of a periodic function at a given time. Both are in alternate- 
current phenomena only different ways of expressing the same thing. 
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Obviously, ^^phase’’ or “epoch” attains a practical meaning 
only when several waves of different phases are considered, as 
“difference of phase.” When dealing with one wave only, we 
may count the time from the moment when the wave is zero, 
or from the moment of its maximum, representing it respec- 
tively by 

i = 7 sin 2 nft, 
and i = 7 cos 2 nfL 

Since it is a univalent function of time, that is, can at a 
given instant have one value only, by Fourier’s theorem, any 
alternating wave, no matter what its shape may be, can be 
represented by a series of sine functions of different frequencies 
and different phases, in the form: 

i = 7^ sin 2 nf (t — sin iizf (t — Q 

+ 73 sin 6 t:/ (i ~ fg) + . . . 

where 7^, 7^, /g, . . . are the maximum values of the different 
components of the wave, • • • the times, where the 

respective components pass the zero value. 

The first term, 7^ sin 2 r/ (^ — is called the fundamental 
wave, or the first harmonic; the further terms are called the 
higher harmonics, or “overtones,” in analogy to the overtones 
of sound waves. sin 2 nr.f {t — tjf) is the harmonic. 

By resolving the sine functions of the time differences, t ~ 
t — we reduce the general expression of the wave to 

the form: 

i == Aj sill 2 Tcft + Mil 4 Tzft + sin () -// H- . . . 

-f cos 2 -ft + Bj^ (*()s 4 -ft + B 3 i) -ft ... 

The two half-wa\'(‘h of each period, the wave and the 

negative wave (counting in a definite direction in the circuit), 
are almost always identical, because, for reasons inherent in 
their construction, practically all alternating-current machines 
generate e.m.fs. in whicli the negative half-wave is identical with 
the positive. Hence the even higlun* liarmonics, which cause 
a difference in the shape of tlie tw'o half-w'aves, disappear, and 
only the odd harmonics exist, except in very special cases. 
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Hence the general alternating-current wave is expressed by: 
i sin 2nf (t — Q + Ig sin 6 nf (t —tg) 

+ Is sin 10 tt/ (i — fe) + . . 
or, 

i sin 2 nft + Ag sin Qnft + As sin 10 + ... 

+ cos 2njt + Bg cos &7tfi + Bs cos 10 rzft + ... 

Such a wave is shown in Fig. 2, while Fig. 3 shows a wave 

whose half-waves are different. Figs. 2 and 3 represent the 



secondary currents of a Ruhmkorff coil, whoso secondary coil 
is closed by a high external resistance; Fig. 3 is Ihc' coil oporak'd 



in the usual way, by make and break of the primary battery 
current; Fig. 2 is the coil fed with reversed currents by a com- 
mutator from a battery. 
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7. Inductive reactance, or electromagnetic momentum, which 
is always present in alternating-current circuits, — to a large 
extent in generators, transformers, etc., — tends to suppress 
the higher harmonics of a complex harmonic wave more than 
the fundamental harmonic, since the inductive reactance is pro- 
portional to the frequency, and is thus greater with the higher 
harmonics, and thereby causes a general tendency towards simple 
sine shape, which has the effect, that, in general, the alternating 
currents in our light and power circuits are sufl&ciently near sine 
waves to make the assumption of sine shape permissible. 

Hence, in the calculation of alternating-current phenomena, 
we can safely assume the alternating wave as a sine wave, 
without making any serious error; and it will be sufficient to 
keep the distortion from sine shape in mind as a possible dis- 
turbing factor, which, however, is in practice generally negli- 
gible — except in the case of low-resistance circuits containing 
large inductive reactance and large condensive reactance in 
series with each other, so as to produce resonance effects of these 
higher harmonics, and also under certain conditions of long- 
distance power transmission and high-potential distribution. 


8. Experimentally, the impedance, effective resistance, induc- 
tance, capacity, etc., of a circuit or a part of a circuit are 
conveniently deterniined by impressing a sine \vave of alterna- 
ting e.m.f. upon the circuit and measuring with alternating- 
current aniniet(‘r, voltmeter and wattmeter, the current, ?, in 
the circuit, the potc'iitial diffen'iice, e, across the circuit, and 
the power, pj consumed in the circuit. 

Then, 


The impedance, ^ 


e ^ 

~ j 

i 


T}u‘ phas(‘ angle, cos 0 


P . 

ci ’ 


The effective resistance, r 
From these eciuations. 


The reactance, x \ V _ r - ; 
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If the reactance is inductive, the inductance is 
^ 2 7zf‘ 

If the reactance is condensive, the capacity or its equivalent is 
^ 27tfx’ 

wherein / = the frequency of the impressed e.m.f. If the react- 
ance is the resultant of inductive and condensive reactances 
connected in series, i.e., 

L and C can be found by measuring the reactance at two 
different frequencies, and /g, and writing 



*1 

= 2 <L - 

1 

2 7tffi’ 



= 2;r/^- 

1 

2nU(J^ 

then, 





L 

- 

^ 2 / 2 ’ 




-//)' 

and 





C 

fx 

-// 


2 - ^ 2 / 1 ) 


A moderate deviation of the wa.ve of alt(Tnating inipnsssf^d 
e.m.f. from sine-shape does not cause any sc'rious c^rror as long 
as the circuit contains no capacity. 

In the presence of capacity, however, ev(^n a V(Ty slight 
distortion of wave-shape may cause an error of sonu^ luindn^d 
per cent. 

To measure capacity and condensive reactance by ordinary 
alternating currents, it is therefore advisable to insert in series 
with the condensive reactance a non-inductive resistance or indue- 
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tive reactance, which, is larger than the condensive reactance, 
or to use a source of alternating current, in which the higher 
harmonics are suppressed, as the T connection of Constant 
Potential — Constant-Current Transformation, paragraph 69. 

In ironclad inductive reactances, or reactances containing iron 
in the magnetic circuit, the reactance varies with the magnetic 
induction in the iron, and thereby with the cun’ent and the 
impressed e.m.f. Therefore the impressed e.m.f. or the mag- 
netic induction must be given, to which the ohmic reactance 
refers, or preferably a curve is plotted from test (or calcula- 
tion), giving the ohmic reactance, or, as usually done, the 
impressed e.m.f. as function of the current. Such a curve is 
called an excitation curve or impedance curve, and has the 
general character of the magnetic characteristic. The same 
also applies to electrolytic reactances, etc. 

The calculation of an inductive reactance is accomplished by 
calculating the magnetic circuit, that is, determining the ampere- 
turns m.m.f. required to send the magnetic flux through the 
magnetic reluctance. In the air part of the magnetic circuit, 
unit permeability (or, refeired to ampere-turns as m.m.f., reluc- 
tivity ) is used, for the iron part, the ampere-turns are taken 

4 TT 

from the curve of the magnetic characteristic, as discussed in 
the follo\\iug. 



CHAPTER n. 

INSTANTANEOUS VALUES AND INTEGRAL VALUES. 

9. In a periodically varying function, as an alternating 
current, we have to distinguish between the instantaneous 
vdue, which varies constantly as function of the time, and the 
integral vdue, which characterizes the wave as a whole. 

As such integral value, almost exclusively the effective vdue 
is used, that is, the square root of the mean sciuare; and wher- 



Fig. 4. — Alternating Wave. 


ever the intensity of an electric wave is nu^ntioiuMl witliout 
fuither reference, the effective value is iindcTstood. 

The maximum value of the wave is of practic'al irit(‘r(\st only 
in few cases, and may, besides, be different for Iwo lialf- 
waves, as in Fig. 3. 

As arithmetic mean, or average value, of a wav(‘, as in l^'igs. t 
and 5, the arithmetical average of all the iiistantaiu^oiis valii(\s 
during one complete period is understood. 

This arithmetic mean is either =0, as in Fig. 4, or it difi*m*s 
from 0, as in Fig. 5. In the first case, the wave is eall(‘d an 
alternating wave, in the latter a pulsating wave. 

Thus, an alternating wave is a wave whose positives valucvs 
give the same sum total as the negative values; that is, whose 

12 
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two half-waves have in rectangular coordinates the same area, 
as shown in Fig. 4. 

A pulsating wave is a wave in which one of the half-waves 
preponderates, as in Fig. 5. 

By electromagnetic induction, pulsating waves are produced 
only by commutating and unipolar machines (or by the super- 
position of alternating upon direct currents, etc.). 

All inductive apparatus without commutation give exclu- 
sively alternating waves, because, no matter what conditions 



Fig. 6. — Pulsating Wave. 


may exist in the circuit, any line of magnetic force, wliich during 
a complete period is cut by the circuit, and thereby generates 
an (MH.f., must during the same period be cut again in the 
opposit(‘ dm^ction, and thereby generate the same total amount 
of e.m.f. (Obviously, this does not apjdy to circuits consisting 
of dihenuit i)arts movable with regard to each other, as in 
imii)olar maeliiiu'S.) 

Pulsating curn^nts, and therefore jmlsating potential dif- 
f(‘r(mc(‘s across parts of a circuit can, howevcu*, be produced 
from an alternating induced o.m.f. by the use of asymmetrical 
circuits, as arcs, sona^ elt^ctrocheniical cells, as the aluminuni- 
carl:)on cell, etc. Most of the alt(U*nating-current rc^ctifiers are 
based on the use of such asymmetri(*al circuits. 

In th(‘ following we shall almost (exclusively consider the 
alternating wave, that is, the wave whose true arithmetic mean 
value = 0. 

Frequently, by mean value of an alternating wave, the average 
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of one half-wave only is denoted, or rather the average of all 
instantaneous values without regard to their sign. This mean 
value of one half-wave is of importance mainly in the rectifica- 
tion of alternating e.m.fs., since it determines the unidirectional 
value derived therefrom. 


10. In a sine wave, the relation of the mean to the maximum 
value is found in the following way: 

Let, in Fig. 6, AOB represent a 
quadrant of a circle with radius 1. 
Then, while the angle 0 traverses 

7t 

the arc - from A to JS, the sine 

varies from 0 to OB = 1. Hence 
the average variation of the sine 
bears to that of the corresponding 

TT 



arc the ratio 1 


Fig. 6. 


, or - 1. The 

2 TT 


maximum variation of the sine takes 
place about its zero value, where the sine is equal to the arc . I Lc‘i lec 
the maximum variation of the sine is equal to the variation of 
the corresponding arc, and consequently the maximum variation 
of the sine bears to its average variation the same ratio as the 

2 

average variation of the arc to that of the* siiu-; lluit is, 1 

TT 

and since the variations of a sine function an^ sinusoidal also, we 
have 

2 

Mean value of sine wave maximum value = - — 1 

TT 

- .mm. 


The quantities, ''current/' "e.m.f.," "magnetism,” (^tc., are 
in reality mathematical fictions only, as the components of the 
entities, "energy,” "power,” etc.; that is, they have no inde- 
pendent existence, but appear only as squares or products. 

Consequently, the only integral value of an alternating wave 
which is of practical importance, as directly connected with the 
mechanical system of units, is that value which represents the 
same power or effect as the periodical wave. This is called 
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the effective value. Its square is equal to the mean square of 
the periodic function, that is, 

The effective value of an alternating wave^ or the value repre- 
senting the same effect as the periodically varying wave, is the square 
root of the mean square. 

In a sine wave, its relation to the maximum value is found in 
the following way: 

Let, in Fig. 7, AOB represent 
a quadrant of a circle with ra- 
dius 1. 

Then, since the sines of any angle, 

6, and its complementary angle, 

90° — d, fulfill the condition, — 

sin^ 6 .+ sin^ (90 — ^) =1, 

the sines in the quadrant, AOB, 
can be grouped into pahs, so that 
the sum of the squares of any pair =1; or, in other words, 
the mean square of the sine « and the square root of the 



mean square, or the effective value of the sine, = -—p That is, 

The effective value of a sine function bears to its maximum 
value the ratio, . 

— - 1 = 0.70711. 

^/2 


Hence, we have for tlie sine wave the following relations: 
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11 . Coming now’’ to the general alternating w a^ e, 

^ == sin 2 Tvft + sin 4 -ft + A, sm (> -ft A- . . 
+ B^ cos 2 nft + B^ cos 4 nft + B^ cos 6 -ft A- . , 
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we find, by squaring this expression and cancelling aU the prod- 
ucts which give 0 as mean square, the effective value 

I ^ Vi (Af +Af + Af + ...+ Bf -h + 5/ . . .). 

The mean value does not give a simple expression, and is of 
no general interest. 

12. All alternating-current instruments, as ammeter, volt- 
meter, etc., measure and indicate the effective value. The maxi- 
mum value and the mean value can be derived from the curve 
of instantaneous values, as determined by wave-meter or oscillo- 
graph. 

Measurement of the alternating wave after rectification by 
a unidirectional conductor, as an arc, gives the mean value with 
direct-current instruments, that is, instruments employing a 
permanent magnetic field, and the effective value with altcumating- 
current instruments. 

Voltage determination by spark-gap, that is, ])y tlu^ strik- 
ing distance between needle points, gives a valu(^ (k^pi^nding 
essentially on the maximum, and less on the mean value of 
the wavco 
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LAW OF ELECTROMAGNETIC INDUCTION. 

13 . If an electric conductor moves relatively to a magnetic 
field, an e.m.f. is generated in the conductor which is propor- 
tional to the intensity of the magnetic field, to the length of the 
conductor, and to the speed of its motion perpendicular to the 
magnetic field and the direction of the conductor; or, in other 
words, proportional to the number of lines of magnetic force 
cut per second by the conductor. 

As a practical unit of e.m.f., the volt is defined as the e.m.f. 
generated in a conductor, which cuts 10® = 100,000,000 lines of 
magnetic flux per second. 

If the conductor is closed upon itself, the e.m.f. produces a 
current. 

A closed conductor may be called a turn or a convolution. 
In such a turn, the number of lines of magnetic force cut per 
second is the increase or decrease of the number of lines inclosed 
by the turn, or n times as large with n turns. 

Hence the e.m.f. in volts generated in n turns, or convolutions, 
is n times the increase or decrease, per second, of the flux inclosed 
by the turns, times 10“®. 

If the change of the flux inclosed by the turn, or by n turns, 
does not take place uniformly, the product of the number 
of turns, times change of flux per second, gives the average 

e.m.f. 

If the magnetic flux, <I>, alternates relatively to a number of 
turns, n, — tliat is, wiien the turns either revoh'e through the 
flux, or the flux passes in and out of the turns, — the total flux is 
cut four times during each complete period or cycle, twice pass- 
ing into, and twice out of, the turns. 

Hence, if / = number of complete cycles i)er second, or the 
frequency of the flux, <E>, the average e.m.f. generated in n turns 
is 

^avg. = -1 I^“® volts. 

17 
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This is the fundamental equation of electrical engineering, 
and applies to continuous-current> as well as to alternating- 
current, apparatus. 

14. In continuous-current machines and in many alternators, 
the turns revolve through a constant magnetic field; in other 
alternators and in induction motors, the magnetic field revolves; 
in transformers, the field alternates with respect to the sta- 
tionary turns; in other apparatus, alternation and rotation 
occur simultaneously, as in alternating-current commutator 
motors. 

Thus, in the continuous-current machine, if n = number of 
turns in series from brush to brush, <I> = flux inclosed per turn, 
and ./ = frequency, the e.m.f. generated in the machine is 
E =4 71<E>/10“® volts, independent of the number of j)oles, of 
series or multiple connection of the armature, whcfllicT of llie 
ring, drum, or other type. 

In an alternator or transformer, if n is th(' numbc'r of turns in 
series, <1> the maximum flux inclosed per turn, aiu I / the fre(iu('ucy, 
this formula gives 

IW = 4 ««!>/ 10-^ volts. 

Since the maximum (‘.ni.f. is given by 

t' ^ T,I 

we have 

" TTA/^O/ 1()-® volts. 

And since the eftective e.m.f. is turn'll liy 


we have 

Trn^f 1 ()-® 

= 4.44 nf^ IQ-® volts, 

which is the fundamental formula of alternating-currcMit induc- 
tion by sine waves. 
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16. If, in a circuit of n turns, the magnetic flux, O, inclosed 
by the circuit is produced by the current in the circuit, the 
ratio, 

flux X number of turns X 10“® 

, 

current 

is called the inductance, L, of the circuit, in henrys. 

The product of the number of turns, n, into the maximum 
flux, 'J>, produced by a ciurent of I amperes effective, or I'V2 
amperes maximum, is therefore 

u4» = Ll\^ 10«; 

f 

and consequently the effective e.mi of self-induction is 

E = V2 ot<D/ 10-" 

= 2 TcfLI volts. 

The product, x = 2 tzJL, is of the dimension of resistance, 
and is called the inductive reactance of the circuit; and the e.m.f. 
of self-induction of the circuit, or the reactance voltage, is 

E = Ix, 

and lags 90° behind the current, since the current is in phase 
with the magnetic flux produced by the cuiTent, and the e.m.f. 
lags 90° behind the magnetic flux. The e.m.f. lags 90° behind 
the magnetic flux, as it is propoitional to the rate of change in 
flux; thus it is zen-o when the magnetism is at its maximum 
value, and a maximum wlien the flux passes through zero, where 
it changes (quickest. 



CHAPTER IV. 


GRAPHIC REPRESENTATION. 

16. While alternating waves can be, and frequently are, 
jpresented graphically in rectangular coordinates, with the 

time as abscissas, and the instantaneous values of the wave as 
ordinates, the best insight with regard to the mutual relation 
of different alternating waves is given by their representation in 
polar coordinates, with the time as the angle or the amplitude, 
— one complete period being represented by one revolution, 
and the instantaneous values as radius vectors. 

Thus the two waves of Figs. 2 and 3 are 
represented in polar coordinates in Figs. 8 
and 9 as closed characteristic curves, which, 
/ j by their intersection with the radius vector, 

/ / give the instantaneous value of the wave, 

/ / corresponding to the time represented l)y 

1 / the amplitude or angle of the railius vector. 

\ / These instantaneous values are i)ositive 

^ if in the direction of the radius vector, 
and negative if in opposition. Hence the 
Pio. 8. two half-waves in Fig. 2 are represent('d 

by the same polar characteristic curve, which 
is traversed by the point of intersection of the radius vector 
twice per period, — once in the direction of the vector, giving 
the positive half-wave, and once in opposition to the vector, 
giving the negative half-wave. In Figs. 3 and 9, wIkto 
the two half-waves are different, they give different polar 
characteristics. 

17. The sine wave, Rg. 1, is represented in polar coordinates 
by one circle, as shown in Fig. 10. The diameter of the charac- 
teristic curve of the sine wave, I = OC, represents the intently 

of the wave; and the amplitude of the diameter OC, ^ 0^ = 

20 ’ “ 
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AOC, is the phase of the wave, which, therefore, is represented 
analytically by the function: 

i = I cos (d — d^, 

where d = 2 is the instantaneous value of the amplitude 
corresponding to the instantaneous value, i, of the wave. 



The instantaneous values are cut out on the movable radius 
vector by its intersection with the characteristic circle. Thus, 

for instance, at the amplitude, AOB^ =2 r- (Fig. 10), the 

h 

instantaneous value is OB'; at the amplitude, AOB^ ==^2 “ 

L . — 

2n the instantaneous value is OB'\ and negative, since in 

opposition to the radius vector, OB^. 

The angle, 0^^, so represents the time, and increasing time is 
represented by an increase of angle d in counter-clockwise rota- 
tion. That is, the positive direction, or increase of time, is chosen 
as counter-clockwisi' rotation. 

The characteristic circle of the alternating sine wave is deter- 
mined by the length of its diameter — the intensity of the w'^ave; 
and by the amplitude of the diameter — the phase of the wave. 

Hence wherever the integral value of the wave is considered 
alone, and not the instantaneous values, the characteristic 
circle may be omitted altogether, and the wave represented in 
intensity and in phase by the diameter of the characteristic 
circle. 
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Thus, in polar coordinates, the alternate wave is represented 
. m+onqi+,v and phase by the length and direction of a vector, 
V, and its analjrtical expression would then be c = ^ 

if the noaximum value of the wave, the effective value, 
)Ot of mean square, may be used as the vector, which 
jnvenient; and the maximum value is then V2 times 
.„or OC, so that the instantaneous values, when taken 
he diagram, have to be increased by the factor V^. 

Thus, the wave. 


b = B cos 2 7i:f (t — tj) 
= B cos (0 — OJ, 



Tig. 11. 

and the wave. 


is, in Fig. 11, represented by 
vector OB = 

V2 

of phase AOB = 0^; 


c = C cos 2 Kf (t + 
= C cos {0 + dj), 


is, in Fig. 11, represented by 


Q 

vector OC = of phase AOC = - 0^. 


The fornier is said to lag by angle' tlu' laller to lead by 
angle 6^, with regard to the zero i)o.sition. 

The wave b lags by angle (0^ + 0^) behind wave' c, or c le'ads 
b by angle {0^ + 6^). 

18. To combine different sine waves, their graphical rep- 
resentations, or vectors, are combined by the parallelogram 
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If, for instance, two sine waves, OB and OC (Fig. 12), are 
superposed, — as, for instance, two e.m.fs. acting in the same 
circuit, — their resultant wave is represented by OD, the diago- 
nal of a parallelogram with OB 
and OC as sides. 

For at any time, U repre- 
sented by angle d = AOX, the 
instantaneous values of the three 
waves, OBj OC, OD, are their 
projections upon OX, and the 
sum of the projections of OB 
and OC is equal to the projec- 
tion of OD; that is, the instan- 
taneous values of the wave OD 
are equal to the sum of the instantaneous values of waves OB 
and OC. 

From the foregoing considerations we have the conclu- 
sions: 

The sine wave is represented graphically in polar coordinates 
by a vector, which by its length, OC, denotes the intensity, and by 
its amplitude, AOC, the phase, of the sine wave. 

Sine waves are combined or resolved graphically, in polar 
coordinates, by the law of the parallelogram or the polygon of 
sine ivaves. 

Kirchhoff’s laws now assume, for alternating sine waves, the 
form: 

(a) The resultant of all the e.m.fs. in a closed circuit, as 
found by the ])aralh*logram of sine waves, is zero if the counter 
e.m.fs. of r(‘.sistance and of reactance an^ included. 

(b) Th(‘ i‘(\sultant of all tlu' curnmts toward a distributing point, 
as found by tlu^ parallelogram of sine waves, is zero. 

The pow(*r e( [nation ('xpn^ssed graphically is as follows: 

The power of an alternating-cuiTent circuit is rei)resented in 
polar coordinates l)y the product of the curremt, 7, into the pro- 
jection of the e.m.f., E, upon the current, or by the e m.f., E, 
into the projection of the current, 7, upon the e.m.f , or by IE 
cos 6, where 0 = angle of time-phase displacement. 
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19. Suppose, as an example, that in a line having the 
resistance, r, and the reactance, x = 2 nfL, — where / = fre- 
c^uency and ^ ~ inductance, there exists a current of X 
amperes, the line being connected to a non-inductive circuit 
operating at an e.m.f. of E volts. What wiU be the e.m.f. 
required at the generator end of the line? 

In the polar diagram. Fig. 13, let 

I the phase of the current be assumed 

as the initial or zero line, 01. 
Since the receiving circuit is non- 
inductive, the current is in time- 
phase with its e.m.f. Hence the 
e.m.f., E, at the end of the line, 
impressed upon the receiving cir- 
cuit, is represented by a vector, 
OE. To overcome the resistance, r, 
of the line, an e.m.f., Ir, is required in time-phase with the 
current, represented by OEr in the diagram. TIk' induc- 
tive reactance of the line generates an e.m.f. which is 
proportional to the current, I, and reactance, x, and lags a 
quarter of a period, or 90°, behind the current. 'I’o overcome 
this counter e.m.f. of inductive reactance, an ('.in.f. of the value 
Ix is required, in time-phase 90° ahead of tlu' current, hence 
represented by vector OE^. Thus resistance* consumes e.m.f. 
in phase, and reactance an e.m.f. 90 time-degree'S ahead of the 
current. The e.m.f. of the generator, E^, has to give* th(i thn'e 
e.m.fs., E, Er, and E^, hence it is determined as tlu'ir n'sultant. 
Combining by the parallelogram law, OEr and OE^, give OE„ 
the e.m.f. required to overcome the impedance* of llu* line*, and 
similarly OE^ and OE give OE„, the e.m.f. ree}uire*el at the gen- 
erator side of the line, to yielel the e.m.f , E, at the receiving end 
of the line. Algebraically, we get from Fig. 13 

E, = VlE + Iry + (Ixy; 
or A? = VE,^ - {Ixf - Ir. 

In this example we have considered the e.m.f. consumed by 
the resistance (in time-phase with the current) and the e.m.f. 
consumed by the reactance (90 time-degrees ahead of the current) 
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as parts, or components, of the impressed e.m.f., and have 
derived by combining JSr, E^, and E. 

20. We may, however, introduce the eflFect of the inductive 
reactance directly as an e.m.f., E/, the counter e.m.f. of inductive 
reactance = Ix, and lagging 90 time-degrees behind the current; 
and the e.m.f. consumed by the resistance as a counter e.m.f., 




E/ = /r, but in opposition to the current, as is done in Fig. 14; 
and combine the three e.ni fs. E^, £/, E/, to form a resultant 
e.m.f., E, which is left at the end of the line. E/ and Ej/ com- 
bine to form Eg, the counter e.m.f. of impedance; and since E^ 
and must combine to form E, E^ is found as the side of a 
parallelogram, OEJEEJ, whose other side, Ofi/, and diagonal, 
OE, are given. 

Or we may say (P'ig. 15), that to overcome the counter e.m.f. 
of impedance, OE/, of the line, the component, OE^y of the 
impressed e.m.f. is recjuired which, with the other component 
OE, must give the impressed e.m.f., OE^^. 

As shown, we can represent the e.m.fs. produced in a circuit 
in two ways — either as counter e.m.fs., which combine \\ith 
the impressed e.m.f., or as parts, or components, of the impressed 
e.m.f., in the latter case being of opposite phase. According 
to the nature of the problem, either the one or the other way 
may be preferable. 

As an example, the e.m.f. consumed by the resistance is /r, 
and in time-phase with the current; the counter e.m.f. of resist- 
ance is in opposition to the current. The e.m.f. consumed by 
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the reactance is Ix, and 90 time-degrees ahead of the current, 
while the counter e.m.f. of reactance is 90 time-degrees behind 
the current; so that, if, in Fig. 16, 01 is the current, 

OEr = e.m.f. consumed by resistance, 

OEr = counter e.m.f. of resistance, 

OEx = e.m.f. consumed by inductive reactance, 

OjS/ = coimter e.m.f. of inductive reactance, 

OEg = e.m.f. consumed by impedance, 

OEg — counter e.m.f. of impedance. 


Obviously, these counter e.m.fs. are different from, for instance, 
the counter e.m.f. of a synchronous motor, in so far a,s they 
have no independent o.xistcnce, but o.xist 
only through, and as long as the cur- 
rent exists. In tins rc'sjx'ct they arc* 
analogous to the o])))osing force' of fric- 
tion in mechanics. 


o 


Ie'x 


Fig. 16 . 




21. Coming l)ack to llic ('(lualion 
found for the' ('.in.f. at the generator 
end of the line. 


" V (~A' ( lr)--\ Hr)-, 


we find, as the drop of potential in th<‘ liiu', 


e =E^~ E = \/{E -F Jrf | (/.rj- - M. 

This is different from, and l('.ssthan, thc'C'.iii 1. ol im|)<“(laiic(“. 
Eg = Iz — 

Hence it is wrong to calculate the droj) of potential in a circuit 
by multiplying the current by the impedance'; anel the' dreej) eef 
potential in the line elepenels, with a given curre'iit fe-d e)ve'r the- 
line into a non-inductive circuit, not only upon the' e'em.staiil.s eif 
the line, r and x, but also upon the e.m.f., E, at end of line, as 
can readily be seen from the diagrams. 
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22. If the receiver circuit is inductive, that is, if the current, 
I, lags behind the e.m.f., E, by a time-angle, 8, and we choose 
again as the zero line, the current 01 (Fig. 17), the e.m.f., OE, 
is ahead of the current by the time-angle, 8. The e.m.f. consumed 
by the resistance, Ir, is in time-phase with the current, and 
represented by OEr\ the e.m.f. consumed by the reactance, lx, 
is 90 time-degrees ahead of the current, and represented by 
OEx- Combining OE, OEr, and OEx, we get OE^, the e.m.f. 
required at the generator end of the linu^ Comparing Fig. 17 
with Fig. 14, we see that in the former OE^ is larger; or con- 
versely, if Eg is the same, E ■ftill be less vith an inductive load. 
In other words, the drop of potential in an inductive line is 
greater if the receiving circuit is inductive than if it is non- 
inductive. From Fig. 17, 


F(, = V {E cos 8 + Irf -I- (E sin 8 4- Ix^. 

If, however, the current in the recehdng circuit is leading, 
as is the case when feeding condensers or synchronous motors 
whose counter e.m.f. is larger than the impressed e.m.f., then 




the e.m.f. will bi' repn'sc'ntc'd, in Fig IS, by a vector, OE, lagging 
behind the curnait, ol, by the time-angle of k-ad, O': and in this 
case we get, by combining OE with OE,, m time-pha^e wth 
the current, and OE^, 90 time-degrees ahead of the curnnit, the 
generator e.m.f , O/i’,, which in thi.-> ease is not only less than in 
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Fig. 17 and in Fig. 14, but may be even less than E; that is, the 
potential rises in the line. In other words, in a circuit with 
ippHing current, the, inductive reactance of the line raises the 
potential, so that the drop of potential is less than with a non- 
inductive load, or may even be negative, and the voltage at the 
generator lower than at the other end of the line. 

These diagrams. Figs. 14 to 18, can be considered polar diar 
grams of an alternating-current generator of an e.m.f., a 
resistance e.m.f., Ef = Ir, a reactance e.m.f., E^ = Ix, and a 
difference of potential, E, at the alternator terminals; and we 
see, in this case, that with an inductive load the potential dif- 
ference at the alternator terminals will be lower than with a 
non-inductive load, and that with a non-inductive load it will 
be lower t.hari when feeding into a circuit with leading current, 
as, for instance, a synchronous motor circuit under the circum- 
stances stated above. 


23. As a further example, we may consider the diagram of 
an alternating-current transformer, fcetling through its secondary 
circuit an inductive load.- 

For simplicity, we may neglect here the magnetic; hysteresis, 
the effect of which will be fuUy treated in a separate chapter on 
this subject. 

Let the time be counted from the moment wlnm tlu; magnetic 
flux is zero. The time-phase of the flux, that is, the; amplitude 
of its maximum value, is 90° in this case, and, consc'cjiKmtly, the 
time-phase of the generated e.m.f. is 180°, since; tlie gemerated 
e.m.f. lags 90 timenlegrees behind tlu' gemeu-ating flux. Thus 
the e.m.f., E^, generated in the secondary, will be; re'pre'se'nted 
by a vector, OE^, in Fig. 19, displace'd by ISO time'-de'gre'e's from 
the zero of magnetic flux. The secondary curremt, lags 
behind the e.m.f., E^, by an angle, 0^, whie'h is (ledcrmine'd l)y 
the resistance and inductive reactance of the; see'ondary circuit; 
that is, by the load in the secondary circuit, and is represented 
in the diagram by the vector, OF^, of phase 180 + 0^. 

Instead of the secondary current, /j, we plot, however, the 
secondary m.m.f., F, = nj^, where is the number of secon- 
dary turns, and is given in ampere-turns. This makes us 
independent of the ratio of transformation. 
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From the secondary e.m.f., we get the flux, required to 
induce this e.m.f., from the equation 


E^ = V2 10 "®; 

where 

E^ = secondary e.m.f., in effective volts, 

/ = frequency, in cycles per second, 

= number of secondary turns, 

= maximum value of magnetic flux, in lines of magnetic 
force. 

The derivation of this equation has been given in a preceding 
chapter. 

This magnetic flux, is represented by a vector, 04>, dis- 
placed 90° in time-phase, and to produce it an m.m.f., F, is 
required, which is determined by the magnetic characteristic of 
the iron, and the section and length of the magnetic circuit of 
the transformer; this m.m.f. is in time-phase with the flux, 
and is represented by the vector, OF, in effective ampere-turns. 



The effect of hysteresis, neglected at present, is to shift OF 
ahead of 0<J>, by an angle, a, the angle of hysteretic lead. (See 
Chapter on Hysteresis.) 

This m.m.f., F, is the resultant of the sec^lary m.m.f., F^, 
and the primary m.m.f., F^] or graphically, OF is the diagonal 
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of a parallelogram •with OF^ and OF^ as sides. OF^ and OF 
being known, we find OF^, the primary ampere-turns, and 
therefrom, and the number of primary turns, n^, the primary 
F 

current I = — , which corresponds to the secondary current, I., 

n. 

To overcome the resistance, r^, of the primary coil, an o.m.f., 
Er = Vo> required, in time-phase with the current, 7^, and 
represented by the vector, OEr- 

To overcome the reactance, =2 TzfL^, of the primary coil, 
an e.m.f.. Ex = 7(,x„ is required, 90° ahead of the current, 7„, and 
represented by vector, OE^. 

The resultant magnetic flux, <I>, which gcnc'ratcs in the 
secondary coil the e.m.f., E^, generates in the i)rimary coil 

an e.m.f. proportional to E^ by the ratio of turns — ® , and in 

phase with E^, or. 


which is represented by the vector ()E/. To oY('rcomo lliis 
counter e.m.f., E^', a primary e.m.f., is nsiuin'd, ('i|ual hut in 
time-phase opposition to E{, and repn'seiited hy tin' vector, 
Mi. 

The primary impressed e.m.f., E^, must thus consist of tin* 
three components, OEi, OE^, and OEj, and is, tliercfon', tln'ir 
resultant OE^, while the difference of ])lias(> in tin' primary 
circuit is found to be 

0 ^EOF 


24. Thus, in Figs. 19 to 21, the diagram of a transformer is 
drawn for the same secondary e.m.f., E^, s('condary curnml, 
7i, and therefore secondary m.m.f., Fj, hut with different condi- 
tions of secondary phase displacement: 

In Fig. 19, the secondary current, 7^, lags Gt) time-d('grees 
behind the secondary e.m.f., E^. 

In Fig. 20, the secondary current, 7j, is in time-phase with the 
secondary e.m.f., E^. 
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In Fig. 21, the secondary current, leads by 60 time-degrees 
the secondary e.m.f., E^, 

These diagrams show that time-lag of the current in the 
secondary circuit increases and lead decreases the primary 
current and primary e.m.f. required to produce in the secondary 



circuit the same e.m.f. and current; or conversely, at a given 
primary impressed e.m.f., E^, the secondary e.m.f., mil be 
smaller with an inductive, and larger with a condensive (leading 
current) load, than with a non-inductive load. 



At the v^anie time w(^ see that a difterence of time-phase 
existing in th(‘ s(‘eon(lary circuit of a transformer reap])ears in 
the })rimary circuit, sonu^what ([(‘creased if the current is leading, 
and slightly increas(‘d if lagging, in time-phase. Latin* we shall 
see that hysterc'sis reduces th(‘ displacement in the primary cir- 
cuit, so that, with an excessive lag in the secondary circuit, the 
lag in the primary circuit may be less than in the secondary. 

A conclusion from the foregoing is that the transformer is 
not suitable for producing currents of displaced phase, since 
primary and secondary current are, except at veiy light loads, 
very nearly in phase, or rather, in opposition, to each other. 



CHAPTER V. 


SYMBOLIC METHOD. 

26 . The graphical method of representing alternating-current 
phenomena by polar coordinates of time affords the best means 
for deriving a clear insight into the mutual relation of the 
different alternating sine waves entering into the problem. For 
numerical calculation, however, the graphical method is gener- 
ally not well suited, owing to the widely different magnitudes of 
the alternating sine waves represented in the same diagram, 
which make an exact diagrammatic determination impossible. 
For instance, in the transformer diagrams (cf. Figs. 19-21), 
the different magnitudes have numerical valiuss in pi’cactice, 
somewhat like = 100 volts, and = 75 ampcnx's. For a non- 
inductive secondary load, as of incandescent lamps, tlie only 
reactance of the secondary circuit thus is that of the sc^condary 
coil, or, = 0.08 ohms, giving a lag of = 3 0°. We have 
also, 

rij = 30 turns 

riy = 300 turns. 

Fj = 2250 ampc^n^-turiiR. 

F = 100 arnpere-turns. 

Er = 10 volts. 

Ex — 60 volts. 

El = 1000 volts. 

The corresponding diagram is shown in Fig. 22. Obviously, 
no exact numerical values can be taken from a parallelogram 
as flat as OF^FF^, and from the combination of v(‘ctors of the 
relative magnitudes 1:6: 100. 

Hence the importance of the graphical method consists not 
so much in its usefulness for practical calculation, as to aid in 
the simple understanding of the phenomena involved. 

32 
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26. Sometimes we can calculate the numerical values trigo- 
nometrically by means of the diagram. Usually, however, this 
becomes too complicated, as will be seen by trying to calculate. 



Fig. 22. 


from the above transformer diagram, the ratio of transforma- 
tion. The primary m.m.f. is given by the equation, 

^0 VWTTf+JWI^T^, 

an expression not weU suited as a starting-point for further 
calculation. 

A method is therefore desirable which combines the exactness 
of analytical calculation with the clearness of the graphical 
representation. 


27. We have seen that the alternating sine wave is repre- 
sented in intensity, as well as phase, by a vector, 01, wliich 
is determined analytically by two numerical quantities — the 
length, 01, or intensity; and the amplitude, 

AOl, or phase 6, of the wave, L 

Instead of denoting the vector wliich repre- 
sents the sine wave in the polar diagram by 
the polar coordinates, 1 and 0, we can repre- 
sent it by its rectangular coordinates, a and h (Fig. 23), 
where 



a == I cos 0 is the horizontal component, 
b =/ sin <9 is the V(‘rtical component of the sine wave. 


This representation of the sine wave by its rectangular com- 
ponents is very convenient, in so far as it avoids the use of 
trigonometric functions in the combination or resolution of sine 
waves. 
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Since the rectangular components, a and 6, are the horizontal 
and the vertical projections of the vector representing the sine 
wave, and the projection of the diagonal of a parallelogram is 
equal to the sum of the projections of its sides, the combination 
of sine waves by the parallelogram law is reduced to the addition, 
or subtraction, of their rectangular components. That is, 

Sim waves are combined, or resolved, by adding, or subtracting, 
their rectangular components. 

For instance, if a and b are the rec- 
tangular components of a sine wave, I, 
and a' and b' the components of another 
sine wave, F (Fig. 24), their resultant 
sine wave, I^, has the rectangular com- 
ponents ( 2 ^= (a + a'), and b^ = (b+ b'). 

To get from the rectangular com- 
ponents, a and b, of a siiic' wave, its 
intensity, i, and phase, 0, wo may combine a and b by the 
parallelogram, and derive 

t + b‘‘; 

, b 
tan 0 = - • 
a 



Pig. 24. 


Hence we can analyii/ically operate with sine wav(^s, as with 
forces in mechanics, by resolving them into lh(‘ir Rectangular 
components. 


28. To distinguish, however, the horizontal and lli(‘ v(u*tical 
components of sine waves, so as not to Ik^ confuscMl in l(Miglhi(‘r 
calculation, we may mark, for instances th(‘ vertical compomnits, 
by a distiiiguisliing index, or the addition of an otlnaavisf^ mean- 
ingless symbol, as the‘ letter j, and thus re‘pr(\s(mt tli(‘ sine‘ wave 
by the expression 

7 = a + j7>, 

which now has the meaning, that a is the liorize)iital and h the 
vertical component of the sine wave‘ 7, and that hot h e*enniJonemts 
are to be combined in the resultant wave of intensity 

i 

and of phase, tan 0 = - • 
a 
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Similarly, a — jb means a sine wave with a as horizontal, 
and — 6 as vertical, components, etc. 

Obviously, the plus sign in the symbol, a + does not 
imply simple addition, since it connects heterogeneous quan- 
tities — horizontal and vertical components — but implies com- 
bination by the parallelogram law. 

For the present, j is nothing but a distinguishing index, and 
otherwise free for definition except that it is not an ordinary 
number. 

29. A wave of equal intensity, and differing in phase from 
the wave, a + jb, by 180 time-degrees, or one-half period, is 
represented in polar coordinates by a vector of opposite direc- 
tion, and denoted by the symbolic expression, — a — jb. Or, 

Multiplying tlie symbolic expression, 
a + jb, of a sine wave by — 1 'tneans 
reversing tlie wave, or rotating it through 
180 time-degrees, or one-half period, 

A wave of equal intensity, but lag- 
ging 90 time -degrees, or one -quarter 
period, l^iehind a + jb, has (Fig. 25) the 
horizontal component, — b, and the vertical component, a, and 
is represented symbolieall}^ by the expression, ja — b. 

Multii)lying, howevt^r, a + jb by j, we get 

ja + j-b; 

therefore, if we dc^fiiie tlie lu*r(‘t()l()re meaningless symbol, j, by 
the condition, 

r = - i> 

we have 

j {a + jh) - ja - h; 

hence, 

Multiplying the symbolic expression, a -f jh, of a sine reave by 
j means rotatiiuj the wave through 90 time-degrees, or one-quarter 
period; that is, retarding the wave through one-quarter period. 

Similarly, — 

Multiplying by — j means advancing the wave through one- 
quarter period. 




Since f = - 1, J = 

that is, 

j is the iinaginary v/nitj and th£ sine wave is represented by a 
complex irnaginary quantity, a + ^6. 

As the imaginary unit, f, has no numerical meani ng in the 

system of ordinary numbers, this defimtion of j = V— 1 does 
not contradict its original introduction as a distinguishing 
index. For the Algebra of Complex Quantities see Appendix I. 
For a more complete discussion thereof see “Electrical Engineer- 
ing Mathematics. 

30. In the polar diagram of time, the sine wave is represented 
in intensity as well as phase by one complex quantity, 

a + jb, 

where a is the horizontal and b the vertical component of the 
wave; the intensity is given by 

ihe phase by 

tan0 

a 

nd 

a ==iQosd, 
b = i sin 6; 

ence the wave, a + jb, can also be expressed by 
i (cos 0 + j sin 0), 

r, by substituting for cos 0 and sin 0 their exponential expros- 
ons, we obtain 

Since we have seen that sine waves may be combined or 
solved by adding or subtracting their rectangular components, 
nsequently, 

* In this representation of the sine wave by the exponential expression of 
‘ complex quantity, the angle 0 necessarily must be expressed in radians, 
i not in degrees, that is, with one complete revolution or cycle as 2 ;r, or 

h — ^ «» 57.3 degrees as unit. 



SYMBOLIC METHOD. 


37 


Sim waves may be combined or resolved by adding or subtracting 
Umr complex algebraic expressions. 

For inkance, the sine waves, 


and 


a jb 
of + ih', 


combined give the sine wave, 


I = (a + a') + J (b + V). 

It win thus be seen that the combination of sine waves is 
reduced to the elementary algebra of complex quantities. 


31. If 1 = i + ji' is a sine wave of alternating current, and 
r .is the resistance, the e.m.f. consumed by the resistance is in 
phase with the current, and equal to the product of the current 
and resistance. Or 

rl = n -f jiri\ 

If L is the inductance, and x ^2 nfL the inductive react- 
ance, the e.m.f. produced by the reactance, or the counter e.m.f. 
of self-induction, is the product of the current and reactance, 
and lags in time-phase 90° behind the current; it is, therefore, 
represented by the expression 

jxl = jxi — xi\ 

The e.m.f. required to overcome the reactance is consequently 
90 time-degrees ahead of the current (or, as ui^ually expressed, 
the current lags 90 time-degrees beliind the e.m.f.)) and repre- 
sented by the expression 


— jxl = — jxi -f xt\ 

Hence, the e.m.f. reciuired to overcome th(‘ resistance, r, and 
the reactance, x, is 

(r - jx) I ; 

that is, 

Z x=r — jx is the expression of the impedance of the circuit 
in complex quantities. 
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Hence, if J =i + ji' is the current, the e.m.f. required to 
overcome the impedance, Z = r — jx, is 

E =ZI = (r — jx) (i + j?) 

= (n - fi') + J (n' - xi ) ; 

hence, since f = — 1 

^ = (n + xi') + i (ri' — xi) ; 

or, if ^ = e + je' is the impressed e.m.f. and Z == r — jx the 
impedance, the current through the circuit is 

j _E e + je' _ 

■ Z r -jx’ 

or, multiplying numerator and denominator by (r + jx) to 
eliminate the imaginary from the denominator, wo have 

J. _ (e + je') (r + jx) _ er — e'x . e'r + cx _ 

or, if ^ = e + je' is the impressed e.m.f, and I =i + ji' the 
current in the circuit, its impedance is 

Z ^E g + jV ^ (e + je') (^' - ji') _ ei + c'i' . r'i - <-i' 

I i + ji' + i'^ i--* + i'‘ ^ ^ 


32 . If C is the capacity of a condonsor in son(‘s in a circuit 
in which exists a current I = i + ji', the o.ni.f. ini))r(‘s.',(‘d upon 

the terminals of the condonsor is E = PO tinio-d(‘groos 

2 7r/r ^ 

?/ 

behind the current; and may 1)(^ r(‘])n‘s(‘ul(‘(l l)y ^ or jx /, 
where = - — - is the condeyiUve reactaiux or condett satire of 

Xi nJL 

the condenser. 

Condensive reactance is of opposite si^ni lo iiuluclivf^ n^act- 
ance; both may be combined in thc' name reactance. 

We therefore have the conclusion tliat 
If r = resistance and L = inductance, 
thus X ^2 nfL = inductive reactance. 



SYMBOLIC METHOD. 


39 


If C = capacity, = ^ ' nfC reactance, 

Z = r - j {x — is the impedance of the circuit. 
Ohm's law is then re-established as follows: 


E=Zl 7=1, Z = f. 

The more general form gives not only the intensity of the wave 
but also its phase, as expressed in complex quantities. 

33. Since the combination of sine waves takes place by the 
addition of their S 3 nnbolic expressions, Kirchhoff’s laws are 
now re-established in their original form: 

(a) The sum of all the e.m.fs. acting in a closed circuit equals 
zero, if they are expressed by complex quantities, and if the 
resistance and reactance e.m.fs. are also considered as counter 
e.m.fs. 

(&) The sum of all the currents directed towards a distributing 
point is zero, if th(^ currcuits are expressed as complex quantities. 

If a com[)l(^x (luautity eciuals zero, the real part as well as the 
imaginary part must 1)(^ zero individually; thus, if 

a I jl) = 0, a = 0, h = 0. 

Resolving tlu' (‘.m.fs. and eurnMits in tli(' (^xpn'ssioii of Kirch- 
hoff's law, \\(‘ find: 

(a) Th(‘ sum of Hk' eompoiKuils, in any din'ction, of all the 
e.m.fs. in a closi'd circuit, eipials zero, if the n^dslancc* and 
reactance ar(‘ represcMitinl as counter e.m.fs. 

(h) Tli(‘ sum of tli(‘ compoiuuits, in any din^ction, of all the 
curnmts at a dislrihuting point, e<iuals z('ro. 

Joul(^’s law and tlu^ powen* (‘(piation do not giv(‘ a simple 
expn'ssion in comjih'X c|uantiti(‘s, sinc(^ tlu‘ (dfcct or j)o\\(n* is 
a (jiiantity of doubk^ tli(‘ frecpunicy of the currt'iit or (Mii.f. 
waves and tluu'cdon^ n^cjiiires for its reprehsentation as a \(ctor 
a transition from single to double frequency, as will be shown in 
Chapter XV. 
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In what follows, complex vector quantities will always be 
denoted by dotted capitals when not written out in full; abso- 
lute quantities and real quantities by undotted letters. 

34. Referring to the example given in the fourth chapter, 
of a circuit supplied with an e.m.f., E, and a current, /, over an 
inductive line, we can now represent the impedance of the line 
by ,2' = r - jx, where r = resistance, x = reactance of the line, 
and have thus as the e.m.f. at the beginning of the line, or at 
the generator, the expression 

S + ZI. 

Assuming now again the current as the zero line, that is, 
I = i, we have in general 

E^ — E + ir — jix; 
hence, with non-inductive load, or E — e, 

•®o — (® + 'i'f) — jix, 


or = V{e + try + (ix)», tan d, = . 

e + ir 

In a circuit with lagging current, that is, with Icacliiiii: e in f 
E je\ and *’ 

Eq = e je' + (r — jx) i 
== (e + ir) ~ j (e' + ix), 

^0 = + ^r}" -f (6' + ix)\ tan 0^ - . 

c 1 ir 

a circuit with leading current, that is, w'itli lagghig c ni f 
E -e + ]e', and 

■?o = (fi + ]e') + (r — jx) i 
~ (e + ir) + j (e' — ix), 

= '^(eTtry~+J7'-.~^^ tan 0^ =- 

e + ir’ 

values which easily permit calculation. 
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35. When transferring from complex quantities to absolute 
values, it must be kept in mind that: 

The absolute value of a product or a ratio of complex quantities 
is the product or ratio of their absolute values. 

The phase angle of a product or a ratio of complex quantities 
is the sum or difference of their phase angles. 

That is, if 

A = a' + ja" = a (cos a + j sin ct) 

B =h' + jb" = b (cos ^ + 3 sin 
C =(/ + jc" = c (cos 7 + 3 sin 7 ) 

the absolute value of is given by—, and its phase angle by 
o c 

a + p - y, that is, it is 

— [cos ( a + /? — 7) + 3 sin (a + ^ — 7)], 
c 

are the abvsolute values A, B and C. 

This rul(‘ fro(iu('iitly simplifies ^2;reatly the derivation of the 
absolute valuer and phase angle, from a complicated complex 
expression. 


AB ^ 
C 

where 

a = 
b = 
c = 
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POLAR DIAGRAM AND CRANK DIAGRAM, 


36 . In the graphic representation of alternating-current and 
e.in.f. waves, described in Chapter IV, and used exclusively in 
the following, alternating-current quantities are represented in 
polar coordinates, with the instantaneous values as radius vectors, 
and the time as angles. The periodic function of current or 
e.m.f. is represented by a closed curve, as in Kgs. 8 and 9, with 
an angle of 360 degrees representing a complete period or cycle. 
The sine wave is given by a circle, and this circle of instantaneous 
values of the sine wave is represented, in size or position, by its 
diameter. That is, the position of this diameter denotc's the 
time, t, or angle, d =2 7cft, at which the sine wav(' n^achc's its 
maximum value, and the length of this diameter (kmoh's the 
intensity of the maximum value. 


If then, i^polar coordinate representation Fig. 2(), (l(>not(‘s 
an e.m.f., 01 current, this means, that the maxiitmin value' of 
e.m.f. equals OE, and is reached at the tim<‘, l^, re'pre'.se'utc'd by 
angle AOE = 0 ^ =2Kfty The ciirrent in liiis diagnun llien 
has a maximum value equal to Ol, and this inavinium value 
is reached at the* tinu‘, (,„ r(“j)i‘(‘seiit('d by 
angle AOI =0^=2 nft^. 

If then angle 0 ^ > 0 ^, this means that 
the currc'iit reaclu's i(s inaximum x'alue 
A later than the (‘.in.f., that is, IIh' euiTenl, 
in big. 26 lags Ix'hind tlu' (‘.ni.t., by angle' 
EOI = 0^ — 0^ = 2 Tt/ (/ — / ) ()!• l)y 

Occasionally, sine waves of alternating eunviits and e'.m.fs. 
are represented by the so-called crank diagram, as projections 
of a revo ving vector upon the horizontal. That is, a'v.'clor 
^ alternating wave, revolves at uniforni 

speed so as to make a complete revolution per period, and the 

42 
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projections of this revolving vector upon the horizontal then 
denote the instantaneous values of the wave. 

Obviously, by the crank diagram only sine waves can be 
represented. 

Let, for instance, 01 represent in length the maximum value 
of current, i = I cos (6 — d^. Assuming, then, a vector, OT, to 
revolve, left handed or in positive direction, so that it makes a 
complete revolution during each cycle or period. If then at a 
certain moment of time, this vector stands in position OTj, 
(Fig. 27), the projection, Olj, of 07 on 03 represents the in- 
stantaneous value of the current at this moment. At a later 
moment, 01 has moved farther, to OTj, and the projection, OAj, 
of 01^ on OA is the instantaneous value. The dia.gTa.Tn so 
shows an instantaneous condition of the sine waves. Each 
sine wave reaches the maximum at the moment where its re- 
volving vector, 07, passes the horizontal. 




If Fig. 2S rcprc'seuls llu' crank diagrain of an e.in.f., UE, and 
a current, Ol, and if angk' AOE > AOI, this means, the e.ni.f., 
OE, i.s ah('ad of 1he currenl, <)I, passes during the revolution the 
zero line or line of maximum intensity, OA, earlier than the cur- 
nnit, or leads; tluii is, tlu' current lags behind the c.m.f. The 
same Fig. 28, considc'n'd as i)olar diagram, would mean that 
the curnmt k'ads tk' o.m.f.; that is, the maximum value of 
eurn'iit, 01, occurs at a smaller angle, AOI, that is, at an earlier 
time, than the maximum valu<‘ of the e.m.f., OE. 

In th(i crank diagram, tlu' first (juantity therefore can be put 
in any position. For instance, the current, 01, in Fig. 28, could 
be drawn in position 01, Fig. 29. The e.m.f. then, being ahead 
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of the current by angle EOI = would come into the position, 

OS, Eg. 29. 

A polar Eg. 26, with the current, 01, lagging behind 

the e.m.f., OE, by the angle, d, thus considered as crank diagram 
would represent the current leading the 
e.m.f. by the angle, 6, and a crank dia- 
gram, Eg. 28 or 29, with the current 
lagging behind the e.m.f. by the angle, 0, 
would as polar diagram represent a cur- 
rent leading the e.m.f. by the angle, d. 

37. The mam difference in appearance 
between the crank dia,gra,m and the polar diagram therefore is 
that, with the same direction of rotation, lag in the one diagram 
is represented in the same manner as lead in the other diagram, 
and inversely. Or, a representation by the crank diagram looks 
like a representation by the polar diagram, with reversed direction 
of rotation, and vice versa. Or, the one diagram is the image of 
the other and can be transformed into it by reversing right and 
left, or top and bottom. So the crank diagram. Fig. 29, is the 
image of the polar diagram, Eg. 26. 

In symbolic representation, based upon the crank diagram, 
the impedance is denoted by 



Z = r + jx, 

where x = inductive reactance. 

That is, the symbolic representation of the crank diagram 
differs from that of the polar diagram by a reversal of the sign 
of j, and by substituting - j for + j, the symbolism of tlie 
crank diagram can be transformed into that of the polar diagram, 
and inversely. 

38. The crank diagram offers the disadvantage, that it can 
be applied to sine waves only, while the polar diagram permits 
the construction of the curve of waves of any shape, as those in 
Figs. 8 and 9. 

This objection does not appear serious, since in diagrammatic 
and symbolic representation, alternating quantities are usually 
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assumed as sine waves, that is, the general wave repre- 
sented by the equivalent sine wave, that is, the sine wave 
of the same effective value as 
the general wave. 

The transformation of the 
general wave into the equiva- 
lent sine wave, however, bias to 
be carried out algebraically in 
the crank diagram, while the 
polar diagram permits a gra- 
phical transformation of the 
general wave into the equiva- 
lent sine wave. 

Let Fig. 30 represent a general 
alternating wave. An element 5,05^ of this wave then has 
the area 



and the total area of the polar curve is 



The effective value of the wave is 


R = V mean square 



hence, 

R^7:=^ r"r^dO=A. 

0 

The area of the polar curve of the general periodic wave, as 
measured by planimcter, therefore equals the area of a circle 
with the effective value of the wave as radius. 

The effective value of the equivalent sine wave therefore is 
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the radius of a circle having the same area as the general wave, 
in polar coordinates: 



The diameter of the general polar circle therefore is 

Rs/2 = \/— . 

% 

And the phase of the equivalent sine wave, or the direction 
of the diameter of its polar circle, is the vector bisecting the 
area of the general wave, in polar coordinates. 

The transformation of the general alternating wave in polar 
coordinates, into the equivalent sine wave, therefore, is carried 
out by measuring the area of the general wave in polar coor- 
dinates, and drawing the sine wave circle of half this area. 

Since the polar coordinate system is universally used in all 
other sciences, to represent periodic functions, as in astronomy, 
it will be used exclusively in the following. 



CHAPTER VII. 


TOPOGRAPHIC METHOD 

39 . In the representation of alternating sine waves by vectors 
in a polar diagram, a certain ambiguity exists, in so far as one 
and the same quantity — an e.m.f., for instance — can be 
represented by two vectors of opposite direction, according as 
to whether the e.m.f. is considered as a part of the impressed 
e.m.f., or as a counter e.m.f. This is analogous to the distinction 
between action and reaction in mechanics. 

Further, it is obvious that if in the circuit of a generator, G 
(Fig. 31), the current in the direction from terminal A over 




r(\siMaii(*(‘ A to i(‘nninal /i, is ro])rosented by a vector, 01 (Fig. 
32), or l)y I i 1 jV, 1h(^ saiiu^ current can 1)(‘ considered as 
l)(ung in lh(‘ o])j)osit(‘ dinv.lion, from terminal B to terminal A 
in o])posit(' ])]ias(‘, and tlun-cd’oix^ rc^presented by a vector 01^ 
(!<'!»:. ;w), or by /i - - i - ji'. 

Or, if 11 k‘ diflm’cmcc^ of j)ot(mtial from tcTininal B to terminal 
A is d(m()i(‘d l)y th(‘ B -e je\ the difference of potential 
from A to B is — e — je\ 

ll(mc(s in (healing with alternating-current sine waves, it is 
necessary to consider tlicmi in their proper direction vith regard 
to the circuit. Espc'cially in more complicated circuits, as inter- 
linked ])olyi)hase systems, careful attention has to be paid to 
this i)oint. 
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40. Let, for instance, in Rg. 33, an interlinked three-phase 
system be represented diagrammatically, as consisting of three 
e.m.fs., of equal intensity, differing in phase by one-third of a 
period. Let the e.m.fs. in the direction from the common 
connection, 0, of the three-branch circuits to the terminals, 
Ij, Is, be represented by E^, E^, E^. Then the difference 
of potential from A^ to A^ is E^ - E^, since the two e.m.fs., E^ 
and E^, are connected in circuit between the terminals, A^ and 
J.J, in the direction, A^ — O — A,^] that is, the one, E^, in the 
direction, OA^ from the common connection to terminal, the 
other, E^, in the opposite direction, Afi, from the terminal to 
common connection, and represented by — E^ Conversely, 
the difference of potential from A^ to A^is E^ — E^ 




It is then convenient to go still a step faitlw'r, and drop the 
vector line altogether, in the diagraininatic; n'pn'stnitation; 
that is, denote the sine wave by a point only, the end of the 
corresponding vector. 

Looking at this from a different point of view, it means that 
we choose one point of the system — for instanee, the common 
connection, 0 — as a zero point, or point of zero potc'iitial, and 
represent the potentials of all the other points of tlu' eireuit by 
points in the diagram, such that their distance's from tlu' zero 
point gives the intensity; their amplitude the' please of tin* dif- 
ference of potential of the respective point with r<'gard to the 
zero point; and their distance and amplitude with regard to 
other points of the diagram, their difference of potential from 
these points in intensity and phase. 
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Thus, for example, in an interlinked three-phase system with 
three e.m.fs. of equal intensity, and differing in ph^e by one- 
third of a period, we may choose the common connection of the 
star-connected generator as the zero point, and represent, in 
Fig. 34, one of the e.m.fs., or the potential at one of the three- 
phase terminals, by point E^. The potentials at the two other 
terminals will then be given by the points, E^ and E^, which 
have the same distance from 0 as E^, and are equidistant from 
El and from each other. 

The difference of potential between any pair of terminals, 
for instance, E^ and E^, is then the distance E^Ei, or EjE^, 
according to the direction considered. 

41. If now the three branches, OF,, OE^ and OE^, of the 
three-phase system are loaded equally by tlmee currents equal 



in intensify and in diffenneo of phase against their e.m.fs., 
th('se curremfs an' repix'sc'iited in Fig. 3.5 by thi' Vc'Ctors 0/, = 
01 ^ = (Jf^ = /, lagging iM'hind the e.m.fs. by angles E^Oly — 


Efil, =E/)I, =0. 


Let th<' three'-phase eireuit be supplied over a line of impe- 
dance, Zi = rj — jXj, from a generator of internal impedance, 

Fo- 


^0 =^0 
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In phase the e.m.f. consumed by resistance is repre- 
sented by the distance, E]EJ = in phase, that is, parallel 
with current The e.m.f. consumed by reactance is 
represented by = Ix^, 90 time-degrees ahead of current 

Ol^. The same applies to the other two phases, and it thus 
follows that to produce the e.m.f. triangle, E^E^E^ at the 
terminals of the consumer's circuit, the e.m.f. triangle, E^^E^^E^^ 
is required at the generator terminals. 

Repeating the same operation for the internal impedance of 
the generator, we get E^'^E'^'^'^ = and parallel to 01^, E^^^EP = 
IXq, and 90 time-degrees ahead of 0/^, and thus as triangle of 
(nominal) generated e.m.fs. of the generator, E^E^E^. 

In Fig. 35 the diagram is shown 
for 45 time-d('gr('os lag, in Fig. 36 
for non-inductive load, and in 
Fig. 37 for 45 tinie-d(‘groes lead 
of the currents with n^gard to 
their e.m.fs. 

As S(‘en, the g(‘nerat(‘d (mn.f. 
and thus the gencTator (‘\eitation 
with lagging eurnmt mii^t be 
higher, and with l(‘adiiig ciirnMit 
lower, than at iioii-indiiet iv(‘ 
load, or eonVcn-M'ly with th(‘ saiiu; 
generator excitation, tliat is, th(‘ sam(‘ int(M‘naI gcMKO-ntor (‘.m.f. 
triangle, E^E^'E^, tlie e.m.fs. at th(' ive(‘iv(‘r’s circuit, A;,, A’,, 
Fg, fall off more witli lagging, and Icssh with k'adiiig (‘urnuil, t han 
wtth non-induct ivc‘ load. 

42. As a furiher (‘\ami)l(‘ may 1)(‘ considcuvd th(‘ cas(‘ of a 
&ingle-})liase alternating-curnuit circuit supplied oxen* a cahl(‘ 
containing resistanc(‘ and (lisLribut(‘d capacaty. 

Let, in Fig. 38, the potential midway l)(‘t\\(‘(m th(‘ two t(‘r- 
niinals be assumed as zero point 0. Th(‘ two t(‘rminal voltages 
at the rc'ceiver circuit ai*(‘ tium r(‘pr(‘S(‘nt(‘d by tli(‘ points, E and 
E\ eciuhlistant from 0 and opposite^ (‘acli otlau*, and tlu^ tw'o 
currents at the terminals are nqm^sentt'd l)y tli(‘ points, / and 
F, ecjuidistant from 0 and opposite each otlnu', and und(‘r angle 
0 with E and E^ inspect ivciy. 
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Considering first an element of the line or cable next to the 

receiver circuit. In this an e.m.f., is consumed by the 
resistance of the line ele- 
ment, in phase with the 
current, 01, and propor- 
tional thereto, and a cur- 
rent, //i, consumed by the 
capacity, as charging cur- 
rent of the line element, 90° 
ahead in time-phase of the 
e.m.f., OE, and proportional 
thereto, so that at the gen- 
erator end of this cable ele- 
ment current and e.m.f. are 01^ and OE^ respectively. 

Passing now to the next cable element we have again an 
e.m.f., EjE^, proportional to and in phase with the current, 
and a current, proportional to and 90 time-degrees ahead of 
the e.m.f., OE^, and thus passing from element to element along 
the cable to the generator, we get curves of e.m.fs., e and eS and 
curves of currents, i and i‘, which can be called the topographical 
circuit characteristics, and wliich correspond to each other, 
point for point, until tlu' gc'nerator terminal voltages, OE^ and 
OE^\ and tlu' geiuTator curn'iits, 01^ and 0/„', are reached. 

Again, adding EJ<P = //(, and parallel to 01^ and = 

and 90° alu'ad of 01^, giv(>s the (nominal) generated e.m.f. 
of th(‘ g('nerat,or OE°, where — jx^ = internal impe- 

dance of th(' generator. 

In Fig. 38 is shown the circuit characteristics for 00° lag, of 
a cable containing only resistance and capacity. 

Obviously by graphical eoiustniction the circuit characteristics 
a])i)ear more or less as brokcm lines, du(‘ to the necessity of using 
finite liiu' ehmu'nts, while in reality they are smooth curves 
when calculat{‘d by the difh'i'ential method, explained in 
Hection III of “Theory and Calculation of Transient Electric 
Phenomena and Oscillations.” 

43. As fuitlK'r t'xample may be considered a three-phase 
circuit supplic'd ov('r a long-distance transmission line of distrib- 
uted capacity, self-induction, resistance, and leakage. 
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Let, in Pig. 39, 0E„ OE^, OE^ = three-phase e.m.fs. at 
receiver circuit, equidistant from each other and = E. 

Let O/i, Wj, OTg = three-phase currents in the receiver 
circuit equidistant from each other and = I, and making with 
E the time-phase angle, d. 

Considering again as in § 42 the transmission line, element by 
element, we have in every element an e.m.f., E^E^, consumed 
by the resistance in phase with the current, O/j, and proportional 



thereto, and an e.m.f., ~E^,E^\ consuiiu'd I)y Hk' reactance of 
the line element, 90 tiine-degrc'cs ahead of the cum'ut, 01^, 
and proportional thereto. 

In the same line element we have a curnmt, TJ^, in time- 
phase with the e.m.f., 0£,, and proportional tlu'n'to, r('))r('- 
senting the loss of current by k‘akag(s dicdc'ctric liy.sterc.sis, 
etc., and a current, 90 tinie-dcgn'cs ah(>ad of tlu' e.m.f., 

OE^, and proportional th(>r(>to, the charging curnmt of tli(‘ line 
element as condenser, and in this inaiiiu'r jiassing along the 
line, element by element, we ultiinatrdy n'aeh tlu* gimm-ator 
terminal voltages, E^, E,\ E,\ and generator curnmts, /,“, 
1^,1^, over the topographical characteristics of e.m.f., e^, e^, Cj, 
and of current, i^, as shown in Fig. 39. 

The circuit characteristics of current, i, and of e.m.f., e, corre- 
spond to each other, point for point, the one giving the current 
and the other the e.m.f in the line element. 
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Only the circuit characteristics of the first phase are shown, 
as and As seen, passing from the receiving end towards 
the generator end of the line, potential and current alternately 
rise and fall, while their time-phase angle changes periodically 
between lag and lead. 


44 . a. More markedly this is shown in Fig. 40, the topo- 
graphic circuit characteristic of one of the lines with 90 time- 
degrees lag in the receiver circuit. Corresponding points of the 
two characteristics, e and i, are marked by corresponding figures 
0 to 16, representing equidistant points of the line. The values 


of e.m.f. current and their dif- 
ference of phase are plotted in 
Fig. 41 in rectangular coordi- 
nates with the distance as ab- 


18 • 




seissas, counting fr<)ni11i(‘ r(‘C(‘ivnig circuit towards the generator. 
As s(‘eu from Fig. 41, (Mii.f. and current periodically but alter- 
nately rise and fall, a maximum of one approxiniat(‘ly coinciding 
with a minimum of llu* otlier, and with a point of zero phase 
(lisplaccmumt. Th(‘ i im(‘-])liase angle between current and e.m.f. 
chang{'S from 90° lag to 72° lead, 44° lag, 34° lead, etc., gradu- 
ally decreasing in tlu^ amplitude of its variation. 
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46. If in a continuous-current circuit, a number of resistances, 
Tj, Tj, . . ., are connected in series, their joint resistance, R, 
is the sum of the individual resistances, -K = -f r, -f . . . . 

If, however, a number of resistances are connected in multiple 
or in parallel, their joint resistance, R, cannot be expressed in a 
simple form, but is represented by the expression 


R = 


1 1 1 
- + - + - -f . . , 


Hence, in the latter ease it is preferabh' to introduce, instea<l of 
the term resistance, its reciprocal, or inv(>i-s(' value, the t(‘rm 

conductance, g — — • If, then, a number of couductaiices, 

?I> 9'2' ds’ ■ ■ • are connected in parallel, tlwur joint conductance 
is the suiTi of the individual conductances, or (if =- r/, ( r/, -i- 
Ss -f ... When using the term conduc1anc(s tlu‘ joint con- 
ductance of a number of series-coTinectcd conductances Ix-comi'S 
similarly a complicated expression 



1 — I - I . , . 

9i U> (J, 

HoncG tho tGrm vcsfistciucc is iu rjisf' of con- 

nection, and the use of tli(‘ reciprocal t(‘rin cotuhirifnice in 
parallel connections; therefon', 

The joint resistance of a numher of scrics-connrrlcd resistances 
IS equal to the sum of the individual resistances; the joint conduc- 
tance of a number of parallel-connected conductances is equal to 
the sum of the individual conductances. 

64 
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46. In alternating-current circuits, instead of the term 
resistance we have the term impedance, Z = r — jx, with its 
two components, 'the resistance, r, and the reactance, x, in the 
formula of Ohm’s law, E =IZ. The resistance, r, gives the 
component of e.m.f. in phase with the current, or the power 
component of the e.m.f., 7r; the reactance, x, gives the com- 
ponent of the e.m.f. in quadrature with the current, or the watt- 
less component of e.m.f., Ix) both combined give the total 
e.m.f., 

Iz = iVr^ + x^. 

Since e.m.fs. are combined by adding their complex expressions, 
we have: 

The joint impedance of a number of series-connected impe- 
dances is the sum of the individual impedances, when expressed in 
complex quantities. 

In graphical representation impedances have not to be added, 
but are combined in their proper phase by the law of 
parallelogram in lh(' same manner as the e.m.fs. corresponding 
to them. 

The term impc'danee becomes inconvenient, however, when 
dealing wi1h paralUd-coniu'cted circuits; or, in other words, when 
several cnrnmts an' ])r()duccd l)y the same e.m.f., such as in 
cases where Ohm’s law is (‘xprc'Nsed in the form. 


1 - 


k 

z ' 


It is i)ref('ral)le, llu'n, to iniroduce the rceiprocal of impe- 
dance, wliicli may b(' call('d llu' odmdlancc nf the circuit, or 


Y 


1 

z ■ 


As th(' reciprocal of llii' comi)le\ (luantity, Z =r — ]X, the 
admittance' is a ('omi)le\ eiuantity also, or Y - () + jh. it con- 
sists of the compoiu'nl, (j, which represents the coefficient of 



56 


ALTERNATING-CURRENT PHENOMENA. 


current in time-phase with the e.m.f., or the power component, 
gE, of the current, in the equation of Ohm’s law, 

I = YE = (g + jb)E, 

and the component, 5, which represents the coefficient of current 
in quadrature with the e.m.f., or wattless component, 6®, of the 
current. 

g is called the mtdvdmce, and b the susceptance, of the cir- 
cuit. Hence the conductance, g, is the power component, and 
the susceptance, b, the wattless component, of the admittance, 
Y = g + jb, while the numerical value of admittance is 


y = Vg‘ + W; 


the resistance, r, is the power component, and the reactance, 
X, the wattless component, of the impedance, Z = r — jx, the 
numerical value of impedance being 


2 = + ar*. 


47. As shown, the term admittance implies resolving the 
current into two components, in time-phase and in time-quadra- 
ture with the e.m.f., or the power component and llie wattless 
or reactive component; while the termimpedance implic's re.solv- 
ing the e.m.f. into two components, in timo-pha.se and in time- 
quadrature with the current, or the power eomponent anti tlie 
wattless or reactivfe component. 

It must be understood, however, that tlie eonductaiiee is not 
the reciprocal of the resistance, but depend.s uj)on the i‘(‘actance 
as well as upon the resistance. Only when the react ane(‘ x = 0, 
or in continuous-current circuits, is the conductance the n'cip- 
rocal of resistance. 

Again, only in circuits with zero re.sistance (r = 0) is the 
susceptance the reciprocal of reactance; otlicrwi.se, tlu' susccq)- 
tance depends upon reactance and upon re.sistance. 

The conductance is zero for two values of the re.si.stance: 

(l)_Ifr = 00 , or X = 00 , since in this case there is no current, 
and either component of the current = 0. 
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(2) If r 0, sincB in this csss the current in the circuit is in 
time-quadrature with the e.m.f., and thus has no power com- 
ponent. 

Similarly, the susceptance, b, is zero for two values of the 
reactance : 

(1) If X = 00 , or r = 00 . 

(2) If X =0. 

From the definition of admiitance, Y = g + jb, as the recip- 
rocal of the impedance, Z = r — jx, 
we have 

7=-^, or gr + j6= 

Z r — p 

or, multiplying numerator and denominator on the right side by 

(r + Jx), 

4 - •/,= r + jx 
^ ^ (r - jx) (r + jx) ’ 

hence, since 

(r - jx) (r + jr) = r* + X* = z‘, 

, , r . X r .X 

g + ]b= , — — 2 + j 2 ~ ~2 } ~2) 

+ r* r + x“ z 2* 

r r 
r* + x^ 

b X X 

+ x® 2? ’ 

r = , 

(f + // i/' 

b h 

if + Ir y‘ 

By these e<]uali()iis, the conductance and susceptance can be 
calculated from n'sistance and reactance, and conversely. 
Multiplying the (‘(luations for g and r, we get 

rq 


or 


and conversely 
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hence, 

= (r^ +a^) (f + 6“) 

= 1; 

and 

1 1 1 
^ y Vf + S 

the absolute value of 
impedance; 


1 1 1 
^ z Vf + a?’ ) 

the absolute value of 
admittance. 


48. If, in a circuit, the reactance, x, is constant, and the 
resistance, r, is varied from r = 0 to r = oo , the susccptance, 

b, decreases from ?) = -atr=0, to6=0atr = oo; while the 

conductance, g = 0 at r =0, increases, reaches a maximum for 

r =x, where is equal to the susceptaiico, or g =b, and 

A T 

then decreases again, reaching g = 0 at r = oo . 

In Fig. 42, for constant reactance x = 0.5 ohm, th(^ variation 
of the conductance, g, and of the susceptaiico, 5, arc sliowii as 
functions of the varying resistance, r. As shown, tlu^ absolute 
value of admittance, susceptance, and conduiitaiKu^ ai*(' plotted 
in full lines, and in dotted line the absolute value of impedance, 

z = + X- =- ^ • 

y 

Obviously, if the resistance, r, is constant, and Ili(‘ ri'actanco, 
X, is varied, the values of conduotanec' and sus(*(‘j)lan(*(‘ are 
merely exchanged, the conductance' de'cn^asing sO'ndily from 

flf = ^ to 0, and the susceptance' passing from 0 at r 0 to lh(‘ 

maximum, b =■-}-= q = } at x - r, and to h 0 at x = co. 
2 r 2 X 

The resistance, r, anel the' ivactanea', x, vary as functions of 
the conductance, g, anel the suse*e‘ptane*e', 6, in tlu' same' inanne'r 
as g and b vary as functions of r anel x. 

The sign in the complex expression of aelmittaneM' is always 
opposite to that of impeelanco; this is obvious, sine*(' if the' enr- 
rent lags behind the c.in.f., the e.ni.f. Ic'aels the' curre'iit, and 
conversely. 
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We can thus express Ohm’s law in the two forms, 

E = IZ, 

I. =w, 

and therefore, 

The joint impedance of a number of series-connected impedances 
is equal to the sum of the individual impedances; the joint admit- 
tance of a number of parallel-connected admittances, if expressed 


OHMS 



Fid. 42. 


in c()W})l('X (ju(u\lili(’><, iscijintl to the siiifi of the individual (tduiit' 
tanres. In diaijraninKitir rcprvi^cntation, comhination hi/ the paral- 
Icloijram law tales the plaee of addition of the complex quantities. 

49. K\|)('rini(Miljilly, iin})('(Uinoos nud admittance's arc most 
conv('ni('n1 ly (h'ie'rmiiH'd by (‘stablishin^ an alternating current 
in tlu' circuit, and iiK'asurin^ l)y voltmede'r, ammc'tt'r and ^\att- 
mc'tcr, th(' volts, c, lli(‘ amperes, /, and the watts, p. 
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It is then, 


e 

Impedance : a = ^ • 


V 

Resistance (effective) :r • 

u 

Reactance : x — • 

i 

Admittance: y = - • 

P 

Conductance : g = 
Susceptance: h = — f. 


Regarding their calculation, see “Theoretical Elements of 
Electrical Engineering.” 
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CIRCUITS CONTAINING RESISTANCE, INDUCTIVE REACT- 
ANCE, AND CONDENSIVE REACTANCE. 

60. Having, in the foregoing, re-established Ohm's law and 
Kirchhoff s laws as being also the fundamental laws of alter- 
nating-current circuits, when expressed in their complex form, 

B^ZI, or, / ==YE, 
and SS ^ 0 in a closed circuit, 

S/ = 0 at a distributing point, 

where jB, Y, are the expressions of e.m.f., current, impe- 

dance, and admittance in complex quantities, — these values 
representing not only the intensity, but also the phase, of the 
alternating wave, — we can now — by application of these laws, 
and in the same inaimor as with continuous-current circuits, 
keeping in mind, however, that E, 7, Z, Y, are complex quan- 
tities — calculate' alternating-cuiTent circuits and networks of 
circuits containing n'sistance, inductive reactance, and conden- 
sive reactance' in any e*ombination, without meeting with greater 
difficulties than when ele'aling with continuous-current circuits. 

It is e)bviously not possible to eliscuss with any completeness 
all the infinite' varie'tie's of coinbinations of resistance, inductive 
reactance', and e'onele'iisive' re'actance winch can be imagined, 
anel whiedi may e^xist, in a system of netwwk of circuits; there- 
fore e)nly some' e)f the' more common or more interesting com- 
binatie)ns will he‘re‘ be' consider'd. 

(1) liei^idance in series with a circuit, 

61. In a constant-potemtial system with impressed e.m.f., 

^0 = «o + 

61 
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let the receiving circuit of impedance, 

Z —r — jx, 2 = Vr’ + 3 ?, 

be connected in series with a resistance, r^. 

The total impedance of the circuit is then 

^ = r + To - jx; 

hence the current is 

/ = -Bo ^ Eo ^ Eg + 10 + j x) _ 

Z + r^ r + r^- jx (r + ’ 

and the e.m.f. of the receiving circuit becomes 

jv EgCr-jx) Eg {r jr + r„) + - jr„x} 

r + r^- jx ' (r + + x" 

_ Eg{^ + rr„ - jr^x} 

+ 2 rr^ + r/ ’ 

or, in absolute values we have the following: 

Impressed e.m.f., 

E ^ \/(J f- ■ 

current, 

+ r^y lx- \'r I l> /r„ | r„- ’ 

e.m.f. at terminals of rc'ceivcu- cii-cuit, 

e-s,\/~IEIZZ ^ 

(r -t r„y I Vr' | 2 rr,, | ’ 

difference of phase in reeeivc'r ciivuil, (an // ^ 

r 

difference of pliase in sujiply eireuil, tan (),, - 
since in general, 

tan (phase) = ^ 

real coinjionent 
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(a) If X is negligible with respect to r, as in a non-inductive 
receiving circuit, 


I = 


r + r„’ 




r 

r + r/ 


and the current and e.m.f. at receiver terminals decrease 
steadily with increasing r„. 

(6) If r is negligible compared with x, as in a wattless receiver 
circuit, 

Vr/ + 

or, for small values of 
E 

7 ^--% E=E,- 

X 


that is, the curnuit and e.m.f. at receiver terminals remain 
approximately (‘onstant for small values of r^, and then de- 
crease^ witli increasing rapidity. 

In the' ^e'lu'ral e'eiualions, x appears in the expressions for 
1 anel E einly as x\ so tiuit / anel E assume the same value when 
X is ne'^alive', as wlieui x is positive; or, in either words, seuies 
re'si,s{ane*(‘ <‘ie*(s upon a circuit with leaielin^ current, or in a 
e'eindemsf'r e*ircuii, in tlie‘ same' w^ay as ujiein a circuit witli la^- 
^iii” eairreml, or an indue-live' circuit. 

Fell* a j'ivem iinj)e‘d{Uie*e‘, -a-, of the recciveu* e'ircuit, the current, 
7, and ('.ni.f., E, are' smaller*, tlie' lar^e'i* the' value of r; that i^, 
the' h'ss tli(‘ dill(‘n‘iie'e‘ of phases in the' re'e*e‘iveu* circuit. 

As an instance^, in t'i^. hi is sheiw^n the' e.m.f., E, at the 
r(H‘e‘ive‘r e*ii‘ciiil , for cemst. 100 veilts, e =1 eihin; Iie^nce 

/ E, and 

{(I) /•„ 0.2 olmi (Curve' 1.) 

(h) /•„ O.S ohm (Curve' II.) 


with value's eif re'ae'tance', x - r, for abscissa', from 

X +1.0 to X - 1.0 eilun. 

As show'll, / and E are' smallest feir x =- 0, r =1.0, or feir 
the' non-inductive rt'ce'ivc'i* circuit, anel lar^e'st feir .r = ± 1.0, 
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r = 0, or for the wattless circuit, in which latter a series resist- 
ance causes but a very small drop of potential. 
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Fig. 43. — Variation of Voltage at Constant Series Resistance with 
Phase Relation of Receiver Circuit. 


Hence the control of a circuit by series rc‘sistanco depends 
upon the difference of phase in the circuit. 

For Tq == 0.8, and a; = 0, = + 0.8, :r = - 0.8, tlie i)olar 

diagrams are shown in Figs. 44 to 46. 


(2) Reactance in series ivith a circuit. 

52. In a constant potential system of iiiipn^ssc'd (Mii.f., 



let a reactance, be connected in seric^s in a receiver circuit 
of impedance, 


Z == r - jx, 


z = H- z?. 
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Then, the total impedance of the circuit is 
Z -jx,=r - j {x + x„), 


and the current is 


I = 




ijo 


Z - jx^ r -j{x + X,) ’ 
while the difference of potential at the receiver terminals is 

E=1Z=E , — . . 

■ r -^{x + x,) 


Or, in absolute quantities, 
current, 

E. 


I =■ 


E. 


+ (a: + x„)' Vg" + 2 xx„ + x/ " 
e.m.f. at receiver terminals, 

E 


S-. 


+ x^ 




/^ + (X + x^y Vz^ + 2 xx„ + xy 
difference of phase in receiver circuit. 


tail 0 = 

r 


differoiico of phase in supply circuit, 


Ian 0^^ 


X + g;, 
r 


(а) If X is small ('oni{)are(l with r, that is, if the roceivcT 
circuit is non-iiuluctivcs I and E change vf'iy littl(‘ for Miudl 
valu(‘vS of x^; but if x is hiv^(\ that is, if the r(‘cei^'er circuit is 
of lar^c r(‘actance, 1 and E change considerably \nth a change 
of a;,. 

(б) If X is negative, that is, if the receiver circuit contains 
condensers, synchronous motors, or other apparatus which 
produce heading currents — above a certain value of x the 
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denominator in the expression of E becomes < z, or E > 
that is, the reactance, x^, raises the potential. 

(c) E = E^, or the insertion of a series reactance, x^, does 
not affect the potential difference at the receiver terminals, if 

V2® + 2 xx^ + = 2; 

or, x, = -2x. 

That is, if the reactance which is connected in series in the 
circuit is of opposite sign, but twice as large as the reactance 
of the receiver circxiit, the voltage is not affected, but E = E^, 
E 

I = — • If a;„ < — 2 x, it raises, if x^ > -2 x, it lowers, the 
voltage. 

We see, then, that a reactance inserted in series in an alter- 
nating-current circuit will always lower the voltage at the 
receiver terminals, when of the same sign as the reactance of the 
receiver circuit; when of opposite sign, it will low(>r the voltage 
if larger, raise the voltage if less, than twice the nununical value 
of the reactance of the receiver circuit. 

(d) If X = 0, that is, if the receiver circuit is non-inductive, 
the e.m.f. at receiver terminals is 


E = 


E„r 


JL 




(—=^=:z = (1 + x) ^ expand(‘cl by tli(‘ 
w 1 + X 


bilioiniul tli(‘()r(‘ni 


(1 + x)" = 1 + nx + - x^ + 




Therefore, if is Ksrnall cornpanMl with r, 
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That is, the percentage drop of potential by the insertion 
of reactance in series in a non-inductive circuit is, for small 
values of reactance, independent of the sign, but proportional 
to the square of the reactance, or the same whether it be induc- 
tive reactance or condensive reactance. 

63. As an example, in Fig. 47 the changes of cxirrent, 7, and 
of e.m.f. at receiver terminals, B, at constant impressed e.m.f., 
Fo, are shown for various conditions of a receiver circuit and 
amounts of reactance inserted in series. 

Fig. 47 gives for various values of reactance, (if positive, 
inductive — if negative, condensive), the e.m.fs., E, at receiver 



terminals, for constant impressed e.m.f., — 100 volts, and 

the following conditions of u'ceivir circuit: 

2 = 1.0, r = 1.0, X = 0 (Curve I.) 

2 - 1.0, r = O.G, X = 0.8 (Cun’c II.) 

2 = 1.0, r - O.G, X - -0.8 (Curve III.) 
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As seen, curve I is symmetrical, and with increasing the 
voltage E remains first almost constant, and then drops off 
with increasing rapidity. 

In the inductive circuit series inductive reactance, or, in a 
condenser circuit series condensive reactance, causes the voltage 
to drop off very much faster than in a non-inductive circuit. 

Series inductive reactance in a condenser circuit, and series 
condensive reactance in an inductive circuit, cause a rise of 
potential. This rise is a maximum for = ± 0.8, or, x^ = 
— X (the condition of resonance), and the e.m.f. reaches the 

value, E = 167 volts, or, E =E^-‘ This rise of potential by 

series reactance continues up to = ± 1.6, or, = — 2 x, 
where E = 100 volts again; and for a:^ > 1.0 the; voltage drops 
again. 

At = ± 0.8, a: = T 0.8, the total impedance of the circuit 
is r — j (a; + aJo) = r = 0.6, a: -t- a:„ = 0, and tan 0^ = 0; that 
is, the current and e.m.f. in the supply circuit are in phase with 
each other, or the circuit is in electrical resonance. 




E, 


E 


E„ 


19 . 


Since a synchronous motor in the coiidilioii of cfliciciit work- 
ing acts as a condensive reactance, we gel llie reinarkahle result 
that, in synchronous motor circuits, choking c()il^, or rcnclive 
coils, can be used for raising tlu' vollage. 

In Figs. 48 to 50, the polar diagrams arc' shown for the 
conditions 

A?o = 100, Xj = 0.6, X = 0 

a: = + 0.8 
a: = - 0.8 


(Fig. 48) E 85.7 
(Fig. 19) E 6.-, .7 
(Fig. ,50) E - 1.58.1 
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64. In Fig. 51 the dependence of the potential, E, upon the 
difference of phase, d, in the receiver circuit is shown for the 
constant impressed e.m.f., = 100 j for the constant receiver 

impedance, z = 1.0 (but of various phase dif- 
ferences d), and for various series reactances, 
as follows: 


= 0.2 
= 0.6 
a:„ = 0.8 

Xo = 1-0 
aJo = 1.6 

X(, = 3.2 


(Curve I.) 
(Curve II.) 
(Curve III.) 
(Curve IV.) 
(Curve V.) 
(Curve VI.) 


Since z =1.0, the current, I, in all these 
diagrams has the same value as E. 



i'u.. 50. 



Fio. 51. — Viiriation of Voltase at Constant Soiies lleact.iiiee ^ith 
Phase Angle of Receiver Circuit. 


In Figs. .52 and .5.3, the same cuiwes are plotted as in Fig. .51, 
but in Fig. 52 with the reactance, x, of the receiver circuit as 
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abscissas; and in Fig. 53 with the resistance, r, of the receiver 
circuit as abscissas. 

As shown, the receiver voltage, E, is always lowest when 
and X are of the same sign, and highest when they are of oppo- 
site sign. 

The rise of voltage due to the balance of x^ and a; is a maxi- 
mum for = + 1.0, x = — 1.0, and r = 0, where E = aa] 
that is, absolute resonance takes place. Obviously, this condi- 
tion caimot be completely reached in practice. 

It is interesting to note, from Fig. 53, that the largest part 
of the drop of potential due to inductive reactance, and rise to 
condensive reactance — or conversely — takes place between 
r = 1.0 and r =0.9; or, in other words, a circuit having a 
power-factor cos d = 0.9, gives a drop several times larger 
than a non-inductive circuit, and hence must be considered as 
an inductive circuit. 


(3) Impedance in series vnth a circuit. 

66. By the use of reactance for controlling electric circuits, 
a certain amount of resistance is also introduced, due to the 
ohmic resistance of the conductor and the hysteretic loss, which, 
as will be seen hereafter, can bo represented as an effective 
resistance. 

Hence the impedance of a reactive coil (choking coil) may 
be written thus: 

^0 = '•o -K 

where r„ is in general .small compared with 
From this, if the impressed e.m.f. is 

Eo ~ ^0 d" ! ^0 ~ ^ ^0 d" e„ , 

and the impc'dance of the eonsumer eirruit is 

Z -=r - jx, z = + r, 

wo get the euru'ut 

r Eo _ Eo 

■ ' Z + Zo (r + r„) - j (a + r„) 

and the e.m.f. at rc'ceiver terminals. 
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Or, in absolute quantities, 
the current is, 

^0 ^2 

^(r + r,)* + {X +~x^ W + 00* + 2 (n',+ xx^) ’ 

the e.in.f. at receiver terminals is 

h ^ 

V'(?* + + (a: + x^Y vV+ 0 / + 2 (n-j + xx^) ’ 

the difference of phase in receiver circuit is 

X 

tan d = -: 


and the difference of phase in the supply circuit is 


tan d = 


a: + ^ 

r + r/ 


66. In this case, the maximum drop of potential will not 
take place for either s = 0, as for resistance in s(‘ries, or for 
r =0, as for reactance in series, but at an interinediaie point. 
The drop of voltage is a maximum; that is, 1<J is a iniiiimum if 
the denominator of £/ is a maximum; or, since' t, r„, x„ are 
constant, if rr„ + xx^ is a maximum, that is, since' x 
if rr„ + x ^ is a maximum. A fimclion, / rr„ l x„ 

is a maximum when its eliflVrential e-ex'dicient e'e(iials 
zero. For, plotting / as curve with values eef r ;is ahse-issas, at 
the point where / is a maximum or a minimum, llii.s curve' Ls 
for a short distance horizontal, hence tlu' lange'iis-fune'lie)!! of 
its tangent equals zero. The tangetis-fune'iie)n e>r Ihe- lange'iit 
of a curve, however, is the ratio of tlu' e-hange* of eenlmate's to 
the change of ab&eis.sas, or is the differential e'oe'fficK'iil eef the 
function represented by the curve. 

Thus wc have: 

/ = rr„ + X, Vg'* - r* 
is a maximum or minimum, if 
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Differentiating, we get 


r + 2 

2 


(-2r) = 0; 


or, expanded. 


or 


r^Vz^- - x^r = r^ - xj‘=0, ' 
r a;=r„ H- x^. 

That is, the drop of potential is a maximum, if the reactance 

etor, - , of the receiver c 
r 

of the series impedance. 


X X 

factor, - , of the receiver circuit equals the reactance factor, — , 



Fig 64 


67 . As an example, Fig. 54 shows the e.m.f., E, at the receiver 
terminals, at a constant impressed e.m.f., = 100, a constant 

impedance of the receiver circuit, z = 1.0, and constant series 
impedances, 

Zo = 0.3 - j 0.4 (Curve 1.) 

Zq - 1.2 - y 1.6 (Curve II ) 

as functions of the reactance, x, of the receiver circuit. 
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69. The main current, /q, is in time-phase with the impressed 
e.m.f., E , or the ia g giug current is completely balanced, or 
supplied by, the condensive reactance, if the imaginary term in 
the expression of I „ disappears; that is, if 


+ a:/ Te 

This gives, expanded, Xc = — 


Hence the capacity required to compensate for the lagging 
current produced by the insertion of inductive reactance in 
series with a non-iuductive circuit depends upon the resistance 
and the inductive reactance of the circuit, being constant, 
with increasing resistance, r, the condensive reactance has to be 
increased, or the capacity decreased, to keep the balance. 


Substituting 


x^. = 


r= -t x‘ 


we get, as the equations of the inductive circuit balanced by 
condensive reactance. 


j Eg iigi^ 

j _ lEg^g _ 

• ‘ r*’ + a:/ ' 

T _ Ej" 

•» “ + xy 


T - Po’ 


/ = 


Eg 
\'r \ 

/. - - . : 
' ?•- I x„- 

/ 

" '-'I 

Ej' 


E 


\ r 1 


and for the power expended in th (‘ r (‘ C ( MV(‘r eireiiii , 


Pr = -7^ 

r — X,: 




that is , the main current is proportional to the (^ xpcuiditun ' of 
power . 
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For r — 0, we have Xg — x^, as the condition, of balance. 
Complete balance of the lagging component of current by- 
shunted capacity thus requires that the condensive reactance Xc 



j’lG. 59. — Compensation of Lasjginsj Currents in Keceiving Circuit by 
Variable Shunted Condensance. 

be varied with the resistance, r; that is, with the varying load 
on the receiver circuit. 

In Fig. 59 are shown, for a constant impressed e.in.f., = 
1000 volts, and a constant series reactance, = 100 ohms, 
values for 1h(‘ l)alanced circuit of 

(*urr(‘nt in receiver circuit (Curve L), 
curnMit in condenser circuit (Cuive IL), 
curnuil in main circuit (Cuive III.), 

(‘.m.f. at r(‘ceiv(T terminals (Cuive IV.), 

with the values the resistance, r, of the receiver circuit as 
abscissas. 

60. If, however, the condensive reactance is left unchanged, 
Xc = Xq at the no-load value, the circuit is balanced for r = 0, 
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but win be overbalanced for r > 0, and the main current wiU 
become leading. 


We get in this case, 

I = 

• r - p, 

T _ _ iEo 

■L t 7 

. 1 /)• 


I = 


E^ 


A- x^’ 


I 


fo ~ ■( + ~ 




^0^ 


(a^o + F) ’ ^0 +' x / ’ 


E =lr =■ 


E^ 


E = 




r - Po ' \Cr^ + s^ 

The difference of phase in the main circuit is 

tan i7„ = , 


which is = 0, when r = 0 or at no-load, and inorf\as(\'=? with 
increasing resistance, as the lead of the ciiiTc^iil. At lli(‘ sariu' 
time, the current in the roceivcT circuit, /, is a|)j)r()\iniat(‘ly con- 
stant for small values of r, and th(ui gradually d(‘(*r(‘a.s(‘S. 

In Fig. GO are shown the valu(\s of /, /,,, A, in (^irv(‘s 

I, II, III, IV, similarly as in Fig. (>0, for - lOOO volts, 
Xc =Xq = 100 ohms, and r as al)scissas. 


(5) Constant PotenliaL — Constant-CUnrrnl TransjoruinHon, 

61. In a constant potential circuit containing a larg(‘ and 
constant reactance, and a varying rchistancf*, /•, tli(‘ curivnt 
is approximately constant, and only gradually drops olf with 
increasing resistance, r, — that is, with iiuunasing load, — hut 
the current lags greatly b(‘hind th(‘ e.m.f. 'hhis lagging (‘urnuit 
in the receiver circuit can be sui)pli(‘d I)y a shunt (‘d condcmsance. 
Leaving, however, the condensance constant, .n .r^,, so as to 
balance the lagging current at no-load, that is, at r -== 0, it will 
overbalance with increasing load, that is, with increasing r, and 
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thus the main current will become leading, while the receiver 
current decreases if the impressed e.m.f., E^, is kept constant. 
Hence, to keep the current in the receiver circuit entirely con- 
stant, the impressed e.m.f., E^, has to be increased with increasing 


1 IMPRESSED E.M.F. CORSTAINT, Eo— LOOO VOLTS. I 
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Fig. 60. 


resistance, r; tliat is, with increasing lead of the main current. 
Since, as ex])laine(l before, in a circuit with leading current, a 
series inductiv(‘ rcxictance raises the potential, to maintain the 


< Ei ^ 

Xi Xo 



current in the receiver circuit constant under all loads, an in- 
ductivc^ reactance, iiiserttxl in the main circuit, shown in 
the diagram. Fig. 01, can be used for raising the potential, 
with increasing load. 
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62. The generation of alternating-current electric power 
almost always takes place at constant potential. For some 
purposes, however, as for operating series arc circuits, and to a 
limited extent also for electric furnaces, a constant, or approxi- 
mately constant, alternating current is required. 

Such constant alternating currents, therefore, are usually pro- 
duced from constant potential circuits by means of inductive 
reactances, or combinations of inductive and condensive react- 
ances; and the investigation of different methods of producing 
constant alternating current from constant alternating potential, 
or inversely, constitutes a good illustration of the application 
of the terms “impedance,” “reactance,” etc., and offers a large 
number of problems or examples for the application of the 
method of complex quantities. 

As seen in the preceding paragraphs, with an inductive 
reactance inserted in series with an alternating-current non- 
inductive circuit, the current in this circuit is apin-oximately 
constant, as long as the resistance of the circuit is small com- 
pared with the series inductive reactance. 

Let 

-Sj = gj = constant = impressed e.m.f. 
r = resistance of non-inductive receiver circuit. 

= inductive reactance inserted in series with this circuit. 

The impedance of the total circuit tlu'n is 

Z = r - and z = Vr 4 x„-; 
and thus, the current 



and the absolute value is 


2 ’ V}- -( X - 

' 0 

The tangent of the phabo ang](^ of llu^ ‘"supply cinMiil is 




tan 

and the power-factor, 


cos 0^ 


^0 

r 

r 


(3) 


z 


(4) 
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If in this case, r is small compared with it is 



or, expanded by the binomial theorem, 



that is, for small values of r, the current, i, is approximately 
constant, and is 



For small values of r, the power-factor 


cos^ = - 

is very low, however. 

Allowing a variation of current of 10 per cent from short- 
circuit or no-load, r -= 0, to full load, or r = it i>, substituted 
in (2) : 

No load current: 




Full load current: 


Ilonco, 


— !^r=r = 0.9 i,. 
Vr- + x„“ 


and therefore, 


+ x^- 


= 0.9 

x„ 


r, = 0.485 x„, 


and the power-factor, from (4), is 0.437. 
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That is, 6veii allowing as large a variation, of current, i, as 
10 per cent, the maximum power-factor only reaches 43.7 per 

% 



cent, when producing constant current regulation I)y s(‘n('s 
inductive reactance. 

As illustrations are shown, in Fig. (>2, for tli(‘ eon.slants; 


6(1 = OGOO volts ai)|)lie(l e.ni.f.; 
=792 olinis s(‘ries reaelanei'; 

the current: 


_ (itiOO 
\V I 792- 


and the power-factor: 





cos 0 = 


r 

\^r 792“ 



with the voltage at the secondary UM*ijiiuals: 


as abscissas. 


e = n 
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63. If the receiver circuit is inductive, that is, contains, in 
addition to the resistance, r, an inductive reactance, x, and if 
this reactance is proportional to the resistance, 

X = kr, 

as is commonly the ease in arc circuits, due to the inductive 
reactance of the regulating mechanism of the arc lamp (the 
effective resistance, r, and the inductive reactance, x, in tliis 
case are both proportional to the number of lamps, hence pro- 
portional to each other), it is: 
total impedance: 

Z = r - / (x„ + x) = r - j (x, + kr); 
or the absolute value is 




g4 ALTERNATINO-CUUREyT PIIENOMEXA. 

that is, the expression of the current, i (10), contains the ratio, 

— , in the first power, with h as coefficient; and if therefore k 

is° not very small, that is, the inductive reactance, x = kr, a, 
very small fraction of the resistance, r, the* curnnit, i, is not 
even approximately constant, but begins 1o fall off immediately, 
even at small values of r. 

Assuming, for instance, 

k = 0.4. 


That is, the inductive reactance x of the receiver circuit equals 
40 per cent of its resistance r, and the power-factor of the 
receiver circuit accordingly is 


eos^ = 


f+ af* 


1 

“ 1 + A:" 

= 93 p('r cent; 


it is, substituted in (8), 
/ = 




As illustration are shown, in llu' same Kig. 02, fort lie eonslanis: 


= 0000 volts supply e.m.f. ; 

= 792 ohms series renelaiiee; 

the cunent: 


8.33 




aniperes. 


This current is shown by dottc'd liiu'. 

In this case, in an inductive circuit, tli(‘ current, /, has decreased 
by 10 per cent below the no-load or short-circuit value of 8.33 
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amperes, that is, has fallen to 7.5 amperes, at the resistance 
r = 187 ohms, or at the voltage of the receiving circuit, 

e + iT" = ri Vl + = 1.077 H = 1500 volts; 

while, in the case of a non-inductive load, the current has 
fallen off to 7.5 amperes, or by 10 per cent, at the resist- 
ance r = 395 ohms, or at the voltage of the receiving circuit: 
e = 2950 volts. 

64. As seen, a moderate constant-current regulation can 
be produced in a non-inductive circuit, by a constant series 
inductive reactance, at a considerable sacrifice, however, of the 
power-factor, while in an inductive receiver circuit, the con- 
stant-current regulation is not even approximate. 

To produce constant alternating current, from a constant 
potential supply, by a series inductive reactance, over a vide 
range of load and without too great a sacrifice of power-factor, 
therefore requires a variation of the series inductive reactance 
with the load. That is, with increasing load, or increasing 
resistance of the receiver circuit, the series inductive reactance 
has to be decreased, so as to maintain the total impedance of the 
circuit, and thcu'c'by the current, constant. 

In constant-cum'iit apparatus, as transformers from constant 
pot(‘iitial to constant curre^nt, or regulators, tliis variation of 
seri(‘s inductive^ n'actance^ with the load is usually accomplished 
automatically l)y tli(‘ nuThanical motion 
caus(‘d l)y th(' iiu'chanical force exerted by 
th(‘ inagiudic field of tlu^ current, upon the 
condiK'tor in wliicli tlie current exists. 

hor instance', in tlie constant - current 
transfornu'r, as sliown diagramniatically in 
Fig. ()3, llu‘ S(‘condary coils, are arranged 
so that th(‘y can inov<‘ away from th(' primary coils, l\ or 
inv('rs('ly. Primary and sc'condary curri'iits are proportional 
to ('a(*h otinu*, as in any trair'^foriiK'r, and tin' magiu'tic field 
b('tw('('n primary and secondary coils, or the magnetic rtra>’ 
fi(‘ld, in which tlu' secondary coils float, is proi)ortional to 
eitli('r current. The magnetic repulsion bc'tween primary coils 
and secondary coils is proportional to the current (or rather 



Fig. 63 . 
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its ampere-tums), and to the magnetic stray field, hence is 
proportional to the square of the current, but independent of 
the voltage. The secondary coils, S, arc counter-balanced by a 
weight, Tf , which is adjusted so that this weight, W, plus the 
repulsive thrust between secondary coils, 5, and primary coils, 
P (which, as seen above, is proportional to the square of the 
current), just balances the weight of the secondary coils. Any 
increase of secondary current, as, for instance, caused by short- 
circuiting a part of the secondary load, then increases the 
repulsion between primary and secondary coils, and the second- 
ary coils move away from the primary; hence more of the 
magnetic flux produced by the primary coils passes between 
primary and secondary, as stray field, or self-inductive flux, 
less passes through the secondary coils, and therefore the 
secondary generated voltage decreases with the separation of 
the coils, and also thereby the secondaiy current, until it has 
resumed the same value, and the secondary coil is again at r(‘st, 
its weight balancing counterweight plus repulsion. 

Inversely, an increase of load, that is, of s('(‘on(lary impt^d- 
ance, decreases the secondary current, so caust's ili(‘ sc^coiidary 
coils to move nearer the primary, and to ivanvo mon^ of tli(^ 
primary flux; that is, generate higlic'r voltag(^ 

In this manner, by the mechanical nqnilsion caiis(‘d I)vlli(' cur- 
rent, the magnetic stray flux, or, in other words, lh(' sc^h^s induc- 
tive reactance of the constant-curr(‘nt transroi-inci*, Aari(‘s aulo- 
matically between a maximum, wdtii tlu^ primary and s(M*f)U(larv 
coils at their maximum distance apart, and a minimum wi(li 
coils touching each other. Olmously, tliis aulomalic aclion ih 
independent of freciuency, im[)r(‘ss(‘d V()Ifag(‘, and cliaracda* of 
load. 

Assuming then, in tlu' constant-curnmt IransfoniKU' or oilier 
apparatus, a device lo vary lh(‘ s(‘ri(‘s inductiv(‘ r(‘acUuic(^ so a.s 
to maintain tlu' current constant. Jj(*t 

^0 — ^0 ~ constant ~ impr(‘ss(‘d (‘.m.f., 

Z = r - jx, 

= r (1 - jk) the impcvlancc* of 1h(‘ lf)ad, and hi, 

— inductiv(‘ S(‘ri(‘s r(‘aclanc(‘, as {1 h‘ si'lf-indncdivc' 
internal rc^actance of tlu* constant-curn'ut transfornim*. 
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The current in the circuit then is 


7 = 


■ r - j {x, + a:) ’ 


or, the absolute value; 


1 = 


+ (Xj + a:)* ’ 


and, to maintain the current, i, constant {% == 
then requires 


in = 


Vr^ +(a:o + a;)* ’ 


or, transposed. 


or, for 




2 ^ 0 = V 7 -r-x) 


X = kr, 


^ 0 = V 7 -r^-kr; 


( 11 ) 


( 12 ) 


that is, to produce porh'ctly constant current by means of a 
variable' se'rie's inductive' reactance, this series reactance must he 
varic'd with tlu' load on the circuit, according to equation (11) 
or (12). 

For iion-iiiductiv(' load, or x =0, it is 




the niaxiinuin load, which can Ix' carried, is given by 

x„ = 0 

and is 


2 ^ -t- af* = r \ '1 + /r -■= -r 

^0 


(13) 


ill) 
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As seen from equation (13), the decrease of inductive reactance, 
X , required to maintain constant current with non-inductive 
loLi, is small for small values of resistance, r, where the under 
the root is negligible. With inductive load, equation (11), the 
inductive reactance, has still further to be decreased by the 
inductive reactance of the load, x. 

X =-» 

is the value of the series inductive reactance at no-load or short- 
circuit, equations (11), (12), (13) assume the form: 

General inductive load: 

Xo = -r" - x, (14) 


X 

Inductive load of ~ = k: 

r 


•^0 = H - kr, 

(15) 

Non-inductive load: 



(Ki) 


65. As seen, a constant series induet iv(‘ nwtaneo 
an approximately constant regulation with non-indu(*tiv(^ load, 
but if the load is inductive tliis regulation is spoiled. Invm-M'ly 
it can be shown, that condensive reaetanefs that is, a source of 
leading current in the load, iniprov(‘s th(‘ eonstaiit-iairnnit 
regulation. 

With a non-inductive load, seri(\s coiKhuisivi^ r(‘aclanc(‘ (‘xcnls 
the same effect on the curn'ut n^gulatiou as s(‘ri(‘s induct iv(' 
reactance; the equatio^is dis('Uss(Ml in the pn^cf^ling paragraphs 
remain the sanu', except that th(‘ sign of is r(‘V(‘rs(‘d and lh(‘ 
current always leading. 

With series condensiv(‘ r(‘aetane(% eondmisiv(‘ react anc(‘ in |}i(‘ 
load spoils, inductive ivaetance iii llu^ load iniprovi^s tli(‘ (‘on- 
staiit-current regulation. 

That is, in general, a eonsiaiit s('ri(‘s naxelama^ giviss ajiproxi- 
mately constant-current regulation in a non-iiiduet ivi^ circuit, 
and with a reactive load this n'gulation is iinpain‘d if the 
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reactance of the load is of the same sign as the series reactance, 
and the regulation is improved if the reactance of the load is of 
opposite sign as the series reactance. 

Since a constant-current load is usually somewhat inductive, 
it follows that a constant series condensive reactance gives a 
better constant-current regulation, in the average case of a 
somewhat inductive arc-circuit, than the constant series induc- 
tive reactance. 

Let Eq = Bq = constant = impressed, or supply voltage. 

Z = r - jx = impedance of the load, or the receiver 
circuit, and 

X = fcr, 

that is, ’Z== r (1 — jk), 

or, absolute, 

^ == rVm?’. 


Let now a constant condensive reactance be inserted in series 
with this circuit, of the reactance, — then the total impedance 
of the circuit is 


Z' 

= r + j (X, - At), 

(17) 

The current is 



/ 

‘‘o 

(18) 


r + i [Xc - At). 

or, till' iibholute A'iilue is 

/ 


(19) 


\ V + [Xc - kr)- ’ 

the ])lias(‘ angle' is 



tan 0,^ 

X, — kr 

(20) 


r 


and the' j)()W('r-ract()r is 



cos 0^ 

r 

i21i 


1 

+ 


for k 

- 0, 



or n()ii-iri(luctiv(‘ load, (‘([nations (19) and (lil) a'''^iinu‘ th(‘ form. 

I = — and cos 0 = — , 

\/ + Xc V '■" + .r,- 

tliat is, tli(‘ same as with seri(‘S inductive' r('actanc(‘. 
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From equation (19) it follows, that with increasing current, 
i, from no-load: 

r = 0, hence: % = —) (22) 

Xq 

the current, %, first increases, reaches a maximum, and then 
decreases again. When decreasing, it once more roaches the 
value %, for the resistance, of the load, which is given by 


hence, expanded, 


\/ + {Xc — ’ 

2 kXc 

“ 1+ F’ 


(23) 


and the maximum value through wluch i passc's Ixjtwc'oii r = 0 
and r = r^, is given by 


or 


d 

dr 


{P + (Xc - krj^ = 0 


2r — 2k (.r,. — kr) ; 


hence, 



(2t) 


This maximum value is given by .suhstituliiig (L'l) in (I!)), as 

X, 

= VTTlr, (2r>) 

for k = 0. 1, 

this value is 

i, - 1.077 /■„, 

that i.s, th(‘ curn'ut rises from no btad (o a niaximuni 7.7 per 
cent abovci the no-load valu(^, and then dts*r(‘asc*s again. 



CIRCUITS. 


91 


As an example, let 

= 6.600 volts impressed e.m.f. 
and Xc = 880 ohm condensive reactance, 

Xc being chosen so as to give 


for 

then: 


t'o = ^ = 7.5 amperes; 
k = 0.4. 

6600 

^2 . 

Vr* + (880 -0.4 rf’ 

r 

cos 0 ^ = II. , . , 

\/r2+(880-0.4 rf 

e = zi = 1.077 ri. 


Th(\so valiums of curn^nt and power-factor arc idotted, with 
the receiver* voltage as abscissas, in Fig. 64. 


66 . The conclusions from the preceding are that a constant 
seric'S reactance, whether condensive or inductive, wiieii inseit(‘d 
in a const ant-})ot(‘ntial circuit, tends tow’^ards a constant -current 
rc'gulation, at l(‘ast within a certain range of load. That is, at 
varying r(‘sistance, r, and thcTcfore varying load, the current is 
ai)proxiinat(iy constant at light load, and drops off only grad- 
ually with iucr(‘asiiig load. 

This constant-curnuit r(‘gulation, and th(‘ powtu-factor of 
the circuit, arc bt‘st if the reactance of tli(‘ naaiver circuit is 
of opposite sign to the seiies reactances and poore.^t if of the 
same sign. Tliat is, scu'ies condensive rt'actance in an inductive 
circuit, and s(‘ri(‘S inductive r(‘actance in a circuit carrying 
leading currcuit, give the liest regulation: K‘rii‘s inductive 
reactanc(^ w^ith an inductive, and MU’ies c()nden>ive n^act- 
ance witli Ii^ading curnuit in the circuit, give* tht‘ jioori'.'-t 
r(‘gulation. 

Since the receiven* circuit is usually inductivtn to g(‘t be>t 
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regulation, either a series condensive reactance has to be used, 
as in Fig. 64, or, if a series inductive reactance is used, the cur- 



1 S 8 4 5 G 

KJLOVOLTS 

Fig ('>4. 


rent in the receiver circuit is made leading, as, for l)y 

shunting the receiver circuit by a coii(l(‘n^i\(' r(‘a(*taiic(‘. 

Assuming, then, as sketched diagrainiuaticnlly in Fig. (>5, 
in a circuit of constant irnpressc'd o.in.f,, = conslarit, 



a constant induetivf^ n‘aet{in(*(\ .r„, 
inseit(‘(l in sc'nVs; and lli(‘ 
circuit, of iin|)(Mlanc(‘, 


wh(‘r(‘ 


Z r - M 


/n 


Fn., 06. 


^' = tang(‘n^ of tin* angl(‘ ol lag 

r 


let the roceiver circuit he ^IiuiiIcmI hy a constaiil (■on(l<‘iisi\(' 
reactance, let then: 

^ = potential (lifferenec' of receiver eireiiil, and also at the 
condenser t('riniiials, 

I = current in the receiver circuit, or tlii' “secondary 
current,” 

/, = current in the condenser, 

1 0 = total supply current, or “primary current . ” 
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Then 

i»=l + I.t 

(26) 

and the e.m.f. at receiver circuit is 



E =ZI; 

(27) 

at the condenser, 

E =iXoU, 

(28) 

hence. 

^ l-i 

11 

(29) 



and, in the main circuit, the impressed e.m.f. is 



-^o = «o = ? - K U- 

(30) 


Hence, substituting (26), (27) and (29) in (30): 

= \z -jx, - -“Z i/ 

( a:, S 

or 

(31) 

and 

I = — — • (32) 

L X,, 

-K. 

Jf X, = x„, that ih, if th(' .sluintcd con(len^ive rt'actance equals 
tlu' sc'rich inductive reactance, equations (32) a&sunie the form: 




(33) 

(34) 


that is, the current, i, is constant, independent of the load and 
the power-factor. 
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That is, if in a constant-potential circuit, of impressed e.m.f., e^, 
an inductive reactance, x^, and a condensive reactance 
are connected in series with each other, and if x^ = x^, (35), that 
is, the two reactances are in resonance condition with each 
other, any circuit shunting the capacity reactance is a con- 
stant-current circuit, and regardless of the impedance of this 
circuit, Z = r - jx, the current in the circuit is 



67. Such a combination of two equal reactances of opposite 
sign so can be considered as a transforming device from con- 
stant potential to constant current. 

Substituting, therefore, (35) in the preceding eejuation gives; 
(33) substituted in (29): 

Current in shunted capacity 



(30) 

or, absolute, 


f 

‘ X,,-’ 

(37) 

and, substituting (.33) and (.'>()) in (2(i): 
primary supply current is 


, ^ 1 />„ , 

• a - i * II’ 

0 

(;!,S) 

or the absolute valu(‘ is 


1 (l„ - 

*^0 

(3.9) 

and the power-factor of tlie supply curnmt is 


tan 

r 

T 

COS^Q = — — ■ _ . 

Vr® -f- (a:„ - xy 

(40) 
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In this case, the higher the inductive reactance, x, of the 
receiving circuit the lower is the supply current, at the same 
resistance, r, and the higher is the power-factor, and if x = x^ 

7o = — j and cos^ = 1, (41) 

^0 

that is, the primary, or supply circuit is non-inductive, and the 
primary current is in time-phase with the supply e.m.f., and 
the power-factor is unity, while the secondary or receiver cur- 
rent (33) is 90° in time-phase behind the primary impressed 
e.m.f., e^. 

Inserting therefore an inductive reactance, x^ = x^ — x, in 
series in the receiver circuit of impedance, Z —r — jx, raises 
the power-factor of the supply current, to unity, and makes 
this current, a minimum. Or, if the inductive reactance, 
Xj, is inserted in the receiver circuit, thus giving a total impe- 
dance, Z — jx^ = r — j (x + x„) by equation (38), substitut- 
ing Z - /Xo instead of Z, gives the primary supply current as 



or the absolute value as 



and the tangent of th(> primary phase angle 

X 

Ian = - = tan 0, 
r 


(42) 

(43) 




TL 




that is, the ])rimary power-factor e(iuals that of the secondary. 

Henc(s as sliown diagrammatically in Fig. (Mi, a cumbina- 
tioii of two (Miual inductive react- 
ances in series with each other and , 
with the K'ccdver circuit, and shunted 
midway Ix'twc'eu the inductive react- 
ances by a condensivc' reactance eiiual 
to the inductive reactance, trans- 
forms constant potential into con- 
stant current, and inversely, vdthout any change of j tower- 
factor, that is, the primary supply current has the same power- 
factor as the secondary current. 


Fig 60 


I 

E 

Jj 
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With an inductive secondary circuit, the primary power- 
factor can in this way be made unity, by reducing the inductive 
reactance of the secondary side, by the amount of secondary 
reactance. 

68. Shunted condensive reactance, x^, and series inductive 
reactance, x„, therefore transforms from constant potential, 
to constant current, i, and inversely, if their reactances are 
equal, =x^, and in this case, the main current is leading, 
with non-inductive load, and the time lead of the main current 
decreases, with increasing inductive reactance, that is, increasing 
lag, of the receiving circuit. The constant secondary current, 
i, lags 90° behind the constant primary e.m.f., e^. 

Inversely, by reversing the signs of x^ and x,. in the preceding 
equations, that is, exchanging inductive and condensive reac- 
tances, it follows that shunted inductive reactance, x^, and 
series condensive reactance, x^, if of equal reactance, = ajj, 
transform constant potential, e,, into constant oumuit, i, and 
inversely. In this case, the main current lags the inorci the 
higher the inductive reactance of the rc'ceiving ciixaiit, and 
the constant secondary current, i, is 90 tiiue-degrec's ahem I of 
the constant primary e.m.f., e^. 

In general, it follows that, if equal in(ludiv(' and (•on(l('nsive 
reactances, x„ =Xc, that is, in resonance condition, an- con- 
nected in series across a constant-ix)tential circnil. of inipress(‘d 
e.m.f., fij, any circuit connected to the common point l)elwe('ii 
the reactances is a constant-current circuit, and carric-s the- 

current, i 

Instead of connecting this secondary or (*()nsianl~(*urr(‘rit 
circuit with its other terminal to liiu^ A, so sliuntiiig 1h(‘ eon- 
densive reactance with it, and causing th(‘ main curr(‘nl to I(‘ad 
(I in Fig. 67), or to line, 5, so shunting Ili(‘ induct iv(‘ r(‘;iclanc(' 
with it, and causing the main current to lag (II in Fig. (>7), it 
can be connected to any jjoint inlerm(‘diat(‘ l)(‘t\V(‘(Mi A and B, 
by a compensator, as in III, Fig. 67. If c()iin(‘ct(‘d to tlu^ middl(‘ 
point between A and B , the main curnuit is ikuIIku* lagging nor 
leading, that is, is non-inductive with non-indiictiv(^ load, and 
with inductive load, has the same jiowcT-factor as lh(‘ load. 

The two arrangements, I and II, can also b(‘ combined, by 
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connecting the constant-current circuit across, as in IV, Fig. 67, 
and in this case the two inductive reactances and two conden- 
sive reactances diagrammatically form a square, with the con- 
stant potential, as one, the constant current, i, as the other 
diagonal, as shown in Fig. 68 on page 111. This arrangement 
has been called the monocyclic square. 

The insertion of an e.m.f. into the constant-current circuit, 
in such arrangements, obviously does not exert any effect on 
the constancy of the secondary current, % but merely changes 
the primary current, by the amount of power supplied or 
consumed by the e.m.f. inserted in the secondary circuit. 



I , iii;‘ XV 

Fig. 67. 

While theoretically the secondary current is absolutely con- 
stant, at constant primary e.m.f., practically, it can not be per- 
fectly constant in the reactances due to the power consumed, 
but falls off slightly with increase of load, the more, the greater 
the loss of power in the reactances, that is, the lower the efficiency 
of the transforming device. 

Two typical arrangements of such constant-current trans- 
forming devices are the T-connection or the reisonating-circidt, 
diagram Fig. 06, and the monocyclic square, diagram Fig. 68. 
From these, a very large number of different combinations of 
inductive' and coiidensive reactances, with addition of comjx'ii- 
sators, and of imprc'ssed e.m.fs,, can be de\ised to transform 
from constant potential to constant current and invers(‘ly, and 
by the use of (quadrature e.m.fs. taken from a second i)hase of 
the polyphase system, the secondary output, for the same 
amount of rc'actances, increased. 

These combinations afford very convenient and instmetive 
examples for accustoming oneself to the us(‘ of complex 
quantities in the solution of alternating-current i)r()blems. 

Only two typical cases, the T-connection and the mono- 
cyclic square will be more fully discussed in the next chapter. 
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CONSTANT POTENTIAL — CONSTANT-CURRENT TRANS- 
FORMATION. 

A : T-Connection or Resonating Circuit. 

69 . Omeral. A combination, in a constant-potential circuit, 
of an inductive and a condensive reactance in scries with each 
other in resonance condition, that is, with the condensive reac- 
tance equal to the inductive reactance, gives constant current in 
a circuit shunting the capacity. This circuit thus can be called 
the secondary circuit” of the constant potential — constant- 
current transforming device, while the constant-potential 
supply circuit may be called the '‘primary circuit.” 

If the total inductive reactance in the constanl-eunvnt cir- 
cuit is equal to the condensive reactance, primary supply 
current is in time-phase with the impressed (Mii.f. 

Let, as shown diagrammatically in Fig. 0(5, 

Xq = value of the inductive and the cond(‘nsiv(‘ n^aelanetss which 
are in series with each other. 

Xj^ = the additional inductive rea(*tan(‘(‘ ins(‘rl(Ml in I li(‘ couhtant- 
current circuit. 

Z = r - jx, or ^ = Vr + x- -- tlu^ alw)lul(‘ valii(‘ of tli(‘ im- 
pedance of the eoristant-eurr(‘nl load. 

Assuming now in the constant-eurn^nt circuit Hk^ iiiducliv(‘ 
reactance and the resistance as j)rop()rti()nal to (‘acli otlKu*, as 
for instance is approximately the cas(' in a Mn‘i(‘s nrc circuit, 
in which, by varying the numl)(‘r of lamps and 1h(‘r(‘with 
the load, reactance and resistanc(^ change^ pi‘oj)()rtionally. 
Let, then, 

X 

A; = - == ratio of inductive reactance to n^sistance^ of the load, 
r 

or tangent of the angle of lag of the constant-currcml circuit. 

08 
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It is then 

Z = r (1 — jli) 

and « = rVl + P ; (1) 

let, then, 

JB, = gj = constant = primary impressed e.m.f., or 
supply voltage, 

= potential difference at condenser terminals, 

E — secondary e.m.f., or voltage at constant-current 
circuit, 

= primary supply current, 

I j = condenser current, 

7 = secondary current, 

then, in the secondary or receiver circuit. 



E =ZI, 

(2) 

at the condenser terminals 



E^=E - jxj 


and, also, 

1 

1! 

(3) 


(4) 

hence. 

*11 

• 1 

(5) 


]X, ■ 


and the primary current is 


L 

1-H 

4- 

o 

1 

11 

+ 

11 


hence, expanded, 

Z -h ] {Xq iCj) j 

nr. 


io 

(6) 


and the primary supply voltage is 
hence, substituting (3) and (6), 


eo = {{Z - jx,) -{Z + i (x„ - I , 
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or, expanded, 

®o ~ ~ 1^0 ■? > 

(7) 

or, the secondary current is 

I 

• x„ 

(8) 


and, substituting (8) in (6) and (5) : The primary current is 


, Z + x,) 

— o ^0 


condenser current is 


4 1 ^2 ^ 0 ) 


X. 


or, the absolute value is 


X, 


Vr^ + {Xq — xf 


VH + (a: + xy 


tan 0 = ~ =k gives the secondary i)luisi' angl(‘, 

T 


and 


^ ^ ^ 

tan 0^ = 2 — _J gives the priinary pliasc' angh'. (ir>) 

This phase angle 0^ = 0, that is, tlu* primary supply eurrenl is 
non-inductive, if 

a:„ - x, - r =- 0, 

that is, 

X, = a:„ - X. (10) 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(i;i) 

(14) 


The primary supply can in this way be made non-inductive 
for any desired value of secondary load, by choosing the reac- 
tance, Xi, according to equation (16). 
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If X — 0, that is, a non-induetive secondary circuit (series 
incandescent lamps for instance), ajj = x^, that is, with a non- 
inductive secondary circuit, the primary supply current is 
always non-inductive, if the secondary reactance, x^, is made 
equal to the primary reactance, a:„. 

In this case x^ = x^, wdth an inductive secondary circuit 

X 

tan 0^ — -= tan 0; that is, the primary supply current has the 

same phase angle as the secondary load, if all three reactances 
(two inductive and one condensive reactance) are marlft equal. 

In general, x^ would probably be chosen so as to Tna.Tfp! 
non-inductive at full load, or at some average load. 


70 . Example: A 100 lamp arc circuit of 7.5 amperes is to be 
operated from a 6600 volt constant-potential supply = 6600 
volts, and i = 7.5 amperes. 

Assuming 75 volts per lamp, including line resistance, gives 
a maximum secondary voltage, for 100 lamps, of e' = 7500 volts. 

Assuming the power-factor of the arc circuit as 93 per cent 
lagging, gives 

cos d = 0.93, or tan & =0.4; 

hence, 

jfc = ? = 0.4, and Z = r (1 - 0.4 f). 


or 

of 


hence 


and 


z = 1.077 r at full load, 
e' = 7500 volts, 

2:' = — = 1000 ohms. 


== 0.93 z' = 030 ohms, 
z' = 0.4 r' = 372 ohms. 


i 



or 


6600 

= - - = 880 ohms. 

i 7.0 


To make the primary current % non-inductive at full load, or for 
a/ == 372 ohms, this requires 

- x' ^ 508 ohms. 
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This gives the equations 


i = 7.5 amperes, 
e = 7.5 g = 8.08 r vol ts. 

/ GGOO 

i„==Vr^+(372-0.4r-)^X-^ 


tan ^0 = — 


372 - 0.4 r 


hence, leading current below full load, non-inductive at full 
load and lagging current at overload. 

71 . Apparatus Economy. Denoting by g', r', a/ the respective 
full-load values, the volt-ampere output at full load is 


Pa 

0 


/ «oV_ey Vl + ^■^ 


volt-ampere input ; 


p =1 e = -" - 


That is, the volt-ainpore injmt is ](\ss than the Aolt-aiiiiK're 
output, since the input is non-inductive, while' tiu' output is not. 
The power output is 

p=/V-^"', (10) 

which is equal to the volt-ani})(‘r(‘ input, siii(*(‘ IIk^ losses , s of 
power in the reactances were n(‘gl(H*t('(l in Ili(‘ j)r(‘c(‘{lin^ (‘({na- 
tions. 

The volt-amperes at the condensfu* ar(‘ 

^ a 'i '^()f 

hence, substituting (13), 

Pg = P' + (P + -r,)' 2 ikP + /oo^ 
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The volt-ampere consumption of the first, or primary induc- 
tive reactance, x^, is 

P // _ ,• 23. . 

hence, substituting (12), 


„ r^ + (X, -x' - x,y + (X, -kr'- x,y 

t^a — ^ s Ts 


the volt-ampere consumption of the second, or secondary induc- 
tive reactance, Xj, is 

P„"' = r^Xj, 


or 



( 22 ) 


The total volt-ampere rating of the reactances required for 
the transformation from constant potential to constant current 
then is 

P,= P/ + Pa"+Pa" 

2 fc^) ~h 2 kr' (2 x^ — x^) -1- (x^ ^ 0^1 ~ ^ ^ 2 C^3) 

and the apparatus economy, or the ratio of volt-amperes output 
to the volt-ampere rating of the apparatus is 



r'x„Vl + 


' 2 r'Xl +A;") + 2 (2 x^ - x„) + (x„= - x„Xj +2 x; 


( 24 ) 


this apjiaratus economy depends upon the load, r', the powi- 
factor or pliase angle of the load, k, and the secondary additional 
inductive' n'actance, x^. 

To determine the effect of the secondary inductive reactance, 
Xj". The apparatus economy is a maximum for that value of 

secondary inductive reactance, x^, for wlrich: ^ =0- 

Instead of directly differentiating /, it is preferable to simplify 
the function f first, by dropping all those factors, tenns, etc., 
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which inspection shows do not change the position of the maxi- 
mum or the minim um value of the function. Thus the numer- 
ator can be dropped, the denominator made numerator, and its 
first term dropped, leaving 

f =2kr' (2 ajj - x„) + (x/ - + 2 

as the simplest function, which has an extreme value for the same 
value of Xi, as /. Then 

^ =^4:Jar' -x, + 4: x^ = 0 , 

, a:„ — 4 At' 

and = -2—^ . (25) 

substituting (25) in (24), gives 

f ^ 8r'a;yi+F . 

16r''-8A:r'x„ + 7x/ ^ 

To determine the effect of the load r': 

/j becomes a maximum for that load, r', which makers 


or, simplified, 




1^=0 
dr' ’ 




hence 

^ = r'(32 r' - 8 kx^) - (10 r'= - 8 Lr'x„ 4 7 r,/) - (), 


hence 


r' 


( 27 ) 


and, substituting (27) in (20), 
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hence, for A =0; 


V7 


A = = 0.378. 


r'= =0.662 
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for k =0.4: 


x, = ^ =0.25 z,. 

U = =0.478. 

V7-0.4 

r'= =0.662 a:„ 


/ = vTIe = 0.712 

(1 - 0.4 V7) = - 0.016 
= approximately zero. 

At non-inductive load 

k =0 

and with non-inductive primary supply, that is, 


2^1 = ^0- 

by substituting those values in (24), the apparatus economy is 


/ 


2 (r'^ + X,,-') ’ 


(29) 


which is a maximum for r' = x„, (30) 

/„= 1=0.27,, (31) 

which is rather low: 

That is, non-inductive load and supply circuit do not give vctv 
high apparatus economy, but inductive reactance of the load, 



106 ALTERNATING-CURRENT PHENOMENA. 

and phase displacement in the supply circuit, gives far higher 
apparatus economy, that is, more output with the same volt- 
amperes in reactance. 

By inserting in (23), with the quantities. Pa , Pa\ and Po'", 
coefficients which are proportional respectively to the 

cost of the reactances per kilovolt-ampere, the expression 


n,Pa^ + n^Pa^' + n,Pa"^ 

p 


then represents the commercial economy, that is, the maximum 
of this expression, derived by analogous considerations as before, 
gives the arrangement for minimum cost at given output. 

72 . Power Losses in Reactances. 

In the preceding equations, the losses of power in reactances 
have been neglected. However small these may bcs in accurate 
investigations, they require consideration as to tlu'ir effi^ct on 
the regulation of the transforming device, and on th(' (‘fficdency. 
Let 

a — power-factor of inductive reactance, that is, loss of powcT, 
as fraction of total volt-amperes. 

h = power-factor of condensive reactance, that is, lo'.s of powc^r, 
as fraction of total volt-amperes. 

Here a and b are very small cjuantitic's, in g(‘n(‘ral h, Ww loss 
in the condensive reactance, h(‘ing far smalka* than tli(‘ loss in tli(‘ 
inductive reactance. 

Approximately, the inductivi^ reaclanc(‘s an^ [u - j) and 
(a — j) respectively, and thecond(‘nsiv(‘ n‘aclanc(‘ i-. ih i 

Assuming the same denotations as in th(^ pn'ceding paragraphs, 
receiver circuit 

(33) 

at condenser terminals 

El == P ^ (a - ]) I 

= {Z + (a - j) x) I (;M) 

and also 


+ j) 7 , ; 


(35) 
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hence 

7 = ^ + {a-j)x^ 

ih+f)x, •’ 

and 

1.0=1. +I^ 

Z + (b + j)x^ + (a - i)x, 

(b + i)x, 

Z + j (x^ - x^) + (bx, + fflXt) 
ib +i)^o 

and the impressed e.m.f. 

®0 ~ "t" (® j) 0> 


(36) 


(37) 


hence, substituting (35) and (37), 


Xn+\Z( a+b)+ jx^ja -b)- jx^ja + b)} + {x,ab + x^a {a+b)\ 

% - — 5 +~j ■ 

(38) 

Since a and b are very small quantities, their products and 
squares can be neglected, then 

a;, . +{Z(a + b) + j x„ {a - b) - jx, (a + h )\ ^ 

+ J 


or 


I = To 


(j + b) e„ 


„ + ]Z {a + h) + ]X„ {a - b) - jx^ [a + b)l 


: (40) 


this can be writt('n 

j^Fo . ^ 1 : 

1 f P (a + b) + f (« -b) - J-' (u - b ^ ! 

( Xq u 

hence 

I \ i - ja + }~ (a + b) - ^ [<i + b) j (41) 

^'o t •*'o ^0 

that is, due to the loss of power in the reactances, the >ecomlaiy 
current is less than it would be othennse, and decreases with 
increasing load still further. 
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Equation (41) can also be written 

^ 

here the imaginary component is very small in the parenthesis, 
that is, the secondary current remains practically in quadra- 
ture with the primary voltage. 

The absolute value is, neglecting terms of secondary order, 

+ ( 43 , 

The primary current is, by equation (37) and (40), 

Z+ j (x„ - a:,) + (bx„ + a x,) _ 

• “ x,+Zia + b)+ jx, (a-b)- jx, {a + b) x, 



1 4. ^ (a 4, 5) 4. j (cj _ /j) 


73. Example: 

Considering the same example as Ix'fon*: a cfjiistaiil-potential 
circuit of = 6(i0() volts supplying a lOO-lamp serii's arc- 
circuit, with i' = 7.5 ampen's, and e' =- 7.500 volts at full load 
of 93 per cent power-factor, that is, k -- 0.4, and Z (1-0.1 j)r. 
Assuming now, however, tlu' loss in tlu' iiiduelive react- 
ance as 3 per cent, and in the capacity as I per cent, that is, 
® =0.03 b =0.01, th(' full-load ValtK' of tla* secondaiy load 
impedance is; z' = lOOt) ohms,/ 9.30 ohms and / -372 
ohms. 

To give non-inductive jjrimary supjdy at full load, tlu' fol- 
lowing equation must be fullilled: 


x^=x„ -x' - - 372. 
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From equation (43), the secondary current, at full load, is 




hence 


a:o L 


930 X 0.04' 


Xj = 840 ohms, and = 468 ohms. 


Substituting in (42), (43), (44), 


I = 7.86 j |(l - 0.04 - j ^0.052 - 0.016 


i = 7.86 (1 - 0.04- 


e =iz = 1.077 ri 


.8.46r(l-0.04^) 


7o =7.8G 


0.04 r\ . /O.OIG r 


+ 0.002 


and herefrom the power-factor, efficiency, etc. 

In Fig. G9, page 117, there are plotted, with the secondary, 
e.m.f., e, as abscissas, the values: secondary current, ijriniarv 
current, 1^; primary power-factor, cos 0, and t‘fficieucy. 

74. In alt('rnating-current circuits small variations of fn*- 
(juency are unavoidal)le, as for instanc(‘, cau^(‘d by chane:(‘"' of 
load, etc., and the inductive reactance is dinadly propoitional, 
the condensive reactance inversely propoitional to the frt‘(|ueney. 
Wherever inductive and condensive reactances are u>ed in stu'ies 
with each other and of ecjual or approximately ecpial rt*actance, 
so more or less lumtralizing each other, even small chang(‘s of 
frequency may cause very large variations in the result, and in 
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such cases it is therefore necessary to investigate the effect of a 
change of frequency on the result: for instance, in a resonating 
circuit of very small power loss, a small change of frequency 
at constant impressed e.m.f. may change the current over an 
enormous range. 

Since in the preceding, constant-current regulation is pro- 
duced by inductive and condensive reactances in series with each 
other, the effect of a variation of frequency requires investi- 
gation. 

Let, then, the frequency be increased by a small fraction, s. 

The inductive reactance thereby changes to x, (1 + s) and 
X (1+ s), and Z = r - j (1 + s) x respectively, and the con- 
densive reactance to • 

1+ s 

Leaving all the other denotations the same, and neglecting 
the loss of power in the reactances. 


E =ZI 

E, = {Z-j{l+s)x,]I 

__ /Vi 

1 + s ’ 

hence, 

/ _ 0-+s){ Z -j(l +x)x,] j 

■ ‘ 

and 

I,=I + I _ -(1 I 

thus 

= i(i + 

= [Z -j (I + ,s) X, - (1 4 .syZ - / ( 1 I .s) ( ( I I ] / 


hence, expanding and droj)ping of liigln'r onh'p, 

~ n {^0 + « - 2x^ ~ 1 Zj) - ,v- (;! .r, 2 j)\, 


or 


/ = ^» 

a:„ 




(45) 
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Hence, the current is not greatly affected by a change of 
frequency. That is, the constant-current regulation of the 
above discussed device does not depend, or require, a constancy 
of frequency beyond that available in ordinary altemating- 
cun‘ent circuits. 

jS. Monocyclic Square. 

76. General. 

A combination of four equal reactances, two condensive and 
two inductive, arranged in a square as shown diagrammatically 
in Fig. 68, transforms a constant voltage, impressed upon one 
diagonal, into a constant current across the other diagonal, and 
inversely. 

Let, then, 

^ 0 = constant = primary impressed e.m.f ., or supply voltage, 
E = secondary terminal voltage, 

Ej^ = voltage across the condensive 
reactance, 

jEg = voltage across the inductive 
reactance, 

and 

I Q = primary supply current, 

/ == secondary current, 

I j = current in condensive reactance, 

/ 2 = current in inductive reactance, 
these currents and e.m.fs. being assumed in the direction as 
indicated by the arrows in Fig. 68. 

Let 

Xy = condensive and inductive reactances; 

hen(‘(‘, 

= condensive reactance, (1) 

= — jXq = inductive reactance. 

Then, at tlie dividing point, 



i 0 = 1 1 + i J> 

(3) 

and 

/ =n - L; 

(4) 

hence. 

j 

• ^ 2 

(5) 

and 

I 

■t 2 0 

(6) 
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In the e.m.f. triangle, 

e„ = 

and E = Z^1^—Z^1^ 

and ^ = 

substituting (1) and (2) in (7) and (8) gives 

^0 1^0 ('^ 1 ^ 2 ) 

and Z/ = jXj (/j + /j), 

and, substituting herein the current, 

60 =- Ja^o-T 

and ZI=+jx^Ia, 

hence, the secondary current is 


the primary current. 


the condenser current, 


r =B. 
. ^ ^ 
^0 


T . 

^ 0“^ 2 f 


I =^zJb. 

• ‘ 2 x„^ 


and the current in the inductive reactance, 

Z + 


The secondary terminal voltage is 


the condenser voltage, 


n ^ 


E =ix I = e • 

1 J of 1 ® 0 > 

and the inductive reactance voltage, 

E =-ix I - - e 


(7) 

(9) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
(19) 


( 20 ) 
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The tangent of the primary phase angle is 


an = - = tan d: 

T 


hence, the absolute value of the secondary current is 
of the primary current, 




i -M. 

of the condenser current, 

^ ^ Vr’ + (x, + a:)" 

and of the inductive reactance current 


. _ Vr^ + (x, - xf 


2z/ 


e„. 


The secondary terminal voltage is 


the condenser voltage, 


^0 


vr® + (a;„ + x? 


and the inductive reactance voltage : 


e, = - 


Vt^ + (!•„- xY 

2x„ 


( 21 ) 


( 22 ) 

(23) 

(24) 

(25) 


( 26 ) 


(27) 


( 28 ) 


76. From these equations follow tlie apparent powers, or volt- 
ainporc's of the difierent circuits a^: 


Output, 

p . e/2 

= ei = o • 

(29) 


0 or “ 

•^0 


Input, 

p _ • _ ?il!. 

% ^0^0 r - 

(30) 
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Hence the input is the same as the output. This is obvious 
since the losses of power in the reactances are neglected, and it 
was found (21), that the phase angle or the power-factor of the 
primary circuit equals that of the secondary circuit. 

Apparent power of the condensive reactance, 


Inductance, 


. r^ + {x, + xf ^ 

^ ^ S ^0 > 


= ^2h 


7^ + (X„ - XY 


4V 


(31) 

(32) 


and, therefore, total volt-ampere capacity of the reactances is 


Pa=^{Pa^+Pa) 


hence 


Pa 


Y + X, 


0 p 2 


and, 

apparatus economy. 


/ = 


P.. 


zx,, 

h X,- 


(33) 


(34) 


hence a maximum for ; .r„, 

and this maximum is ('(iiial to )„ \ or .K) per coid. (;}(;) 

That is, the maximum apjiaratus (‘('onomy ol tli(‘ 'iitiiiocvciii. 
square, as discussed hens is .W |)er eiuil, or in oilier words, for 
every kilovolt-ampere output, two kilovoll-ampeies in reaela'nees 
have to be provided. 

_ Tills apparatus economy is higlier Ilian llinl of I be T-eonnee- 
tion, in which under tlu' same eonditions, Ihal is lor r, llu* 

apparatus economy was only 2.') per eenl . ' " 

Ihe commercial, or cost ('eononiy would be gi\en by 


t/= - 


Pa.. 


where 


2 0<iPa^ + /i-jP,,^) 


- inaxiinum. 


(37) 


price per kilovolt-amperi' of condmisive riaiclanee, ii. = 
price per kilovolt-ampi're of inductivi' mactancm 
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77 . Example: ' 

Considering the same problem as under A. From a constant 
impressed e.m.f. = 6600 volts, a 100-lamp arc circuit, of 93 
per cent power-factor, is to be operated, requiring 

1 = 7.5 amperes, 

Z = r — jx 

= r (1 - jk) 

where 

A* = = 0.4 j 

hence 

2 = r(l - Q.Aj), 

and at full load 

e' = 7500 volts. 


Then, from (22), 

= ^ = 880 ohms, 

h 


z' = - = 1000 ohms; 


hence r' = 930 ohms, x' = At' = 372 ohms, 

and, therefore, 

i - 7.5 amperes, 


i.- 7.5 i; amperes. 

e = 7.0 Zj 

and at full load, or r = 930, when denoting full loatl values by 
prime, 

i/ = 7.5 amperes, 

= 7.93 amperes, 

// -= 6.65 amperes, 

( / = 4.52 amperes, 

N - 7500 volts, 

— 5S50 volts, 
cf - 39S0 volts, 

p,"‘ [ .■)(i.25 kv-amp. 

=. 88.9 kv-amp. 

= 18.0 kv-amp. 

P'J = 113.8 kv-amp. 

f = 0.4943 

or 49.43 per cent, that is, practically the maximum. 
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78 . Power Loss in Reactances. 

In the preceding, as first approximation, the loss of power in 
the reactances has been neglected, and so the constancy of 
current, i, was perfect, and the output equal to the input. 
Considering, however, the loss of power in the reactances, it is 
found that the current, i, varies slightly, decreasing with increas- 
ing load, and the input exceeds the output. 

Let, then, 

= (b + f) Xg = condensive reactance, 

= {a — j) = inductive reactance, 

otherwise retaining the same denotations as in the preceding 
paragraphs. 

Then, substituting in (7) and (8), 


7 ={h + j)U+{a-i)I,, 

^0 

Assuming 

a =c^+cA 

= Cl - r J 

a + /> a ~ h 


(38) 

(39) 

(40) 

(41) 


Substituting in (.38) and (.39) 

= J (-^ 1 “ i 2 ) + c, (/ , + / ,) — (7 , — / ,,) 

7 T 

+ ^2) +Ci(/, - /,) -CAI^ I /,), 

•^0 

substituting herein from etiuations (.3) and (1) gives 

J = (42) 

•^0 

Z7 _ 7 , r- \ T 

■7“ Cj 7 + (j - Cj) 7 „, 

•^0 


and 


(43) 
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and from these two equations with the two variables, 1 and 1^, 
it follows from (43) that 


I = ^ ~ I 


(44) 



Fig. 69 . 


Substituting (44) in (42), transposing, and dropping terms of 
secondary order, that is, products and squares of Cj and Cj, gives: 




substituting (45) in (44), and transposing, 

X = - 


io = ?. ^ + 


— 2 /c, Z 


(45) 


( 46 ) 


then, substituting (45) and (46) in (5) and (li). 




7 = — ^ - — 


jZ — ^ (47) 


> 


e„ / + J>,, (Wjh _ jz 


2 


2x„J 


i4S) 


and the absolute value i'' 


or, approximately. 




= lo fi - 


(49) 
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79. Example: 

Considering the same example as before, of a 7.5-ampere 
100-lamp arc circuit operated from a 6600-volt constant-poten- 
tial supply, and assuming again as in § 73; 

3 per cent power-factor of inductive reactance, or o, =0.03. 

1 per cent power-factor of condensive reactance, or 5 = 0.01. 


It is then: 
and at full load 


Cl = 0.02, c, = 0.01, 



or 


hence 


Xo V a:,, / 

= 801, and i = 7.06^1 -0.02 ^^^-^, 


and we have, approximately, 


io = 7.00 


861 


+ 0 . 02 - 


i)A2j rl 
861 ) ’ 


I’l = 3.83 
7, = 3.83 



c - zi = 1.077 ri. 


In Fig. 70 are jdottod, with the w'eoiuliuy teriiiitinl voltage, c, 
as abscis,sas, the values of secondary eurreiit, pninary enrrent, 
i„; condenser current, I'l; inductive reactance current, /„ and 
efficiency. 

As seen, with the monocyclic s(juare, the current regulation 
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is closer, and the efficiency higher than mth the T-conuectioii. 
This is due to the lesser amount of reactance required with the 
monocyclic square. 



Fig. 70. 


The investigation of the effect of a variation of frorjuoncy 
on the current regulation by the monocyclic siiuare, now can 
be carried out in the analogous manner as in *-1 with tln‘ T- 
connection. 

(\ General Discussion of Constant- PotentidL ('mi^tant-C an\ nt 
Transformation. 

80. In the jnocc'ding method^ ol tniii'-torinatioii Ih'twcrii 
constant ])oteiitial and coii.stant curnnit by rt'actaiicc-, that i- 
by conibinatioiis of indiictiAc and conden^-ive* n acttUifi*^, th** 
constant alt(‘rnating-ciin\‘nt is in (luadratun* with thr (*«ni-taiit 
(Mii.f. Kven in coiistant-ciirn'iit control liy ‘'crii'- indiicti\<‘ 
n'actaiK'es, th(‘ con^tancy of cuiTciit i- nio-t jurfcct for luht 
loads, wh(‘iv th(‘ naictanci' Aoltagt* i- larat* and thii- tli * cno- 
stant-curnmt voltage almost in (luadratuiv, and the c<ni-taiit- 
ciirrent control is im])aind in din*ct })roi)oilion to tli- -hitt ot 
])has(‘ of tlu‘ constant ciirnMit from ([uadrature relation 

Tln‘ cause hmvof is th‘ storage of eiu'ray rtMtuind to cliaiiui* 
the character of tht‘ flow of eiua-gy. That i-, tht‘ (mmay -applied 
at constant potential in the primary circuit, i- stored in tlr* 
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rGactancos, and rcturnGd at constant current, in the secondary 
circuit. 

The storage of the total transformed energy in the reactances 
allows a determination of the theoretical minimum of reactive 
power, that is, of inductive and condensive reactances required 
for constant-potential to constant-current transformation, since 
the energy supplied in the constant-current circuit must be 
stored for a quarter period after being received from the con- 
stant-potential circuit. 

Let 

p = P (1 + cos 2 5) 

= Power supplied to the constant-current circuit; 
thus, neglecting losses, 

Po = P (1 - cos 2 d) 

= Power consumed from the constant-potential cir- 
cuit, and 
Pq - p = 2 P cos 2 

= Power in the reactances. 

That is, to produce the constant-current power, P, from a 
single-phase constant-potential circuit, the appan^nt pow(‘r, 2 
must be used in reactances; or, in other words, pcu’ kw. constant- 
current power produced from a single-phase coiistanl-j)ot(‘ntial 
circuit, reactances rated at 2 kv-ainp. as a ininiimmi arc 
required, arranged so as to be shifted 45 tini(‘-d(‘greos against 
the constant-potential and the coiistant-curnMit circ'uit. 

The reactances used for the constant-potcnitial, constant- 
current transformation may be divid('d Ixdwc'en inductiv(‘ and 
condensive reactances in any desir(‘d ])n)j)()rtion. 

The additional wattless coinpoiuMit of con.si ant-pot (nit ial 
power is obviously the differen(*e b(‘twecn th(‘ \vaUl(\ss volt- 
amperes of the inductive and that of tli(‘ condenhiv(‘ r(‘actanc(‘s 
That is, if the wattless volt-anip('r(*s of r(‘actanc(‘ is oiu'-half ol 
inductive and one-half of condcMisive, llu‘ rc'sultaiit watlh'ss 
volt-amperes of the main circuit is zc'ro, and lli(‘ constant- 
potential circuit is non-inductive, at non-inductiva^ load, or 
consumes current proportional to tlu^ load. 

If A is the condensive and B the inductiv(‘ volt-anip(‘r(‘s, the 
resultant wattless volt-amperes is B-A; that is, a lagging watt- 
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less volt-amperes of B-A (or a leading volt-ampere of A-B) 
exist in the main circuit, in addition to the wattless volt- 
amperes of the secondary circuit, which reappear in the 
primary circuit. 

81 . These theoretical considerations permit the criticism of 
the different methods of constant-potential to constant-current 
transformation in regard to what may be called their apparatus 
economy, that is, the kilovolt-ampere rating of the reactance 
used, compared with the theoretical minimum rating required. 

1. Series Inductive Reactance, that is, a reactive coil of 
constant inductive reactance in series with the circuit. This 
arrangement obviously gives only imperfect constant-current 
control. Permitting a variation of five per cent in the value 
of the current (that is, full-load current is five per cent less than 
no-load current) and assuming four per cent loss in the reactive 
coil, a reactance rated at 3.45 kv-amp. is required per kw. 
constant-current load. This apparatus operates at 87.9 per 
cent economy and 30 per cent power-factor. 

Assuming 10 per cent variation in the value of the current, 
reactance rated at 2.22 kv-amp. is required per kw. constant- 
current load. This arrangement operates at an economy of 
91.8 per cent, and a power-factor of 89.5 per cent. 

In the first case, the apparatus economy, that is, the ratio of 
the theoretical minimum kilovolt-ampere rating of the reactance 
to the actual rating of the reactance is 88 per cent, and in the 
last case 92 per cent, thus the objection to this method not 
th(' liigh rating of the reactance and the economy, but the 
poor constant-current control, and especially the veiy low 
{)ower-factor. 

2. Inductive and Condensive Reactances in Resonance Condition, 
the condensive reactance being shunted by the constant-current 
circuit. In this ca,se, condensive reactance rated at 1 kv-ainix 
and inductive reactance rated at 2 kv-amp. are rcquire<l per 
kw. constant-current load, and the main circuit gives a con-tant 
wattless lagging apparent power of one kv-amp. As-uming 
again four per cent loss in the inductive and two jier cent lo-> in 
the condensive reactances, gives a full-load efficiency of 91 per 
cent and a power-factor (lagging) of 74 pi‘r cent. Ihe appara- 
tus economy by this method is 66.7 per cent. 
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3. Inductive and condensive reactances in resonance condition, 
the inductive reactance shunted by the constant-current circuit. 
In this case, as a minimum, per kw. constant-current load, con- 
densive reactance rated at 2 kv-amp. and inductive reactance 
rated at 1 kv-amp. is required, and the main circuit gives a 
constant wattless leading apparent power of 1 kv-amp. The 
efficiency of transformation is at full load 92.5 per cent, the 
power-factor (leading) 73 per cent, the apparatus economy 
66.7 per cent. 

4. T-Connection, that is, two equal inductive reactances in 
series to the constant-current circuit and shunted midway by 
an equal condensive reactance. In this case per kw. constant- 
current load, condensive reactance rated at 2 kv-amp. and 
inductive reactance rated at 2 kv-amp. arc required. 

The main circuit is non-inductive at all iion-inductivc loads, 
that is, the power-factor is 100 per cent. 

The full-load efficiency is 89.3 pei' cent, a])]jaratus (>conoiny 
50 per cent. 

5. The Monocyclic Square. In this cvase a condcmsivc' react- 
ance rated at 1 kv-amp. and inductive n'aelaticc' ratc'd at 
1 kv-amp. are required per kw. eonstant-curreiil load. The 
main circuit is non-inductive at all non-induel i\'(‘ load.s, that iN, 
the power-factor is 100 per cent. The full-load effici(uicy i.s 
94.3 per cent, the apparatus economy lOO per eeiil. 

6. The M Square in coinhiiudion uilh a (onslanl- 

patential 'polyphase system of impre.sM>d e.m.f. In IhiseaM', p(‘r 
kw. constant-curnait load, condc'nsivi' reai'lance ruled at O..') 
kv-amp. and inductive nawtance rated at ()..5 k\-amp. are 
required. The main circuits an- Mon-inducti\e at .all lo.ads, 
that i.s, the power-fact or is 100 i)er (ami. d’lie lull-load ('flici(aicv 
is ov('r 97 per cent, tli(> apparatus (aa)nomv 200 per caait. 

82. In the iwecc'ding, the constaiil-|)o1en1i.al to (amst.ant- 
current transformation with a .single-ph.ase systcaii ol conslaiit 
impressed e.m.f., has Ixam disiaissed, .and shown that jis .a mini- 
mum in this (aise, to j)roduce I kw. (a)ns1ant-(aua( nl output, 
reactances ratcal at 2 kv-amp. are r(a|uir('d lor (m(a’f>\' slorag('. 
The constant current is in (luadraturc' with the main or im- 
pres.sed e.m.f., but can be (dtlier leading or Lagging, 'rims the 
total range available is from 1 kw. leading, to zca-o, to I kw. 
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lagging. Hence if a constant-quadrature e.m.f. is available by 
the use of a polyphase system, the range of constant current 



can be doubled, that is, reactance rated at 2 kv-amp. can be 
made to control the potential for 2 kw. constant-current output 
in the way shown in Fig. 71 for a three-phase, and Fig. 72 for 
a quarter-phase system of impressed e.m.f. 



In this case, one transformer feeds a monocyclic srjuare, tlu* 
ollun* transfornun* inserts an (‘(jual constant (‘.ni.t. m quadiatuu' 
with the former, which from no-load to liall-load i*- ^uhtriictn c, 
irom half-load to full load is additivis that at full load, both 
phases are ta[ually loaded: at half-load only one plui'-e i^ loa h^d 
and at no-load one phase transforms energy into thi‘ other {>ha''<‘. 

Th(‘ monocyclic e.m.f. scjiiare in thi'- ca'-e, wlan pa^^ing 
from full load to no-load, gradually collapses to a '-traiaht line 
at half-load, then oveituriis and opens again to a scpiare m the 
opposite direction at no-load. That is, at full load the trans- 
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convenience of separating electrically the constant-current cir- 
cuit from the high-potential line. It is evident, for instance, in 
Fig" 73, that the constant-current and constant-potential circuits 


INO. IND. 



instead of being operated from the three-phase secondaries of the 
step-down transformers can be operated directly from the three- 
phase primaries by replacing the central connection of the one 
transformer by the central connection of the compensator. 

D, Problems. 

83. In the following problems referring to constant-potential 
to constant-current transformation by reactances, it is recom- 
mended : 

a. To derive the equation of all the currents and e.m.fs., in 
complex: (luantities as well as in absolute terms, wliile neglecting 
the loss of ])ower in the reactances. 

b. To (lett'rmine the volt-amperes in the different parts of 
the circuit, as load, n^actances, etc., and therefrom derivt^ the 
apparatus ('conomy, to find its maximum value, and on ^\hich 
condition it dep(‘nds. 

c. To determin(‘ the effect of inductive load on the pover 
of the primary supply circuit, to investigate the phase-angle 
of the primary supply circuit, and the conditions under vhich it 
becomes a minimum, or the primary supply becomes non- 
inductive. 

d. To redetermine the equations of the problem, while con- 
sidering the power lost in the reactances, and apply these e( illa- 
tions to a numerical example, plotting all the inter :?bting A'alues. 
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e. To investigate the effect of a change of frequency on the 
equations, more particularly on the constant-current regulation. 

/. To investigate the effect of a distortion of wave-shape, 
that is, the existence of higher harmonics in the impressed 
e.m.f., and their suppression or reappearance in the secondary 
circuit. 

g. To study the reversibility of the problem, that is, apply 
(a.) to (/.) to the reversed problem of transformation from 
constant cuiTent to constant potential. 

Some of the transforming devices between constant potential 
and constant current are: 

A. Single-phase. 

а. The resonating circuit, or condensive and inductive 
reactances, of equal values, in series with each other in the con- 
stant-potential circuit, and the one reactance shunted by the 
constant-current circuit. 

б. T-connection, as partially discussed in (A.). 

c. The monocyclic square, as partially discussed in (B.). 

d. The monocyclic triangle: a condensive reactance and an 
inductive reactance of equal values, in series with each other 
across the constant-potential circuit, the constant-current 
circuit connecting between the reactance neutral, or ihe common 
connection between the two (oi)posite) ri'aclances, and the 
neutral of a compensator or auto-transformer comu'ctc'd across 
the constant-potential circuit. Instead of the compemsator 
neutral, the constant-current circuit can 1)(‘ (*ari*i(‘d back to tlu^ 
neutral of the transformer connected to tlui c*()nstant-i)ot(‘ntial 
circuit. 

B. Polyphase. 

a. In the two-phase system th(' two j)liases of (Mii.fs., c„ 
and jVy, ar(‘ connect(‘d in series with (‘ach otlnn*, giving Ili(‘ 
outside terminals, A and B, and tlu^ neutral or common con- 
nection, C\ A conckmsive reactanc(‘ and an inductiv(‘ r(‘actanc(‘ 
of e({ual values, in seri(‘s with each otlun* and with their lumtral 
or common coimection, J), are conn(‘ct(‘d (dtlun* Ix^twecMi A and 
and the constant-current circuit betw<‘(‘n (J and 1), or th(‘ 
reactances are connected between A and C, and tlu^ constant- 
current circuit between B and D. In (dth(‘r case, s(‘Vi‘ral 
arrangements are possible, of which only a few have a good 
apparatus economy. 
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6. In a three-phase system, a condensive reactance, an induc- 
tive reactance equal in value to that of the condensive reactance 
and the constant-current circuit, are connected in star connec- 
tion between the three-phase, constant-potential terminals. 
Here also two arrangements are possible, of which one only 
gives good apparatus economy. 

c. In a constant-potential thi*ee-phase system, each of the 
three terminals, B, C, connects with a condensive and an 
inductive reactance, and all these reactances are of equal value, 
and joined together in pairs to three terminals, a, 6, c, so that 
each of these terminals, a, 6, c, comiects an inductive with a 
condensive reactance, a, b, c, then, are constant-current tliree- 
phase terminals, that is, the three currents at a, 6, c are constant 
and independent of the load or the distribution of load, and 
displaced from each by one-third of a period. This arrange- 
ment is especially suitable for rectification of the constant 
alternating-current, to produce constant direct-current. 

84 . Some further problems are: 

1, In a single-phase, constant-current transforming de\dce, 
as the monocyclic square, the constant current, f, is in quadrature 
with the constant impressed e.m.f., By inserting a constant 
potential e.m.f., into the constant-current circuit, the appa- 
ratus economy can l;c greatly increased, in the maximum can 
be doubled; that is, the e.m.f., £3, gives constant power output, 
and from no-load to half-load, the transformation is from con- 
stant current to constant potential, that is, a part of the pover 
supply, S3, is transformed into the circuit, of e.m.f., c,„ that 
is, the circuit, receives power. Above half-load the cinaiit 
of Cy transforms i)ower from constant potential to constant 
current, into the circuit of t‘.ni.f,, 

Since i is in tinu‘ (luadrature with with non-induetive 
secondary load, that is, the s(‘Condary ttu‘miiial voltage, h, in 
time-phase with the secondary current, h £3 should also In* in 
phase with i, that is, = jr3. With inductive secondary loath 
of phase angle, 0 , £3 should be in phase with E, that is, lead- 
ing i by angle 0 , or should be: £3 = je^ (1 — kj\ 

It is interesting, therefore, to investigate how’ the eijuation of 
the constant-potential, constant-current devices are changed 
by the introduction of such an e.m.f., £3, at non-inductive as 
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well as at inductive load, if = je^, or E^ = j (e^ — je/), in 
either case, and also to determine how such an e.m.f., E^, of 
the proper phase relation, can be derived directly or by trans- 
formation from a two-phase or three-phase system. 

2. If in the constant-potential, constant-current transform- 
ing device one of the reactances is gradually changed, increased 
or decreased from its proper value, then in either case the regu- 
lation of the system is impaired. That is, the ratio of full-load 
current to no-load current falls off, but at the same time, the 
no-load current also changes. 

With increase of load, the frequency of the system decreases, 
due to the decreasing speed of the prime mover, if the output 
of the system is an appreciable part of the rated output. If, 
therefore, the reactances are adjusted for equality of the frequency 
of full load, at the higher frequency of no-load, the inductive 
reactance is increased, and thereby the no-load current decreased 
below the value which it would have at constant reactance, and 
in this manner the increase of current from full load to no-load 
is reduced. 

Such a drop of speed and therefore of frequency, s, can there- 
fore be found, that the current at full load, with perfect equality 
between the reactances, equals the current at no-load, where 
the reactances are not quite equal. That is, the variation of 
frequency compensates for the incomplete regulation of the 
current, caused by the energy loss in the reactance's. Further- 
more, with a given variation of freeiuency, s, from no-load to full 
load, the reactances can be chosen so as to b(' slightly une(iual 
at full load, and more unequal at no-load; the change' of cunx'nt 
caused hereby compensates for the' inconiph'te' currc'nt rc'gu- 
lation, that is, with a given freeiuency vaiiation, s (within 
certain limits), the current regulation can be mad(' pi'rh'ct from 
no-load to full load, by the proper degree of uncciuality of the 
reactances. 

It is interesting to investigate this, and apply to an example, 
a., to determine the proper s, for perfect equality of rc'actance at 
full load; b., with a given value of s = 0.04, to determiiu' the in- 
equality of reactance required. Assuming a = 0.03; b = 0.01. 

3. If one point of the constant-current circuit, either a 
terminal or an intermediate point, connects to a point of the 
constant-potential circuit, either a terminal or some inter- 
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mediate point (as inside of a transformer winding), the constant 
current is not changed hereby, that is, the regulation of the 
system is not impaired, and no current exists in the cross between 
the two circuits. The distribution of potential between the 
reactances, however, may be considerably changed, some react- 
ances receiving a higher, others a lower voltage. 

It follows herefrom, that a ground on a constant-current 
system does not act as a ground on the constant-potential system, 
but electrically the two systems, although connected with each 
other, are essentially independent, just as if separated from each 
other by a transformer. So, for instance, in the monocyclic 
square, one side may be short-circuited without change of 
current in the secondary, but with an increase of current in the 
other three sides. It is interesting to investigate how far this 
independence of the circuit extends. 

In general, as an example, the following constants may be 
chosen: In the constant-potential circuit: = 6600 volts and 
i/ = 10 amperes at full load. 

In the constant-current circuit: i =7.5 amperes, e' =7500 
volts at full load. 

Or, especially in polyphase systems, e', respectively, 
corresponding to the maximum economy point, 


and 


a =0.03; b =0.01. 



CHAPTER XI. 

RESISTANCE AND REACTANCE OF TRANSMISSION LINES. 

86. In alternating-current circuits, e.in.f. is consumed in 
the feeders of distributing networks, and in the lines of 
long-distance transmissions, not only by the resistance, but 
also by the reactance, of the line. The e.m.f. consumed by 
the resistance is in phase, while the e.m.f. consumed by the 
reactance is in quadrature, with the current. Hence their 
influence upon the e.m.f. at the receiver circuit depends upon 
the difference of phase between the current and the e.m.f. in 
that circuit. As ^scussed before, the drop of potential due to 
the resistance is a maximum when the receiver current is in 
phase, a minimum when it is in quadrature, with the e.m.f. 
The change of potential due to hne reactance is small if the 
current is in phase with the e.m.f., while a drop of potential is 
produced with a lagging, and a rise of potential with a leading, 
current in the receiver circuit. 

Thus the change of potential due to a line of given resistance 
and reactance depends upon the phase difference in the receiver 
circuit, and can be varied and controlled by varying this phase 
difference; that is, by varying the aihnittance, Y = y 4- of 
the receiver circuit. 

The conductance, g, of the rect'iver circuit ch'penda upon 
the consumption of power, — that is, upon the load on the 
circuit, — and thus cannot be varied for the purpose of regu- 
lation. Its susceptance, b, however, can be changi'd by shunt- 
ing the circuit with a reactance, and will be mcreas(>d by a 
shunted inductive reactance, and decreasi'd by a sliuntc'd con- 
densive reactance. Hence, for the purpose of investigation, the 
receiver circuit can be assumed to consist of two branches, a 
conductance, g, — the non-inductive part of the circuit, — 
shunted by a susceptance, b, which can be vaiied without 
expenditure of energy. The two components of current can 
thus be considered separately, the energy component as deter- 
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mined by the load on the circuit, and the wattless component, 
which can be varied for the purpose of regulation. 

Obviously, in the same way, the e.m.f. at the receiver circuit 
may be considered as consisting of two components, the power 
component, in phase with the current, and the wattless com- 
ponent, in quadrature with the current. This vill correspond 
to the case of a reactance connected in series to the non-inductive 
part of the circuit. Since the effect of either resolution into 
components is the same so far as the line is concerned, we need 
not make any assumption as to whether the wattless part of the 
receiver circuit is in shunt, or in series, to the power part. 

Let 

Zq = — jx^ = impedance of the line; 

2o = Vro" + x^] 

Y = g + jb = admittance of receiver circuit ; 

y + ¥; 

^0 = ^0 + — impressed e.m.f. at generator end of line; 

E = \^e-+e 

E = e + je' = e.m.f. at receiver end of line ; 

E = \ V + e'^ 

/„ = I’o + ji/ = current in the line; 

h = • 

The simplest condition is the non-inductive circuit. 

(1.) Non-inductive Receiver Circuit Supplied over an 
Inductive Line. 

86. In this case, the admittance of the receiver circuit is 
Y — g, since 6=0. 

We have then 
current, 

impressed e.m.f. E^, = E + ZJ„ = E (1 + Z^). 
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Hence — e.m.f. at receiver circuit, 


I + 1 + - Wo ’ 


current, 


1 +Z,g 1 +gr,- jgx. 


Hence, in absolute values — e.m.f. at receiver circuit. 


^(1 + gr,y + ’ 


current, 


^/(l + S^o)' + 


The ratio of e.m.fs. at receiver circuit and at generator, or 
supply circuit, is 

E 1 

^0 V(1 + gr,y+ g\^ > 

and the power delivered in the non-inductive receiver circuit, or 


output. 


P = T.,E ■■ 


(1 + gr„f+ (fx'^ 


As a function of g, and with a givcui A’„, r^, and x^, tliis power 
is a maximum, if 

dP 

dg~'^’ 

that is, 

- 1 + (fr/ + ^xy = 0; 

hence, 

conductance of receiver circuit for maximum output, 


_1 _1 
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Resistance of receiver circuit, rm= — 

Qm 




El 


and, substituting this in P, 

Maximum output, r = -t 

2(ro+ao) 2{r„+ Vr7+x„=}’ 

and — 

ratio of e.m.f. at receiver and at generator end of line, 

E 1 


ttm- ^ - 




efficiency. 


Tm + r. r. + 2. 


That is, the output which can be transmitted over an 
inductive line of resistance, r„, and reactance, x^, — that is, 
• of impedance, 2„, — into a non-inductive receiver circuit, is a 
maximum, if the resistance of the receiver circuit equals the 
impedance of the hne, r = 2,, and is 


Pm = 


E ^ 

ijq . 


2 (^o+eo^ 

The output is transmitted at the efficiency of 


^ + ^0 


and with a ratio of e.m.fs. of 




87. We see from this, that the maximum output which can 
be delivered over an inductive line is less than the output 
delivered over a non-inductive line of the same resistance — 
that is, which can be delivered by continuous currents with the 
same generator potential. 
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In Fig. 75 are shown, for the constants, 

= 1000 volts, 

=2.5-6 /; that is, r, = 2.5 ohms, «<, = 6 ohms, = 6.5 
ohms, 

with the current 7, as abscissas, the values — 

e.m.f. at receiver circuit, E, (Curve I.) ; 

output of transmission, P, (Curve II.) ; 

efficiency of transmission, (Curve III.). 



Fig. 76. Non inductive Reoeivei-Circuit supplied over Inductive Line. 

The same quantities, E and P, for a non-inductive line of 
resistance, = 2.5 ohms, = 0, arc shown in Curves IV V 
and VI 







t 

I 

I 
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(2.) Maximum Power Supplied over an Inductive Line. 

88. If the receiver circuit contains the susceptance, b, in 
addition to the conductance, g, its admittance can be written 
thus: — 

Y = g + jb, y = + bK 

Then, current, I„ =EY; 

Impressed e.m.f ., Eg = E + I = E {1 + YZ^. 


Hence, e.m.f. at receiver terminals, 

w = ^0 Eo . 

• 1 + YZ, (1 + + *,6) - j - rfi) ’ 

current, 

r E,Y Eo (g + jb) 

• " l + YZ^ (1 + + x,b) - j [xs - rjb) ’ 

or, in absolute values, e.m.f. at receiver circuit, 

^ _ ^0 . 

\/(l +r^ + x„by- + {x^ - rj>y- ’ 

current, 

J = E \ / S' + . 

(1 + ^ito + ^(py + ~ '''ipy 

ratio of o.m.fs. at receiver circuit and at generator circuit, 

_ S 1 . 

+r^ + xjyy + [X£ - r„6)- ’ 


and the output in the receiver circuit is 
P =E?g= E^g. 
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89. (a.) Dependence of the oidput upon the susceptance of 
the receiver circuit. 

At a given conductance, g, of the receiver circuit, its output, 
P = B^o?g, is a maximum, if is a maximum; that is, when 

/ = ^ = (1 + - r^hy 

is a minimum. 

The condition necessary is 


^=0 

dh 

or, expanding, 

a:o(l + ^0? + - »•(. - 'Tp) = 0. 

Hence 

Susceptance of receiver circuit, 

I = - 


K ^ ^ ^ _h ■ 

2 _L 2 .2 ^0> 

*0 


^0 + ^0 


or 


& + ^ 0, 


that is, if the sum of the susceptauces of line and of receiver 
circuit equals zero. 

Substituting this value, we get 
ratio of e.m.fs. at maximum output, 


E 




maximum output, 


Bo (9 + do) ’ 


= 7? 




^o(9 + OoY ’ 


I - P ,) 

1 + Z^Y 1 + (r^ - jXu) {g - jh^) 

^ Boi d - fb,) 

(1 + r,g - x„b„) - j {rj>^ + x,/;) ’ 

lo =B,\I + K . 

(1 + rj - x,b^y + + x^gy ’ 


current, 
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and, since, 


h — a — 

" r/ + Xo*’ 


it is, 


a + r^- + (^0^0 + a:„5r)' ^(r^ + 1^ 

= +(^0? + 


it is, 


'^0 + 

= ’’o' (? + ffo)"* + a:#® (S' + Qo^ 
= Zo (3 + 9^^ 


j ^ sy^ + w . 

‘ 2o(? + ff«)’ 

phase difference in receiver circuit, 

tan 5 = - = - — ; 

9 9 

phase* difference in generator circuit, 

tar, fl = ^ + ^0 = ^0 ( y " - y<^ 

r + g<,f + gyo 


90. (b.) Dependence of the output upon the conductance of the 
receiver circuit. 

At a given susceptance, b, of the receiver circuit, its output, 
P = Ey^g, is a maximum, if 


dg 


= 0, or 


d 

dg 




d / 1 \ d /(I + r^q + x„bY- + (x,fi-ry \ _ 

^^’dgW=^A ^ ’ 


that is, expanding, 

{I + + xfiY + (Xf^g - rfiY - 2 g {r^ g + x^^g) = 0; 

or, expanding, 

(6 + b^y - 9t> 9 = '^9o + (b + b,Y. 
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Substituting this value in the equation for a, § 88, we get — 
ratio of e.m.fs., 

1 

1 y„ 

2o V2gr(gr + gr„) N'2g{g + g;) ’ 


power, 


E ^ 

p -^0 yp _ 

— 




^(g + 9o) 2 { 5-0 + Vg,^ + (6 + 6 -;)^ 




2 1^0 +\/r,^ + (®« } 


As a function of the susceptance, b, this power becomes a 
dP 

maximum for = 0, that is, according to § 89 if 


Substituting this value, we get 

b = - b„g = g„, y = y^, hence: Y = g + jh = g^ - /?>„,• 
a: = - Xo, r = r„, 2 = 2 o, Z = r - jz = r, q jx„; 

substituting this value, we get — 

ratio of e.m.fs., «m = — = ; 

2!/„ 2r, 

E * 

power, ; 

4ro 

that is, the same as with a continuous-current eireuit; or, in 
other words, the inductive reactance of the line' and of the 
receiver circuit can be perfectly balanced in its c'ffect upon the 
output. 
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91. As a summary, we thus have: 

The output delivered over an inductive line of impedance, 
Zq =r^ — jx^, into a non-inductive receiver circuit, is a maxi- 
mum for the resistance, r = z^, or conductance, g = y^, of the 
receiver circuit, and this maximum is 


P = 


E- 


2 (ro + 2(,) ’ 


at the ratio of voltages, 
a 



With a receiver circuit of constant susceptance, 6, the out- 
put, as a function of the conductance, g, is a maximum for the 
conductance, 


9 = + {b + b,)\ 


and is 

p ■ EX^ 

2 ( 9 ^ + 9q) * 


at the ratio of voltages. 


a 


yp 


With a rocoivor circuit of constant conductance, the output, 
a function of the susceptance, &,is a maximum for the susceptance 
6 = — and is 


P = 




at the ratio of voltages, 


a 


1 ^ 

^0 dy + 9o) 


The maximum output which can be delivered over an induc- 
tive line, as a function of the admittance or impedance of the 
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receiver circuit, takes place when Z —r^ + or F = Qo — jb^,; 
that is, when the resistance or conductance of receiver circuit 
and line are equal, the reactance or susceptance of the receiver 

E ^ 

circuit and line are equal but of opposite sign, and is, P = —i 

4r 

or independent of the reactances, but equal to the output of a 
continuous-current circuit of equal line resistance. The ratio 

of voltages is, in this case, a = , while in a continuous- 

2r, 

current circuit it is equal to 0.5. The efficiency is equal to 50 
per cent. 



Fio. 70.— Variation of the Potential in Line at Difterenl Loadh. 


92. As an example in Fig. 7fi are shown, for the eon.stants 

E„ = 1000 volts, anrl Z„ = 2.,‘) - (\ j; that is, for 

= 2.5 ohms, = 0 ohms, s,, - (in ohms. 
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and with the variable conductances as abscissas, the values 
of the 

output, in Curve I., Curve III., and Cui^^e V. : 

ratio of voltages, in Curve H., Curve IV., and Curve \1.; 

Curves I. and II. refer to a non-inductive receiver 
circuit ; 

Curves III. and IV. refer to a receiver circuit of 

constant susceptance 6 =, 0.142 

Curves V. and VI. refer to a receiver circuit of 

constant susceptance h = - 0.142 

Curves VII. and VIII. refer to a non-inductive re- 
ceiver circuit and non-inductive line. 



Fig. 77. — Variation of the Potential in Line at Various Loads. 


In Fig. 77, the output is shown as Curt L, and the ratio 
of voltages as Curve II., for the same line constants, for a 
constant conductance, g = 0.0592 ohms, and for variable sus- 
ceptances, 6, of the receiver circuit. 
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(3.) Maximum Efficiency. 

93 . The output, for a given conductance, g, of a receiver 
circuit, is a naaximum if 6 = — 6,. This, however, is generally 
not the condition of maximum efficiency. 

The loss of power in the line is constant if the current is 
constant; the output of the generator for a given current and 
given generator e.m.f. is a maximum if the current is in time- 
phase with the e.m.f. at the generator terminals. Hence the 
condition of maximum output at given loss, or of ma,Yimi7T» 
efficiency, is 

tan = 0. 

The current is 

T E\i Eo 

• " Z + (r + r,) - j (x + X,) ’ 

The current /o, is in phase with the e.m.f., E^, if its quad- 
rature component — that is, the imaginary term — disappears, 
or 

X + x„ =0. 

This, therefore, is the condition of maximum efficiency, 

X = - x„. 

Hence, the condition of maximum efficiency is, that the 
reactance of the receiver circuit shall be equal, but of opjwsite 
sign, to the reactance of the line. 

Substituting x ~ - x,,, we have, 
ratio of e.m.fs.. 


_ E _ z _ Vr^ + x^ 

+ r„) (r + r„) ’ 

power, P = P/ ga^ = , 

(r -I- 

and depending upon the resistance only, and not upon the 
reactance. 
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This power is a maximum if gr = sr„, as shown before; hence, 
substituting g =go,r = r„, 

E ^ 

maximum power at maximum efficiency, Pm= —i 

4r„ 


at a ratio of potentials, a™ = > 


or the same result as in § 90. 

In Fig. 78 are shown, for the constants, 

Eo = 1000 volts, 

= 2.5 - 6 y; j-j = 2.5 ohms, = 6 ohms, = 6.5 ohms. 



Fi(.. 7b. — Load Chaiacteii&ticb ot Tiansmi's^iun Lines 


and with tho variable conductances, (j, of the receher circuit 
as abscissas, tlie 

Output at iiiaxiiuum efficiency, (Ciiiwe Id ; 

Volts at receiving end of line, (Cuive 11.) ; 

Efficiency = > (Cur\'e III.). 
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(4.) Control of Receive Voltage &y Shunted Susceptance. 

94. By varying the susceptance of the receiver circuit, the 
potential at the receiver terminals is varied gn'atly. Therefore, 
since the susceptance of the receiver circuit can be varied at 
will, it is possible, at a constant geiu'i'ator e.m.f., to adjust the 
receiver susceptance so as to keep potential constant at the 
receiver end of the line, or to vary i"! ‘ manner, and 

independently of the generator potential, within certain limits. 
The ratio of e.m.fs. is 

~ -Eo ~ ^ rj))- 

If at constant generator potcurtial S,,, the receiver potential 
E shall be constant, 

a = constiint; 

hence, 

I 

(1 + J'ofl' + a:„6)2 + (.r.,(/ - rj,) ; 

or, expanding, 

which is the value of the sxis(*(‘| )t amr, h, a tunitioii of the 
receiver conductance, — tha.t i--, of tlu h>ail wlm li is n‘(|uiml 
to yield constant potential, c\ ^ n t tin i < ( 1 < i « iiniil 
For increasing that is, foi- him n-mii, Inul a p(unt is n ‘ached 
where, in the expression 

i — K+\ , 

the term under the root boeoiiu iinaumiin mid il ilms !)ccoincs 

impossible to maintain a con'^tant iHitciili!il Tlu'rctore 

the maximum output whieh \-ui he t niiiMuUtcl at potential 
aE„ is given by the exproj^sion 
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hence the susceptance of receiver circuit is h = — b^, and the 
conductance of receiver circuit is g = - g^+—, 

P = - (/o]. the output. 


95 . If a =1, that is, if the voltage at the receiver circuit 
equals the generator potential 

9 = Vo- 9,; P = Po (Mo - 9o)- 

If a = 1, when g ^0, 6=0 

when g > Q, b < 0; 

if « > 1, when g = 0, or g > 0, b < 0, 

that is, conclensive reactance; 

if a < 1, when (/=(), 6 > 0, 

when g = - 9, + \^(^") - b,\ 6=0; 

when q > - g„ + \/(^) - 6„-, 6 < 0, 

or, in other words, if a < 1, the phase difference in the main 
line must change from lag to lead with increasing load. 

96. The value of a giving the maximum possible output in 

dP 

a receiver ciicuit is determined bv — ^ 

‘ da 

(‘xpanding 2 a = 0; 


hence, 

and 


a 


2/0=2 ay „ 
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the maximum output is determined by 


and is, 


9 ==-9o+~=9o; 

P^K. 

4r 


yo ^0 

the line reactance, Xg, can be foimd, which delivers a maximum 
output into the receiver circuit at the ratio of potentials, a, 

as ' Zg =2 r.a. 


Xg = rgV 4 a^— 1 ; 


for a = 1, 


^0 = 


If, therefore, the line impedance equals 2 a times the line 

resistance, the maximum output, P = is transmitted into 

4r„ 

the receiver circuit at the ratio of potentials, a. 

rr ^ ^ 

If =2ry, or v3, the inaxiinuin output, P ^ 

can be supplied to the receiver circuit, without chan^»:(‘ of poten- 
tial at the receiver terminals. 

Obviously, in an analogous niann(‘r, lli(‘ law of variation 
of the susceptance of the ree(‘ivi*r circuit (*an Ik‘ found wliieli 
is re(iuired to increase tlie reeeivcu* volta^(‘ jiroportionally to 
the load; or, still more generally, — to eaus(‘ any d(\sir(‘d varia- 
tion of the potential at the reec^iver circuit ind(‘p(md(‘ntly of 
any variation of the generator potential, as, for instance, to 
keep tlio potential of a receiviu* circuit constant, ev(ui if tht‘ 
generator potential Huctuati^s widi'ly. 


97. In Figs. 79, 80, and 81, are shown, with llu^ output, 
P=E^ga\ as abs(*issas, and a constant iinpress(‘d e.m.f., 



IMPEDANCE OF TRANSMISSION LINES. 



Pio. 79. — Variation of Voltage of Transmission Lines. 



\2i0 

220 

200 

ISO 

ICO 

140 

120 

lOO 

&0 
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Kii.. 80. - Variation of Voltage of TranMuissioii Line-s. 
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= 1000 volts, anil a constant line impedance, =2.5-6 j, 
or = 2.5 ohms, = 6 ohms, z = 6.5 ohms, the following 
values: 

power component of current, 9^, (Curve I.) ; 

reactive, or wattless component of current, hE, (Curve II.) ; 
total current, (Curve III.), 

for the following conditions: 
a = 1.0 (Mg. 79); a = 0.7 (Mg. 80); a = 1.3 (Mg. 81). 



OUTPUT IN RECEIVER CIRCUIT, KILOWATTS 


Fig. 81. — Variation of Voltage of Tiansniissioii Lines. 


For the non-inductive receiver circuit (in dottc^d liiu^b), the 
curve of e.ni.f., E, and of the curn^nt, I = gE, are added in the 
three diagrams for comparison, as Curve's IV. and V. 

As shown, the output can be iiien'ast'd greatly, and the 
potential at the same time maintained constant, by th(' judicious 
use of shunted reactance, so that a much largc'r output can be 
transmitted over the line with no drop, or even with a rise, of 
potential. 
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(5.) Maximum Rise of Potential at Receiver Circuit. 

98. Since, under certain circumstances, the potential at the 
receiver circuit may be higher than at the generator, it is of 
interest to determine what is the maximum value of potential, E, 
that can be produced at the receiver circuit with a ^ven genera- 
tor potential, E^. 

The condition is that 

1 

a = maximum or — = mmimum; 

that is. 



substituting, 

^ = (1 + r„(j + xpy + {xs - 

tv" 

and expanding, we gtt, 



— a value which is impossible, since neither r, nor g can he 
negative. The next possible value is ? = 0, — a wattless 
cii'cuit. 

Substituting this value, we get, 

\ - (1 + xpy + 

a" 

and by substituting, in 



+ bo =0; 

that is, the sum of the susceptaiices = 0, or the condition of 
resonance is present. 
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Substituting 

b = -K, 

we have 



The current in this case is 

E 

' 0 

or the same as if the line resistance were short-circuited without 
any inductive reactance- 



FiCx 82 . — Efficiency and Output of Ti-ansniission Liiii‘s. 

This is the condition of perfect resonance, with current and 
e.m.f. in phase. 
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99 . As summary to this chapter, in Fig. 82 are plotted, for a 
constant generator e.m.f., = 1000 volts, and a line impedance, 

Z, =2.5-6 j, or, = 2.5 ohms, =G ohms, 2 ^ = 6.5 ohms; 
and with the receiver output as abscissas and the receiver 
voltages as ordinates, curves representing 

the condition of maximum output, (Cun^e I.) ; 

the condition of maximum efficiency, (Curve II.) ; 

the condition 6 = 0, or a non-inductive receiver 

circuit, (Curve III.) ; 

the condition 6 = 0, 6^ = 0, or a non-inductive line and 
non-inductive receiver circuit. 

In conclusion, it may be remarked here that of the sources 
of susceptance, or reactance, 

a choking coil or reactive coil corresponds to an inductive 
reactance ; 

a condenser corresponds to a condensive reactance; 

a polarization cell corresponds to a condensive reactance; 

a synchronous machine (motor, generator or converter) cor- 
responds to an inductive or a condensive reactance at vill; 

an induction motor or generator corresponds to an inductive 
reactance. 

Tlie choking coil and the polarization cell are specially suited 
for s(‘ries ivactance, and the condenser and synchronous niacliine 
for shunted susceptance. 
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PHASE CONTROL. 

100 . At constant voltage, impressed upon a circuit, as a 
transmission line, resistance, r, inserted in series with the receiv- 
ing circuit, causes the voltage, c, at the receiver circuit to decrease 
with increasing current, /, through the resistance. The decrease 
of the voltage, e, is greatest if the current, /, is in time-phase 
with the voltage, 6, — less, if the current is not in time-phase. 
Inductive reactance in series with the receiving circuit, e, at 
constant impressed e.m.f., 6^, causes the voltage, e, to drop less 
^vith a unity power-factor current, /, but far more with a lag- 
ging current, and causes the voltage, e, to rise with a leading 
current. 

While series resistance always causes a drop of voltage, 
series inductive reactance, rr, may cause a drop of voltage or a 
rise of voltage, depending on whether the current is lagging or 
leading, and if the supply lino contains rc'sistaiUT, r, as well as 
reactance, x, and the time-phase of the curnmt, /, can be varied 
at will, by producing in the receiver circuit lagging or k^ading 
currents, the change of voltages e, with a change^ of load in 
the circuit can be controlled; as for instance, by clianging tlie 
current from lagging at no-load to lead at h(‘avy load, the 
reactance, x, can be made to lowca- th(‘ voltage' at liglil load, 
and rais(' it at ovc'iioad, and so make' up for the' ineri'asing drop 
of voltage with increasing load, caus(‘d by tlu' rc'sihtancc', r, 
that is, to maintain constant voltage, or ('V('n a voltage', c, 
which rises with the load on the receiving circuit, at constant 
voltage, Cy, at the generator side of the liiu'. Or tlu' wattk'ss 
component of the current can be varied so as to maintain unity 
power-factor at tho generator end of the lira', e,,, c'tc. 

This method of controlling a circuit supplied ovc'r an induc- 
tive line, by varying the phase relation of tlie current in th(' 
circuit, has been called phase control,” and is used to a great 
extent, especially in the transmission of three-phas(' })ower for 
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coiiv6rsioii to diroct current by synchronous converters for 
railroading. 

It requires a receiving circuit, in which, independent of the 
load, a lagging or leading component of current can be produced 
at will. Such is the case in synchronous motors or converters: 
in a synchronous motor, a lagging current can be produced by 
decreasing, a leading current by increasing the field excitation. 

101. If in a direct-current motor, at constant impressed 
e.m.f., the field excitation and therefore the field magnetism is 
decreased, the motor speed increases, as the armature has to 
revolve faster, to consume the impressed e.m.f., and if the field 
excitation is increased, the motor slows down. A synchronous 
motor, however, cannot vary in speed, since it must keep in 
step with the impressed frequency, and if, therefore, at constant 
impressed voltage, the field excitation is decreased below that 
which gives a field magnetism, that at the synchronous speed 
consumes the impressed e.m.f., the field magnetism still must 
remain the same, and the armature current so changes in phase 
in such a manner as to magnetize the field, and make up for 
the deficiency in the field excitation. That is, the armature 
current becomes lagging. Inversely, if the field excitation of the 
synchronous motor is increased, the magnetic flux still must 
remain the same as to correspond to the impressed e.m.f. at 
synchronous speed, and the armature current so becomes 
demagnetizing — that is, leading. 

By varying the field excitation of a synchronous motor or 
converter, quadrature components of current can be produced 
at will, proportional to the variation of the field excitation from 
the value that gives a magnetic flux, which at synchronous speed 
just consumes the impressed e.m.f. (after allo’^ing for the 
impedance of the motor). 

Phase control of transmission lines is especially suited for 
circuits supplying synchronous motors or converters; since such 
machines, in addition to their mechanical or electrical load, 
can with a moderate increase of capacity cany or produce con- 
siderable values of wattless current. For instance, a quadrature 
component of current equal to 50 per cent of the power com- 
ponent of current consumed by a synchronous motor, would 
increase the total current only to Vl + 0.5’ =1.118, or 11.8 
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per cent, while a quadrature component of current equal to 30 
per cent of the power component of the current would give an 
increase of 4.4 per cent only, that is, could be carried without 
any appreciable increase of the motor heating. 

Phase control depends upon the inductive reactance of the 
line or circuit between generating and receiving voltage, and 
e, aiid where the inductive reactance of the transmission line 
is not sufficient, additional reactance may be inserted in the 
form of reactive coils. This is usually the case in railway 
transmissions to synchronous converters. 

While, therefore, the resistance, r, of the line is fixed, as it 
would not be economical to increase it, the reactance, x, can be 
increased beyond that given by line and transformer, by the 
insertion of reactive coils; and therefore can be adjusted so as 
to give best results in phase control, which are usually obtained 
when the quadrature component of the current is a minimum. 

102. Let then 

c = voltage at receiving circuit, chosen as zero vector. 

1 = i + ji' — current in receiving circuit, comprising a power 
component, i, which depends upon the load in the receiving 
circuit, and a quadrature component, i', which can b(' varied to 
suit the requirements of regulation, and is considered positiv(' 
when lagging, negative when leading. 

■Efl — = voltage impressed upon the system at the 

generator end, or supply voltage, and the absolute value is 

Co = Vco- 1 cr. 

Z = r — jx = impedance' of the* circuit betwe'C'n voltage' c 
and voltage e^, and the absolute value is z = 

If e = terminal voltage of receiving station, = terminal 
voltage of generating station, Z = impedance' of transmission 
line; if e = nominal induee'd e'.m.f. of re'ce'iving synchronous 
machine, that is, voltage eorre'sponding to its fie'ld excitation, 
and e„ = nominal induced e'.m.f. of ge'nerator, Z also inclueles 
the synchronous impeelance of both machines, and of step-up and 
step-down transformers, where used, 



PHASE CONTROL. 


155 


E, ^e + ZI, 
or: 

= (e + ri + xi') + j (ri' - ri), (I) 

and in absolute value we have 

^0 = (e + ri + xi'Y + {ri! - xif. (2) 

This is the fundamental equation of phase control, giving 
the relation of the two voltages, e and e^, with the two com- 
ponents of current, i and and the circuit constants r and x. 
From equation (2), follows; 

e = - {ri! - xi)^ - {ri + xi'), (,3) 

expressing the receiver voltage, e, as a function of and I. 
and: 


Denoting 




tan 6 


where 0 is the phase angle of the line impedance, we have 
r = 0 cos d and x = z sin Q 


i' = ± 


(e cos 0 


e i>in 0 


giv('S lh(‘ r(‘active coiiiponeiit of the current, required by the 
power eoinponent of the ciUTeiit, /, at the voltages, e and 

103. The phase angle of the impreh&ed e.m.f., is, from (1), 


tan 6,, = 


c + ri + Xi' 


the phase angle of the current 


tan 0. =-T 
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hence, to bring the current, I, into phase with the impressed 
e.m.f., E^, or produce unity power-factor at the generator ter- 
minal, Cj, it must be 


hence. 


ri' — xi' _i' 
e ri -\- x%' i ’ 


and herefrom follows: 

i' = 


±V^— — e 

2 X 


( 10 ) 


hence always negative, or leading, but i' = o for i = o, or at 
no load. 

From equation (10) follows, that %' becomes imaginary, if 
the term imder the square root, (e^ — 4 becomes negative, 
that is, if 

e 


that is, the maximum load, or power comi)onent of current, 
at which unity power-factor can still be maintained at the 
supply voltage, e^, is given by 


'^m 



( 11 ) 


and the leading quadrature component of current, re<iuired to 
compensate for the line reactance x at maximum current i„„ is 
from equation (10), 



( 12 ) 


that is, in this case of the maximum load whieli can b(‘ deliv(‘n>d 
at e, with unity power-factor at e„, the total currtmt, /, leads 
the receiver voltage, e, by 45 time-degrees. 

Substituting the value, i', of equation (10), which compensates 
for the line reactance, x, and so gives unity power-factor at e^, 
into equation (2), gives as required supply voltage' e„ 


_ (x — r) (e — 2 'ix)V —4 

2 3? 2x 


( 13 ) 
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As illustration are shown, in Fig. 83, with the load current, i, 
as abscissas, the values of leading quadrature component of 
current, i', and of generator voltage, for the constants 

e = 400 volts; r = 005 ohms, and x = 0.10 ohms. 



104. More frequently than for controlling the power-factor, 
phase control is used for controlling the ^oltage, that is, to 
maintain the receivc>r voltage, e, constant, or raise it vith in- 
creasing load, i, at constant generator-voltage, e^. 

In this case, eciuation (4) gives the ciuadrature conqTOnent 
of current, r', re<iuired by current, r, at constant rt ceh er-A ol- 
tage, e, and constant generator-A’oltage, e^. 

Since the equation (4) of t' contains a square root, the ina.xi- 
mum value of %, that is, the maximum load vhich can be earned 
at constant voltage, e and e„, is given by eejuating the term under 
the square root to zero 
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and the corresponding quadrature component of current, by 
(4), is 

. , ex e sio. d 

; > (15) 


that is, leading. 

From equation (14) follows as the impedance, z, which, at 
constant line-resistance, r, gives the maximum value of 


hence, 


di 





(M) 


and for this value of impedance Zm, substituting in (14) and (15) 



and 



(17) 


The maximum load, i, which can be delivered at constant 
voltage, e, therefore depends upon the line impedance, and the 
voltages, e and e,. 

Since and e are not very different from each other, the ratio. 


in equation (16) is approximately unity, and the* impedance. 


2 , which permits maximum load to be transmittc'd, is approxi- 
mately twice the line resistance, r, or ratluu- siiglitly less. 


gives 


2 = 2 r, 
a: = \4q. 


A relatively low line-reactance, x, so gives maximum output. 
In practice, a far highc'r reactance, x, is used, since it gives 
sufficient output, and a lesser (juadralun' component of currenl. 

By substituting i =0 in e([uation (1), ilu' valiu' of the 
quadrature compoiumt of current at no-load is found as 


• / ^ V e„V — — ex 

‘o - - — 

2 ’“ 


V 0~ e sin 0 


(18) 


z 
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This can be written in the form 

= ^(^0 - ^) + sm=‘ e sin g 
z 

and then shows, that for e = e,, = 0, or no quadrature com- 
ponent of current exists at no-load; for e > e„, < 0 or neg- 

ative, that is, the quadrature component of current is already 
leading at no-load. For: e < e„, i/ > 0 or lagging, that is, the 
quadrature component of current i' is lagging at no-load, be- 
comes zero at some load, and leading at still higher loads. 

The latter arrangement, e < e^, is generally used, as the quad- 
rature component of current passes through zero at inter- 
mediate load, and so is less over the range of required load than 
it would be, if ig' were 0 or negative. 

From (18) follows that the larger z, and at constant resistance 
r, also X, the smaller the quadrature component of current. 
That is, increase of the line reactance, x, reduces the quadrature 
current at no-load, ig', and in the same way at load, that is, 
improves the power-factor of the circuit, and so is desirable, 
and the insertion of reactive coils in the line for this reason 
customary. 

Increase of reactance, however, reduces the maximum output 
im, and too large a reactance is for this reason objectionable. 
Let 

i = q 

be the load at which the quadrature component of current 
vanishes, i' = 0 , that is, the receiver circuit has unity power- 
factor. 

Substituting i = q; i' = 0 into ecjuation i2), gives 

e/ = (e + r/,)- + x-q- 1 19) 


and, substituting (19) in (4), (18), (14), give.'^ 
reactive component of current 



v/ 


sia^ (I 2 e cos 0 . . 

+ -~ --(q - 0 + (q--ri 



( 20 ) 
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Maximum output current 



2 eij cos 6 
z 




e COS0 
z 


( 22 ) 


106 . Of importance in phase control for constant voltage, e, 
at constant, e^, are the three currents 

the power component of current at which the quadra- 
ture component of current vanishes: i' = 0. 
imy the maximum load which can be transmitted at con- 
stant voltage, e. 

i/, the reactive component of current at no-load. 

The equation of phase control, (2), however, contains only two 
quantities, which can be chosen: The reactance, x, which can 
be increased by inserting reactive coils, and the generator volt- 
age, which can be made anything desired; even with an 
existing generating station, since between e and practically 
always transformers are interposed, and their ratio can be 
chosen so as to correspond to any desired generator voltage, 
as they usually are supplied with several voltage steps. 

Of the three quantities, im and i/, only two can be chosen, 
and the constants, x and derived therefrom. The third 
current then also follows, and if the valui' found for it does not 
suit the requirements of the problem, otlic^r value's liavc' to be 
tried. For instance, choosing as corres])on(ling to thrc'o-fouiths 
load, and fairly small, gives very good powc'i-faetors over the 
whole range of load, but a relatively low valiu' of im, and where 
very great overload capacities are r('(iiiir('d, im may not be 
sufficient, and may have to be chosen (‘orrc'sponding to full- 
load, and a higher value of ij pc'rmitted, that is, some sacrifice 
made in the power-factor, in favor of overload capacity. 

So, for instance, the values may be chosen 

ij, corresponding to full-load, 

and required that i/ does not exceed half of full-load current; 

< .5 
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and that the synchronous converter or motor can carry at least 
100 per cent overload, that is, 

im ^ 2 


We then can put, im ^2i^c and = 


and substitute (23) in (19), (21), (22) and determine x, e^, c. 

106. The variation of the reactive current, i', with the load, 
i, equation (4), is brought about by varying the field excitation 
of the receiving synchronous machine. T^Tiere the load on the 
synchronous machine is direct-current output, as in a motor 
generator and especially a converter, the most convenient way 
of varying the field excitation with the load is automatically, 
by a series field-coil traversed by the direct-current output. 
The field windings of converters intended for phase control — 
as for the supply of power to electric railways, from substations 
fed by a high-potential alternating-current transmission line — 
are compound-wound, and the shunt field is adjusted for under- 
excitation, so as to produce at no-load the lagging current, f/, 
and the series field adjusted so as to make the reactive compo- 
nent of current, disappear at the desired load, 

In this case, however, the variation of the field excitation by 
the series field is directly proportional to the load, as is also the 
variation of i', that is, it varies from i' = for i = 0, to i' = 0 for 
i = and can be expressed by the eciuation 


where • / 

q = V' (IV)) 

h 

is the ratio of (reactive) no-load current, to (effective) non- 
inductive load current, 

To maintain constant voltage, e, at constant, the required 
variation of i' is not quite linear, and with a linear variation of 
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i', as given by a compound field-winding on the synchronous 
machine, the receiver-voltage, e, at constant impressed voltage 
does not remain perfectly constant, but when adjusted for the 
aa.Tnft value at no-load and at full load, e is slightly high at inter- 
mediate loads, low at higher loads. It is, however, suflficiently 
constant for all practical purposes. 

Choosing then the fuU-load current, and the no-load current, 

and let the reactive component of current, i', by a 
compound field-winding vary as a linear function of the load, i: 

i' =q - i). 

Then, substituting \ and in the equations (2) for 


phase control; 
No-load: 

II 

O 

11 



^0 = (e + qxi^y + qri^. 

(26) 

Full load: 

i, =■!:,, i' =0; 



= (e + n,)* + 

(27) 

From these equations (26) and (27) then 

calculate the 


required reactance, x, and the generator voltage, as : 

± \/^ (1 + - [J- + r (1 - 5 =)]', (28) 

3. =.i ! __j 

and from (27) or (26) the voltage, 

The terminal voltage at tlu‘ roeeiving einmit tla^n is, by e(|ua- 
tion (3): 

e = - [<F<i - ('F + 'J' -[(?•- g-r) i (29) 

A>s an example is shown, in Fig. 84, llie curvc^ of nu'C'iving 
voltage, e, with the load, /, as abscissas, for tlu^ valiuhs: 

e = 400 volts at no-load and at full load, 

= 500 amp. at full load, power (*omponoril of current, 
ij = 200 amp., lagging reactive or (juadrature component 
of current at no-load, 

hence q = 0.4, 

i' = 200 - .4 i, 
and r = 0.05 ohm. 
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From equation (28) then follows: 

X = 0.381 ± 0.165 ohm. 

Choosing the lower value: 

X = 0.216 ohm 
gives, from equation (27) : 

= 443.4 volts; 

hence 

e = \/l96420 + 6.76 i - .0576 - (43.2 - .0264 1 ). 

For comparison is shown, in Fig. 84, the receiving voltage, e', 
at the same supply voltage, = 443.4 volts, but without phase 
control, that is, with a non-inductive receiver-circuit. 



107. Equation (28) shows that there are two ^alues of x. 
Xj and Xj) and corresponding thereto two values' of e„. e,, and e,,,, 
which as constant-supply voltage give the same receiver-voltage, 
e, at no-load and at full load, and so appro.ximately constant 
receiver-voltage throughout. 

One of the two reactances, x^, is much larger than the other. 
Xj, god the corresponding voltage, €„j, accordingly larger tlran e„j. 
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In to the terminal voltage, e, at the receiver-circuit, 

there are therefore two further points of constant voltage in the 
system: distant from e by the resistance, r, and reactance, 

Xj, and: distant from by the reactance =x^ — x^. 

That is, by the proper choice of the reactances, x^ and x^, 
three points of the system can be maintained automatically at 
approximately constant voltage, by phase control: e, ef^ and e^j. 

Such multi'ple-phase control can advantageously be employed 
by using : 

e as the terminal voltage of the receiving circuit, 

e„j as the generator terminal voltage, and 

as the nominal induced e.m.f . of the generator, that is, 
the voltage corresponding to the field-excitation. Constancy 
of accordingly means constant field-excitation. 

That is, with constant field-excitation of the generator, the 
voltage remains approximately constant, by multiple-phase con- 
trol, at the generator busbars as well as at the terminals of 
the receiving circuit, at the end of the transmission line of 
resistance, r. 

In this case : 


x^ = reactance of transmission line plus reactive coils inserted 
in the line (usually at the receiving station). 

x^ = x^ — x^ = synchronous reactance of the generator plus 
reactive coils inserted between generator and gtuu'rator bus- 
bars, where necessary. 


Since the generator also contains a small resistance, r„, the' 
two values of reactance, x, and x^ = + x„, are' given by the 

equation (28) as: 



qe 


+ 


x, = ■ 


\/^^,(l+g^)-[^ 


+ (r + r„) (I - (f) 


1 - 2 ^ 


and 
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Assuming in above example; 


gives 

hence, 


= 0.01 ohm 
= 0.440 ohm; 
= 0.224 ohm. 


The curve of nominal generated e.m.f., of the generator is 
shown in Fig. 2 as Cjj. 

That is, at constant field-excitation, corresponding to a 
nominal generated e.m.f., 


6^2 = 488.2 volts. 


The generator of synchronous impedance, 

E'j = r„ - jx^ = 0.01 - .224 j ohms, 

mfl.int.fl.ins constant voltage at its own ter mi na l s, or at the 
generator busbars, 

Cj = 443.4 volts, 

and at the same time maintains constant voltage, 

e = 400 volts. 


at the end of a transmission line of impedance, 

Z = r - jx^ = 0.06 - 0.216 j ohms approximately. 

if by phase control in the receiving circuit, by comjiouniled 
converter, the reactive or (juadrature component of current, 
i', is varied with the load or power component of curient, i, 
and proportional thereto, that is: 

i' = q (h - 0 
= 200 - 0.4 i. 

108. To adjust a circuit experimentally for phase control 
for constant voltage, by overcompounded synchronous con- 
verter; at constant-supply voltage and no-load on the converter 
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— mth the transnaission line with its transformers, reactances, 
etc., or an impedance equal thereto, in the circuit between con- 
verter and supply voltage — the shunt field of the converter is 
adjusted by the field rheostat so as to give the desired direct- 
current voltage at the converter brushes. Then load is put on 
the converter, and, without changing the supply voltage or the 
adjustment of the shunt field, the rheostat or shunt across 
the series field of the converter is adjusted so as to give the 
desired direct-current voltage. 

If the supply voltage can be varied, as is usually provided 
for by different voltage taps on the transformer, then, before 
adjusting the converter fields as described above, first the proper 
supply voltage is found. This is done by loading the converter 
with the current, at which unity power-factor at the converter is 
desired — for instant full load — and then varying the converter 
shunt field so as to get minimum alternating-current input, and 
varying the supply voltage so as to get — at minimum alternat- 
ing-current input — the desired direct-current voltage. Where 
the supply voltage can only be varied in definite steps : at some 
voltage step, the converter field — at the desired non-inductive 
load — is adjusted for minimum alternating-current input; 
if then the direct-current voltage is too low, the transformer 
connections are changed to the next higher supply voltage 
step; if the direct-current voltage is too high, the change is 
made to the next lower supply voltage step, until tliat supi)ly 
voltage step is found, which, at the adjustmemt of 1 h(' converter 
field for minimum alternating-current injmt, brings the direct- 
current voltage nearest to that (h'sired. Tlnm for Ihis supply 
voltage step, the converter field circuits are adjusted for phase 
control, as above described. 



CHAPTER XIII. 

EFFECTIVE RESISTANCE AND REACTANCE. 

109. The resistance of an electric circuit is determined: 

(1) By direct comparison with a known resistance (\\Tieat- 
stone bridge method, etc.). 

This method gives what may be called the true ohmic resist- 
ance of the circuit. 

(2) By the ratio: 

Volts consumed in circuit 
Amperes in circuit 

In an alternating-current circuit, this method gives, not the 
resistance of the circuit, but the impedance, 

0 = Vri + 

(3) By the ratio: 

___ Power consumed ^ 

(Current)^ 

where, howc'ver, the “power” does not include the work done 
by the circuit, and th(‘ counter e.ni.fs. representing it, as, for 
instance, in the case of the counter e.m.f. of a motor. 

In alternating-current circuits, this value of resistance is 
the power coefficient of the e.m.f., 

Power component of e.m.f. 

T — . 

Total current 

It is called th(' effect ire rcf^lstmice of the circuit, since it re]jre- 
sents the (‘ffect, or power, expended by the circuit. The power 
coefficient of current, 

Po wer component of current 
Total e.m.f. 

is called the effective conductance of the circuit. 

167 
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In the same way, the value, 

Wattless component of e.m.f. 

* ~ Total current ’ 

is the effective reactance, and 

Wattless component of current 
Total e.m.f. ’ 

is the effective susceptance of the circuit. 

While the true ohmic resistance represents the expenditure 
of power as heat inside of the electric conductor by a current 
of uniform density, the effective resistance represents the total 
expenditure of power. 

Since in an alternating-current circuit, in general power 
is expended not only in the conductor, but also outside of it, 
through hysteresis, secondary currents, etc., the effective resist- 
ance frequently differs from the true ohmic resistance in such 
way as to represent a larger expenditure of power. 

In dealing with alternating-current circuits, it is necessary, 
therefore, to substitute everywhere the values “effective re- 
sistance,” “effective reactance,” “effective conductance,” and 
“effective susceptance,” to make the calculation applicable 
to general alternating-current circuits, such as inductive -react- 
ances containing iron, etc. 

While the true ohmic resistanc(' is a constant of the circuit, 
depending only upon the temperature, but not upon the e.m.f., 
etc., the effective re'sistance and effeetivc' reaetanec' are, in gen- 
eral, not constants, but depend upon tlw- e.m.f., eurrent, etc. 
This dependence is the eau.se of most of tlu' difficult ic-s met in 
dealing aual 3 dically with alternating-current circuits containing 
iron. 


110. The foremo.st sources of emugy ]os.s in alt('rnating- 
current circuits, outside of the true ohmic resistance loss, arc as 
follows: 

(1) Molecular friction, as, 

(а) Magnetic hysteresis; 

(б) Dielectric hysteresis. 
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(2) Primary electric currents, as, 

(а) Leakage or escape of current through the insu- 

lation, brush discharge; 

(б) Eddy currents in the conductor or unequal 

current distribution. 

(3) Secondary or induced currents, as, 

(o) Eddy or Foucault currents in surrounding mag- 
netic materials; 

(6) Eddy or Foucault currents in surrounding con- 
ducting materials; 

(c) Secondary currents of mutual inductance in 
neighboring circuits. 

(4) Induced electric charges, electrostatic induction or 
influence. 

While all these losses can be included in the terms effec- 
tive resistance, etc., only the magnetic hysteresis and the eddy 
currents in the iron will form the subject of what follows, since 
they are the most frequent and important sources of energy 
loss. 

Magnetic Hysteresis. 

111. In an alternating-current circuit surrounded by iron 
or other magnetic material, energy is expendeil out.=ide of 
the conductor in the iron, by a kind of molecular friction, 
which, when the energy is supplied electrically, appears as 
magnetic hysteresis, and is caused by the cyclic rever-als of 
magnetic flux in the iron in thi' alternating magnetic field. 

To examine this phenomenon, fir^t a circuit may be con- 
sidered, of very high inductive reactance, but negligible true 
ohmic resistance; that is, a circuit entirely surrounded by iron, 
as, for instance, the primaiy circuit of an alteniatmg-current 

transformer with open secondary circuit. 

The wave of current produces in the iron an alternating 
magnetic flux which generates in the electric circuit an e.m.f., 
-the counter e.m.f. of self-induction. If the ohmic resist- 
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ance is negligible, that is, practically no e.m.f . consumed by the 
resistance, all the impressed e.m.f. must be consumed by the 
counter e.m.f. of self-induction, tha/t is, the counter e.m.f. 
equals the impressed e.m.f.; hence, if the impressed e.m.f. is a 
aine wave, the counter e.m.f., and, therefore, the magnetic flux 
which generates the counter e.m.f., must follow a sine wave also. 
The alternating wave of current is not a sine wave in this case, 
but is distorted by hysteresis. It is possible, however, to plot 
the current wave in this case from the hysteretic cycle ‘of mag- 
netic flux. 

From the number of turns, n, of the electric circuit, the 
effective counter e.m.f., E, and the frequency, /, of the current, 
the maximum magnetic flux, is foimd by the formula: 

E = V^wi/<I>10““; 


hence, 


4 > = 


EW 

\/2 Tcnf 


A maximum flux, O, and magnetic cross-section, A, give the 

<E> 

maximum magnetic induction, (B = • 

jA. 

If the magnetic induction varies periodically betwc'cn + (B 
and — (B, the m.m.f. varies between the coiTcspondiiig values 
+ SF and — S', and describes a looped cuive, the cycle of 
hysteresis. 

If the ordinates are given in lines of niagnelic force*, the 
abscissas in tens of ampere-turns, tlu'u the area of the loop 
equals the energy consunu'd by liysteresis in ergs [jer cycle. 

From the hysteretic looj) the instantaiu'ous vahu* of m.m.f. is 
found, corresponding to an instant aiu'oiis value of magnetic 
flux, that is, of generated e.m.f.; and from the* m.m.f., JF, in 
ampere-turns per unit length of magnetic circuit, tin* length, /, 
of the magnetic circuit, and the number of turns, n, of the 
electric circuit, are found tla* instantaiK'ous values of cunx'nt, i, 
corresponding to a m.m.f., fF ; that is, magnc'tic induction, (B, 
and thus generated e.m.f., c, as: 

. {F/ 

i = — • 

n 
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112. In Fig. 85, four magnetic cycles are plotted, uith maxi- 
mum values of magnetic induction, (B = 2,000, 6,000, 10,000, 
and 16,000, and corresponding maximum m.m.fs., SF = 1.8, 2.8, 
4.3, 20.0. They show the well-known hysteretic loop, which 
becomes pointed when magnetic saturation is approached. 



Fk.. 8S. — Hyhteretic Cycle of Sheet Iron. 


These magnetic cyclt's correspond to sheet iron or sheet 
steel, of a hysteretic coefficient, V = 0.0033, and are given vith 
ampere-turns per centimeter as abscissas, and kilolines of mag- 
netic force as ordinates. i • i 

In Figs. 86 and 87, the curve of magnetic induction as derived 
from the gtmerated e.m.f. is a sine wavcn For the different 
values of magnetic induction of this sine curve, the eorre--i)on(l- 
ing values of m.m.f., hence of current, are taken fiom Fig. 
and plotted, giving thus the e.xciting current reciuind to ] tra- 
duce the sine wave of magnetism; that is, th<' wave of current 
which a sine wave of impressed e.m.f. will cstablidi m tlie 

circuit. 
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ks shown in Kgs. 86 and 87, these waves of alternating 
current are not sine waves, but are distorted by the super- 
position of higher harmonics, and are complex harmonic 
waves. They reach their maximum value at the same time 
with the maximum of magnetism, that is, 90 time-degrees 



¥n.. 80 — Distoilu)!! ot Cm lent Wtivu by llystuiesis. 


ahead of the maximum generated e.m.f., and h(‘n(*(‘ about 90 
time-degrees behind the maximum impr(\ss(Ml (Mii.f., but pass the 
zero line considerably ahead of thc^ zero valu(‘ of magnetism, 
or 42°, 52°, 50°, and 41°, respc^ctivcdy. 

The general character of thc'se curnuit waV('S is, that the 
maximum point of the wave coiiicidc'S in lime with th(‘ max- 
imum point of the sine wave of magn(‘tism; but lh(‘ curnmt wave 
is bulged out greatly at the rising, and hollowcnl in at the decreas- 
ing, side. With increasing magnetization, tli(^ maximum of the 
current wave becomes more pointed, as sliown by the curves 
of Fig. 87, for (B = 10,000; and at still liigher saturation a peak 
is formed at the maximum point, as in the curve for (B = 10,000. 
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This is the case when the curve of magnetization reaches within 
the range of magnetic saturation, since in the proximity of 
saturation the current near the maximum point of magnetization 
has to rise abnormally to cause even a small increase of magneti- 
zation. The four curves, Figs. 86 and 87 are not drawn to the 
same scale. The maximum values of m.m.f., corresponding to 



the maximum values of magnetic induction, (B = 2,000, 0,000, 
10,000, and 10,000 lines of force per siiuare centnneter, are 
SF=1.8, 2.8, 4.3, and 20.0 ampere-turns per centimeter. In 
the different diagrams these are represented in the ratio of 
8:6:4: 1, in order to bring the current cuiwes to approximately 
the same height. The m.m.f., in e.g.s. units, is 

3C =4;r/10JF = 1.257 JF. 


alternating-xjurrent phenomena. 


113 . The distortion of the current waves, JF, in Figs. 86 and 
87, is almost entirely due to the magnetizing cu^ent, and is 
caused by the disproportionality between magnetic induction, 



(B, and magnetizing force, JF, as exhibited by the magnetic 
characteristic or saturation curve, and is very httle due to 
hysteresis. 


EFFECTIVE RESISTANCE AND REACTANCE 


175 


Resolving these curves, SF, of Figs. 8B and 87 into two com- 
ponents, one in phase with the magnetic induction, (R, or sym- 
metrical thereto, hence in quadrature with the induced e.m.f., 
and therefore wattless: the magnetizing current, iml and the 
other, in time quadrature with the magnetic induction, (B, hence 
in time-phase, or symmetrical, with the generated e.m.f., that is, 
representing power: the hysteresis power-current, 4 . Then 
we see that the hysteresis power-current, is practically a sine 
wave, while the magnetizing current, u, differs considerably 
from a sine wave, and tends towards peakedness — the more, the 
higher the magnetic induction, CB, that is, the more magnetic 
saturation is approached, so that for (B = 16,000 a very high 
peak is shown, and the wave of magnetizing current, does 
not resemble a sine wave at all, but at the maximum value is 
nearly four times higher than a sine wave of the same instan- 
taneous values near zero induction would have. 

These curves of hysteresis power-current, 4, and magnetiz- 
ing current, derived by resohdng the distorted current 
curves, CF, of Figs. 86 and 87, are plotted in Fig. 88, the last one, 
corresponding to (B = 16,000, with one-quaiter the ordinates of 
the first three. 

As cuiwes, symmetrical with regard to the nmximum value of 
, and to the zero value of (B — /ft — , these cuives 
are constructed thus: 

Let 

6 = (B ^in (j> = sine w^ave of magnetic induction, 

then 

hn ~ 1 3^ls0 — 

Oi 2 + 3F_^). 

That is, im is tlie average value of JF for an angle, and its 
supplementary angle ISO — <^, 4 fhe average value of JF for an 
angle cj> and it^ ii(‘gative angle — 

114 . The (listoitioii of the w'ave of magnetizing current is as 
large as shown here only in an iron-elo-'ed magnetic circuit 
expending power by liysteresit. only, as in an ironclad trans- 
former on open sccondaiy circuit. As soon as the circuit 
expends power in any other way, as in resistance, or by mutual 
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inductance, or if an air-gap is introduced in the magnetic circuit 
the distortion of the current wave rapidly decreases and practi- 
cally disappears, and the current becomes more sinusoidal. 
That is, while the distorting component remains the same, the 
sinusoidal component of the current greatly increases, and 
obscures the distortion. For example, in Fig. 89, two waves 
are shown, corresponding in magnetization to the last curve of 
Fg. 86, as the one most distorted. The first curve in Rg. 89 
is the current wave of a transformer at 0.1 load. At higher 
loads the distortion is correspondingly still less, except where the 
magnetic flux of self-induction, that is, flux passing between 
primary and secondary, and increasing in proportion to the load, 
is so large as to reach saturation, in which case a distortion 
appears again and increases with increasing load. The second 
curve of Rg. 89 is the exciting current of a magnetic circuit 
containing an air-gap whose length equals the length of the 
magnetic circuit. . These two curves are drawn to one-third the 
size of the curve in Rg. 86. As shown, both curves are practi- 
cally sine waves. The sine curves of magnetic flux are shown 
dotted as 

116. The distorted wave of current can be resolved into 
two components: A true sine wave of equal effective inten^ty 
and equal 'power to the distorted wave, calk'd tlu' equivalent si'ne 
wave, and a wattless higher harmonic, consisting chU'fly of a term 
of triple frequency. 

In Figs. 86, 87 and 89 are shown, as 1, the equivalent sine 
waves, and as i, the* difference between the equivalent sine 
wave and the real distorted wave*, wliich consists of wattless 
complex higher harmonics. Tin* C(piiva]('nt sine wave of in.m.f. 
or of current, in Figs. 80 and 87, leads the niagiK'tisin in time 
phase by 34°, 44°, 38°, and 1.'>°.5, rc'six'ctivc'ly. In Fig. 89 the 
equivalent sine wave almost coincides with the distorted curve, 
and leads the magnetism by only 9 tinie-degn'es. 

It is interesting to note, that even in tlie greatly distorted 
curves of Figs. 86 and 87, the maximum value of the equivalent 
sine wave is nearly the same as the maximum value of the 
original distorted wave of m.m.f., so long as magnetic saturation 
is not approached, being 1.8, 2.9, and 4.2, respc'ctivcly, against 
1.8, 2.8, and 4.3, the maximum values of the distorted curve. 
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Since, by the definition, the effective value of the ei^uivaleiit >iiie 
wave is the same as that of the distorted wave, it follows, that 
this distorted wave of exciting current shanks with the sine wave 
the feature, that the maximum value and the effective value 



have the ratio of V2 1. Hence, below saturation, thi‘ maxi- 
mum value of the distorted cuive can be calculated from the 
effective value — which is given by the reading of an electro- 
dynamometer — by using the same ratio that applies to a tme 
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sine wave, and the magnetic characteristic can thus be deter- 
mined by means of alternating currents, with sufficient exact- 
ness, by the electrodynamometer method, in the range below 
saturation. 

116. In Fig. 90 is shown the true magnetic characteristic 
of a sample of average sheet iron, as found by the method 
of slow reversals with the magnetometer; for comparison there 
is shown in dotted lines the same characteristic, as determined 
with alternating currents by the electrodynamometer, with 
ampere-tums per centimeter as ordinates, and magnetic induc- 
tions as abscissas. As represented, the two curves practically 
coincide up to a value of (R = 13,000 ; that is, up to the highest 
inductions practicable in most alternating-current apparatus. 
For higher saturations, the curves rapidly diverge, and the 
electro^jmamometer curve shows comparatively small m.m.f/s 
producing apparently very high magnetizations. 

The same Fig. 90 gives the curve of hysteretic loss, in ergs 
per cubic centimeter and cycle, as ordinates, and magnetic 
inductions as abscissas. 

The electrodynamometer method of doteriniiiing th(^ magnetic 
characteristic is preferable for xi^o with alternating-current 
apparatus, since it is not affected by the plKmomonon of mag- 
netic ^^creeping,’’ which, especially at low d(‘nsiti(‘s, may in 
the magnetometer tests bring the magiudism V(‘ry much highcu*, 
or the m.m.f. lower, than found in ])raclic(‘ in alhu-nating- 
current apparatus. 

So far avS current strength and ])ow(‘r consumption are 
concerned, the distorted wave can b(^ ix'placc'd by tlu^ (‘quiva- 
lent sine wave and the highcT harmonics n('gl(‘ct(‘d. 

All the measurements of altc'rnating ciirnmts, with tlu^ singh' 
exception of instant aiu'ous readings, yi(dd tlu‘ (‘(luivahmt sin(‘ 
wave only, since all nu^asuring instrunumts giv(‘ (‘itlKu* th(‘ 
mean S(iuar(' of the curnuit wav(‘, or tlu‘ m(‘an j)r()(luci of 
instantaneous values of current and e.ni.f., whicli, by (hdinilion, 
are the same in thc^ eciuivalent sine wav(‘ as in th(‘ distort(‘d 
wave. 

Hence, in all practical applications, it is p(‘rinissibl(‘ to 
neglect the higher harmonic altogether, and replace ^ th(' dis- 
torted wave by its equivalent sine wave, keeping in mind. 
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however, the existence of a higher harmonic as a jx)ssible 
disturbing factor which may become noticeable in those castes 
where the frequency of the higher harmonic is near the fre- 



quency of resonance of the circuit, that h, in circuits containing 
coiulensive as wc'll as inductive rc*actancc‘, or in tho-e circuit'^ 
in which the liigher harmonic of current i^ >u}jpre''-eil, and 
thereby the voltage is distorted, di^cu^>ed in Chapter XXIX. 
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117 . The equivalent sine wave of exciting current leads the 
sine wave of magnetism by an angle a, which is called the angle 
of hysteretic advance of 'phase. Hence the current lags behind 
the e.m.f. by the time angle (90° -a), and the power is therefore, 

P = IE cos (90° — a) == IE sin a,- 

Thus the exciting current, 7, consists of a power component, 
7 sin a, called the hysteretic or 'magnetic po'wer component, and 
a wattless component, 7 cos a, which is called the 'magnetizing 
current Or, conversely, the e.m.f. consists of a power compo- 
nent, E sin a, the hysteretic po'wer compo'nent, and a wattless 
component, E cos a, the e.m.f. consumed by self-mduction. 

Denoting the absolute value of the impedance of the circuit, 
E 

j, by z, — where z is determined by the magnetic characteristic 

of the iron, and the shape of the magnetic and electric circuits, 
— the impedance is represented, in phase and intensity, by the 
symbolic expression, 

Z = r — jx = z sill a — jz cos a; 
and the admittance by, 

TZ 1 . .1 

1 = 3 + JO = - sin a + ] cos a = ?y sin a -h v/ cos a. 
z z ' 

The quantities, z, r, x, and ?/, g, h, ans h()W(‘V(‘r, not constants 
as in the case of th(‘ circuit williout iron, l)ui, di^pc^nd ujion the 
intensity of niagn(‘tization, (B, — lliat is, upon tli{‘ (Mn.f. This 
dependence complicates tlie invi'stigation of circuits containing 
iron. 

In a circuit entirely inclos(‘d by iron, a is (piitc' consid(‘rable, 
ranging from 30° to 50° for valiums Ixdow saturation. Ihmce, 
even with negligible true* ohmic r(\sistanc(% no gnait lag can be 
produced in ironclad alternating-current circuits. 

118 . The loss of energy by hysteresis due to molecular friction 
is, with sufficient exactness, proportional to the 1.6*^ power 
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of magnetic induction, ffi. Hence it can be expressed by tlie 
formula: 


where — 


Wjj =1?®''* 


Wh = loss of energy per cycle, in ergs or (c.g.s.l imits ( = lU”’ 
joules) per cubic centimeter, 

® = maximum magnetic induction, in lines of force jx-r sq. cm., 
and 1 ) = the coejfident of hysteresis. 


This I found to vary in iron from .001 to .0055. A.-’ a safe 
mean, 0.0033* can accepted for average annealed sheet 
iron or sheet steel. In gray cast iron, y averages 0.013; it 
varies from 0.0032 to 0.028 in cast steel, according to the 
nV iP Tm'na.1 or physical constitution; and reaches values as high 
as 0.08 in hardened steel (tungsten and manganese steel). 
Soft nickel and cobalt have about the same coefficient of 
hysteresis as gray cast iron; in magnetite I found y = 0.023. 

In the curves of Figs. 85 to 90, y = 0.0033. 

At the frequency, /, the loss of power in the volume, 1^ is. 
by this formula, 

p =i?/r®* -no -’watts 

J 10-’ watts. 


where A is the cross-section of the total magnetic Hux. T. 

The niaxiinuni magnetic flux, <S>, depends ui)on the eounti-r 
e.in.f. of self induction, 

/<] = v'2 -//(4> 10 


nr 10’ 

cp = — . 

2 rzfn 

where n = number of turns of the eleetrie circuit. 

♦ with the impmvomonts in tho production and selection of 

sheet steel for alternatius ai.paratus, 0 002 can be consi.h.red a Uur avei.we 
in selected materials, and values considerably below 0.001 have been reached 
in silicon steel (1908). 
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Substituting this in the value of the power, P, and canceling, 
we get, 

^ 1.8 7105-8 _ 7108 


7Pi-e 7 105-8 7 10’ 

or P = where K = V jiri^e i 


f- 


or, substituting v — .0033, we have K = 191.4 





or, substituting V -= Al, where I = length ol ningiielie i-iu nil. 


K = 


7)1 10 '’ ' 


.'is V 10' 


191.4 


L 


.58 vI<A H 10’ 191.4 IP-H 


P = 




and 


/ '‘A 
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In Figs. 91, 92, and 93, is .sho^TO a cun-e of hy.-teretic lo-s-, 
with the loss of power as ordinates, and 

in curve 91, with the e.m.f., E, as ah^(*i^sas, 

for f = 6, A = 20, / = 100, and n = 100; 

in curve 92, with the number of turn^ a'' ab'^cis^aN for 
/ = 6, A = 20, / = 100, and £ = 100; 

in curve 93, mth the frequency, /, or the cross-section. A, a.< 
abscissas, for Z = 6, n = 100, and E = 100. 



iiG 02 — Hy&teiesis Lo&s rimctiun ut Numbtr uf lurnb 


As ^hown, tho hystoretic pioijoitional to tlio l.t/‘ 

|)OW(‘r of the e.in.f., iiiveiseh pio[)()iti()iiiil to tlu 1 powt i (»t 
the number of turns, and iii\ei*^ely propoitioiul to llu* 
power of the freciueney, and ot th(‘ t tion. 
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119 . If = effective conductance, the power component of a 
current is / = Eg, and the power consumed in a conductance, g, 
is P = IE = E?g. 



Fig. 93. — Hysteresis Loss as Function of Cycles. 


Since, howcv(>r. 


1,11 .n /, .i « 

I>=-K ,\v(. have K /'.’a/; 


or 






From this wo Iiavo Iho following (liMluction: 

The effective conductance due to nnujucfic hj/,slcrc,sis /.s jro- 
'portional to the coejjUdent of » i-' and to the length of the 

magnetic circuit, /, ayid inversehj proportioiml to the power 
of the e.m.f., to the ().()^^^ power of the frequetuup f, and of the cros^i- 
seciio7i of the magnetic circuit, and to the power of the 
number of turns, n. 
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Hence, the effective hysteretic conductance increases with 
decreasing e.m.f., and decreases with increasing e.m.f.; it varies, 
however, much slower than the e.m.f., so thatj^ if the hvst erotic 
conductance represents only a part of the total power consuin{>- 
tion, it can, within a limited range of variation — as, for instance, 
in constant-potential transformers — be assumed as constant 
without serious error. 



In Figh. 94, 93, and 90, th(‘ hyst(‘rt‘tic conductaia-t*, f/, is 
plotted, for / = (>, E = 100, / = 100, A = 20 and n = lOO, 
respectively, with tlu' conductanci*, jy, a^ ordhiale'', and with 

K as al)s*isha^ in (4ir\(' 94. 

/ ah al)M*i''"'a^ in 93. 

71 as al)hcis>^as in Cum* 90. 

As sho\TO, a variation in the e.ni.f. of 30 p(‘r ct*nt cau''rs a 
variation in g of only 14 per cent, whih* a ^ariation in / or A Ijy 
50 per cent causes a variation in of 21 pvr ct‘nt. 
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If (R = magnetic reluctance of a circuit, = maximum 
m.m.f., I = effective current, since / = maximum cur- 

rent, the magnetic flux, 

4 ) = ^ w/\/2 

(R- (R " 


flor- 





1 

:rr 



1 III 1 





85 ■ 





RELATION BETWEEN fif AND N 

FOR 1 -6, E = 100. A =20, 71= 100 
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Fig. 96. — Hysteresis Conductance as Kuiiction of Cycles. 


Substituting this in the (Hiuation of llu' counter c.ni.f. of self- 
induction, 

E -= \ '‘l r.jn<i> 10 ”, 


we have 


E - ■ 


10 


iH 


hence, the absolute' admittance of tli(' circuil is 


where 


y + b'* 


/ _(R lO” _ mR 

E ~2 7z,i‘!~ j ' 


10 ’ 

a — ^ ,, a constant. 

2n}V 
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Therefore, the absolute admittance, ij, of a circuit of ucijlUjihle 
resistance is proportional to the magnetic reluctance, ol, and 
inversely proportional to the frequency, f, and to the square of the 
number of turns, n. 



Fig. 90. — Hysteresis Conductance as Function of Number of Turn.s. 


120. In a circuit contaiuiiiii: iron, the rductance, Jt, A'jirics 
with the inasnc'tizatioii; that i-^, with the c.ni.f. ncucc the 
a(hnittane(‘ of such a circuit i-^ nut a coiivtaiit, l)Ut i< aho variahli*. 

In an ironclad electric circuit, — tlurt i', a circuit whO'=c 
magnetic field evKts entirely within iron, 'Uch a' thi‘ magnetic 
circuit of a wcll-<ledgned alternating-current tran'fornicr, — 
(R i-^ the r(‘luctanc(> of the iron cncuit. Hence, if - |X‘rmea- 
hilitv, sinc(‘ 

and :T,= //' ^ _ /X -- ni.m,f„ 

O d® = /a.lx =• magnetic flux, 

10 / 

Cl = ; 

4 z/jlA 


and 
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substituting this value in the equation of the admittance, 



(RlO® 



^ “ 27m?f’ 



ZIO’ 

c 

we have 

^ ~ 8 i^n^pAf 

ft*’ 


ZIO® 

127Z10‘ 

where 


n^A 


Therefore, in an ironclad circuit, the absolute admittance, y, is 
inversely ‘proportional to the frequency, f, to the permeability, to 
the cross-section. A, and to the square of the number of turns, n; 
and directly proportional to the length of the magrietic circuit, 1. 


The conductance is 


_ K 

^ ~ f^E'* ’ 


and the admittance, 



hence, the angle of hysteretic advance is 


sin 


y cE-* ’ 


or, substituting for A and c (§ 1 19), 


/•' W K)"-'' SttV-M 

2-V-M-'Vd" no" 

2--- 

^ E * " ’ 

or, substituting 

E ^'y’TzfiiAiS, 10 

I ■ ^ M 

wc have sin a , , 

(B-‘ 

which is indcpondont of fro(|uoncy, number of luriis, and shape 
and size of the niagnidic and eli'ctric eireuit. 

Therefore, in an ironclad inductance, the angle of hysteretic 
advance, a, depends upon the magnetic constants, permeability 
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and coefficient of hysteresis, and upon the 'maximum magnetic 
ind'uct'ion, hut is entirely independent of the frequency, of the 
shape and other conditions of the magnetic and electric circuit; 
and, therefore, ail ironclad magnetic circuits constructed of the 
same quality of iron and using the same magnetic density, give 
the same angle of hysteretic advance. 

The angle of hysteretic advance, a, in a closed circuit trans- 
fonner, depends upon the quality of the iron, and upon the mag- 
netic density only. 

The sine of the angle of hysteretic advance equals 4 times the 
product of the permeability and coefficient of hysteresis, divided by 
the 0.4*^ power of the magnetic density. 

121. If the magnetic circuit is not entirely ironclatl, and the 
magnetic structure contains air-gaps, the total reluctance is 
the sum of the iron reluctance and of the air reluctance, or 


61 = + Jldj 

hence the admittance is 

y = + b^ =j (ift, + Aal. 

Therefore, in a circuit containing iron, the admittance is the 
mm of the admittance due to the iron part of the circuit, ih = 

Cl 

and of the admittance due to the air part of the circuit, ii„ = 

if the iron and the air are in series in the uuKjnitic circuit. 

The conductance, g, represents the lo^s of power in tlie inm, 
and, since air has no magnetic livsteri'sh. i- not changed hv the 
introduction of an air-gap. Hence tht* angle of hysteretic 
atlvance of phase' is 

<1 </ '/ 

sin a = - ^ = — - — , 

y y, + Ua Ih 

and a maximum, — , for the ironclad circuit, but tlecreases with 

increasing width of the air-gap. Hie introduction of the air- 
gap of r^uctance, 6la, decreases sin a in the ratio, 

(R. 

(Ri + iRfl 
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In the range of practical application, from ® = 2,000 to 
CB = 12,000, the permeability of iron varies between 900 and 
2,000 approximately, while sin a in an ironclad circuit varies in 
this range from 0.51 to 0.69. In air, = 1. 

If, consequently, one per cent of the length of the iron con- 
sists of an air-gap, the total reluctance only varies through 
the above range of densities in the proportion of ij to li, 
or about 6 per cent, that is, remains practically constant; while 
the angle of hysteretic advance varies from sin a = 0.035 to 
sin a = 0.064. Thus g is negligible compared with h, and h is 
practically equal to y. 

Therefore, in an electric circuit containing iron, but form- 
ing an open magnetic circuit whose air-gap is not less than 
the length of the iron, the susceptance is practically constant 
and equal to the admittance, so long as Saturation is not yet 
approached, or, 

. da / 

i,-- ,„r:x 

The angle of hysteretic advance is small, below 4°, and the 
hysteretic conductance is 

K 

<1 - • 

The current wave' is practically a sine wav(‘. 

As an example, in Fig. 89, Curve' II, tlu' (*urr(‘nt curve of a 
circuit is shown, containing an air-gap of only 1*^^' length 

of the iron, giving a curn'iit wave much nhsiMubling tlu' sine 
shape, with an hysteretic advance' of tP. 

122. To dc'lerniine tlu' electric constants of a ciremit con- 
taining iron, we shall procee'd in the' following way: 

Let 

^ countc'i* (‘.m.f. of s(‘lf-induct ion : 

then from the eejuation, 

E = \/2 7r///^l() 

where / = frequency, n ■= numbi'r of turns, 

we get the magnetism, <I>, and by means of th(‘ magnetic cross- 


section, A, the maximum magnetic induction: CB ^ 
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From (B, we ^et, by means of the ma«metie eliaracteristie of 
the iron, the m.m.f., =$F ampere-turns p(*r centimeter length, 
where 


tF - 



if 5C = m.m.f. in c.g.s. units. 

Hence, 

if li = length of iron circuit, = = ampere-tunis recjuired 

in the iron ; 

10 la(S> 

if la = lengtli of air circuit, ^ = amjx‘re-tunis 

required in the air; 

hence, SF - + CF^ = total ampere-tums, maximum value, and 

g: 

— == effective value. The exciting current is 
\/2 



n\ 2' 


and the absolute admittance, 

y = \ iT = p- 

If SF, is not negligible as compariMl with thi'^ admittance, ?/, 
is variable with the t*.m.f., E. 

]f V — volume of iron, v = c()( flicitait of hy^ttn’t -i-, 
the loss of i)OWcr by hy-terc-i- due to molcciilai niaginan* 
friction is 

P ^7;/roV^ 


hence the hysteretic conductance i^^ (j jX' \anahh* with 


the e.m.f., E. 
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The angle of hysteretic advance is 
sin a = - ; 


the susceptance, 
the effective resistance, 

and the reactance, 

123 . As conclusions, we derive from this chapter the fol- 
lowing: 

( 1 ) In an alternating-current circuit surrounded by iron, 
the current produced by a sine wave of e.m.f. is not a true 
sine wave, but is distorted by hysteresis, and inversely, a sine 
wave of current requires waves of magnetism and e.m.f. differing 
from sine shape. 

( 2 ) This distortion is excessive only with a closed magnetic 
circuit transferring no energy into a secondary circuit by mutual 
inductance. 

(3) The distorted wave of current can be Replaced by the 
equivalent sine wave, — that is, a sine wav(^ of (‘(jiial effective 
intensity and equal power, — and the siijuTposc'd higher har- 
monic, consisting mainly of a t(‘nn of triple freepumey, may be 
neglected except in resonating circuits. 

(4) Below saturation, the distorted curve of (‘urnmt and its 
equivalent sine wave hav(‘ approximately tlu‘ saiii(‘ maxiniuni 
value, 

(5) The angle of hystendic advance — tliat is, the phase 
difference between the' magnetic (lux and (Hjuivabmt siiu^ wave 
of m.m.f. — is a maximum for tlu' closc'd magiudic circuit, and 
depends there only upon the magiu'tic constants of th(‘ iron, upon 
the permeability, /x, tlit^ coefficiemt of hysttu’c'sis, 97 , and the 
maximum magnetic induction, as shown in the equation, 

4 m 


b 

r= 

b 


sm a 
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(6) The effect of hysteresis can be represented by an ad- 
mittance, Y = g + fb, ov m impedance, Z = r - jx. 

( 7 ) The hysteretic admittance, or impedance, varies with 
the magnetic induction; that is, with the e.m.f., etc. 

(8) The h3reteretic conductance, g, is proportional to the 
coefficient of hysteresis, 7, and to the length of the magnetic 
circuit, I, inversely proportional to the 0 . 4 *** power of the 
e.m.f., E, to the 0.6“^ power of frequency, /, and of the cross- 
section of the magnetic circuit. A, and to the 1.6* power of 
the number of turns of the electric circuit, n, as expressed in 
the equation, 

oSi/ZlCP 

(9) The absolute value of hysteretic admittance, 

y = + b\ 

is proportional to the magnetic reluctance: 61 = (Rj- -f 61^, and 
inversely proportional to the frequency, /, and to the square of 
the number of turns, n, as expressed in the equation, 


- 6la) 10® 



(10) In an ironclad circuit, the absolute value of admittance 
is proportional to the length of the magnetic circuit, and inverstdy 
proportional to cross-section, *-1, freipiency, /, i^ermeability, fi, 
and sc^uare of the number of turn^', n, or 

127 1 10" 


(^11) In an open magnetic circuit, the conductance, g, is 
the same as in a closed magnetic circuit of the same iron part. 

(12) In an open magnetic circuit, the atlniittance, y, is 
practically constant, if the length of the air-gap is at least yi.. 
of the length of the magnetic circuit, and saturation be not 
approached. 
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(13) In a closed magnetic circuit, conductance, suseep- 
tance, and admittance can be assumed as constant through 
a limited range only. 

(14) From the shape and the dimensions of the circuits, 
and the magnetic constants of the iron, all the electric con- 
stants, g,b,y, r, x, e, can be calculated. 
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FOUCAULT OR EDDY CURRENTS. 

124. While magnetic hysteresis flue to molecular friction is a 
magnetic phenomenon, eddy currents are rather an electrical 
phenomenon. When iron passes through a magnetic field, a 
loss of energ\" is caused by hysteresis, wliich loss, however,* 
does not react magnetically upon the field. When cutting an 
electric conductor, the magnetic field produces a current therein. 
The m.m.f. of this current reacts uix)n and affects the magnetic 
field, more or less; consequently, an alternating magnetic field 
cannot penetrate deeply into a solid conductor, but a kind of 
screening effect is produced, which makes solid masses of iron 
unsuitable for alternating fields, and necessitates the use of 
laminated iron or iron \\ire as the carrier of magnetic flux. 

Eddy currents are true electric currents, though existing in 
minute circuits; and they follow all the laws of electric 
circuits. 

Their e.m.f. is proportional to the intensity of magnetization, 
(B, and to the freciueiicy, /. 

Eddy currents are thus })roportional to the magnetization, 
(B, the frequency, /, aiul to the electric conductivity, of the 
iron; hence, can be exprt*ssed by 

i = //\iB/. 

The power consumetl by eddy curnnits ‘i> pr<>}>i)rtional to 
tht‘ir M[uare, and inveively proportional to the electric conduc- 
tivity, and can be ex]>re>>t‘d by 

p = /;\vB7-; 

or, since (B/ is jiroportioiial to the generated e.m.f., A, in the 
equation 

E = \ 2 -Tn/(B 10"®, 

195 
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it follows that, The loss of power by eddy currents is proportional 
to the square of the e.m.f., and proportional to the electric con- 
ductivity of the iron; or, 

P = aP?\. 

Hence, that component of the effective conductance which 
is due to eddy currents is 



that is. The equivalent conductance due to eddy currents in the 
iron is a constant of the magnetic circuit ; it is independent of 
*e.m.f., frequency, etc., hut proportional to the electric conductivity 
of the iron, X. 

126. Eddy currents, like magnetic hysteresis, cause an 
advance of phase of the current by an angle of advance, y8; but, 
unlike hysteresis, eddy currents in general do not distort the 
current wave. 

The angle of advance of phase due to eddy currents is 
sin , 

y 

where y == absolute admittance of the circuit, g = ('ddy current 
conductance. 

While the equivalent conductance, g, duo to oddy cuiTonts, 
is a constant of the circuit, and indi'pendent of (‘.ni.f., fuMiuency, 
etc., the loss of power by eddy currents is proportional to the 
square of the c.m.f. of self-induction, and tlu'ndorc^ proportional 
to the scjuarc of the freciueiicy and to tlu‘ s([uar(‘ of th(‘ magneti- 
zation. 

Only the power component, gP, of eddy ciirn^nts, is of interest, 
since the wattless component is identical with tlic' wattless com- 
ponent of hysteresis, discussed in tlu^ prc^cc'ding chai)ter. 

126. To calculate the loss of pow<‘r l)y eddy curnuLts, 

Let V = volume of iron ; 

(B = maximum magnetic induction; 

/ = frequency; 

1 = electric conductivity of iron; 

£ = coefficient of eddy currents. 
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The loss of energy per cubic centimeter, in ergs per cj'cle, is 
w — eXfOi^; 

hence, the total loss of power by eddy currents is 
P = eXVpG^ 10“’ watts, 

and the equivalent conductance due to eddy currents is 
_ P lOelZ 0.507 elf 
^ ~ ~ 27^ An? ~ An^ ’ 

where 

I = length of magnetic circuit, 

A = section of magnetic circuit, 
n = number of turns of electric circuit. 

The coefficient of eddy currents, £, 
depends merely upon the shape of the 
constituent parts of the magnetic circuit; 
that is, whether of iron plates or ^\ire, 
and the thickness of plates or the diam- 
eter of 'v\ire, etc. 

The two most important cases are: 

(a) Laminate<l iron. 

(b) Iron wire. 

127. (a) Laminated Iron. 

Let, in Fig. 97, 

d = thickness of the iron plate>: 

(B= maximum niagm‘tic induction: 

/= fretiuency; 

X = electric conductivity of the iron. 

Then, if u the di-tanee ot a zone, du, from tlu‘ ceiitt r of 
the sheet, the conductance of a zone of thickne-^, tin, and of 
one centim(‘ter kaigth and width L /jIu: and the magnetic 
flux cut by this zone i^ (S>n. Hence, the e.iii.f. induced in thi'^ 

dE = \ 2 in e.g.s. units. 



zone is 
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This e.m.f . produces the current, dl = dE Xdu = V2 nf(S!> udu, 
in c.g.s. units, provided the thickness of the plate is negli- 
gible as compared with the length, in order that the current 
may be assumed as parallel to the sheet, and in opposite 
directions on opposite sides of the sheet. 

The power consumed by the current in this zone, du, is 

dP = dEdI = 2 

in c.g.s. units or ergs per second, and, consequently, the total 
power consumed in one square centimeter of the sheet of 
thickness, d, is 


+ — + “ 

§p= f /dP = 27 ef(&n J ^ ' u^du 
“2 ~ 2 

= — T , in c.g.s. umts; 

D 

the power consumed per cubic centimeter of iron is, therefore, 
dP . 

p = _ = — ^ in c.g.s. units or erg-seconds, 

a o 


and the energy consumed per cycle and per cubic centimeter of 
iron is 


w = 


2 

/ 


tcX 

~ - ergs. 


The coefficient of (‘ddy curn‘n1s for laminatiMl iron is, tli(‘re- 
fore. 


e = 


T" 




where X is expressed in c.g.s. units. Ilencc', if X is expressed 
in practical units or 10“^ c.g.s. units, 

cP !()-" 


£ 


6 


= 1.645 (P 10 "®. 
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Hence, the e.ni.f . generated in this zone is 

dE = V2 in c.g.s. units, 


and the current produced thereby is 

27m 


\/2 n 
2 


XfQtU du, in c.g.s. units. 



Fkj, 08 . 


The power consumed in this zone is, tluTcdore, 

dP ==dEdl Tz'XpG^^ii^dii, in e.g.s. units; 


consequently, the total power consumed in on(‘ c(‘ntinieter length 
of wire is 


SP = pdW 


u^du 


= — ilf in c.g.s. units. 
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Since the volume of one centimeter length of wire is 

(p7C 


V = 


4 * 


the power consumed in one cubic centimeter of iron is 

n = — = ~ in c.g.s. units or erg-seconds, 

2; 16 

and the energy consumed per cycle and cubic centimeter of 
iron is 

T7 = “ = ^ ergs. 

Therefore, the coefficient of eddy currents for iron wire is 

£ = 0.617 cP; 

Id 

or, if >l is expressed in practical units, or IQ-® c.g.s. units, 

£ 10“®=0.617(P10-®. 

16 

Substituting 

X = 10®, 

we get as the coefficient of eddy currents for iron wire, 

■7 

£ = 0.617 rf 10"^. 

16 

The loss of energy per cubic centimeter of iron, and per cycle 
becomes 

ir = £//(B- = 10® = 0.0)17 10-® 

= 0.617 rP/CB' 10"^ ergs, 

= c//(B' 10”‘ = 0.()17 10““ joule^: 

loss of powtT j)t‘r cubic centimeter at fre(iuency, /. 

p = jW = Kr* = 0.0)17 10"“ watt>: 

total loss of power in volume, V, 

p = Yp = 0.617 VcFp(Sr 10"“ watts. 



202 


ALTEBNATINO-CUBBENT PHENOMENA. 


As an example, 

d = 1 nun., = 0.1 cm.; / = 100; (B^ = 5,000; V = 1,000 cu. cm. 
Then, 

e = 0.617 X 10"“, 

W = 1,540 ergs = 0.000154 joules, 
p = 0.0154 watts, 

P = 15.4 watts, 

hence very much less than in sheet iron of equal thickness. 

129. Comparison of sheet iron and iron vnre. 

If 

d^ = thickness of lamination of sheet iron, and 
dj = diameter of iron wire, 

the eddy current coefficient of .sheet iron being 



and the eddy current coeffic'i('nt of iron wire 

£ 2 l ()-8 

2 26 ^ 

the loss of power is ('(jual in l)()th — otluT things Ix'in^ eciual 
-if = ^ 2 ? is, if 

It follows that th(‘ clianiehn* of iron wire can be 1.6)^ tini(‘s, or, 
roughly, as large as the thiekri(‘ss of larniiiatc'd iron, to give the 
same loss of power through eddy eurnuits, as sliown in Fig. 99. 

130. Demagnetizing^ or .screening ejjed of eddy currents. 

The formulas d(‘riv(‘d for the eoeffieicmt of ('ddy (*urreiits in 
laminated iron and in iron wire, hold only when the c'ddy euiTeiiis 
are small enough to neglect their magnetizing for(*e. Other- 
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wise the phenomenon becomes more complicated ; the magnetic 
flux in the interior of the lamina, or the wire, is not in phase 
with the flux at the surface, but lags behind it. The magnetic 
flux at the surface is due to the impressed m.m.f., while the flux 
in the interior is due to the resultant of the impressed m.m.f. and 
to the m.m.f. of eddy currents; since the eddy currents lag 90 
time-degrees behind the flux producing them, their resultant 
with the impressed m.m.f ., and therefore the magnetism in the 
interior, is made lagging. Thus, progressing from the surface 



towards the interior, the magnetic flux gradually lags more 
and mori‘ in phase, and at the same time tlecrea>es in intensity. 
While the complete anahtical solution of tins phenomenon is 
beyond the scope of tliis book, a determination of the magnitude 
of this demagnetization, or screening eft'c'Ct, sufficient to deter- 
mine whether it is negligible, or whether the sul>li\'i.''ion of the 
iron has to bi‘ increas('d to make it negligible, can bt* maile by 
calculating the maximum magnetizing effect, wliich cannot be 
excec'dc'tl by the edilys. 

Assuming the magnetic density as uniform over the whole 
cross -sect ion, and thm’efore all the eddy currents in idia.-^e 
with each other, their total m.m.f. represents the maxi- 
mum possible value, .rince by the phase difference and the 
lesst'r magnetic ilensity in the center the resultant m.m.f. i' 
reduced. 


204 


ALTERNATING-CURRENT PHENOMENA. 


In laminated iron of thickness d, the current in a zone of thick- 
ness du, at distance u from center of sheet, is 

dl — V2 du units (c.g.s.) 

= V2 ■!tf<S)Xu du 10“ * amperes; 


hence the total current in the sheet is 

.d „d 


I = f'^dl =V5;r/(BU0-« P 

Vjjr 


udu 


8 


f(S>Xd? 10 “® amperes. 


Hence, the maximum possible demagnetizing ampere-turns, 
acting upon the center of the lamina, are 

■ f(&Xd? 10-« = 0.555 10~®, 


I = 


8 


= 0.555 /(BAcP 10 ® ampere-turns per cm. 
Example: d = 0.1 cm., / =100, (B = 5,000, A= 10®, 
or 7 = 2.775 ampere-turns per cm. 

131. In iron wire of diameter, d, the current in a tubular 
zone of du thickness and u radius is 

\/o 

dl = — - 7Tf<&Xu dwlO ® amperes ; 

2 


hence, the total current is 

d 


j i’s V2 r 

dI-=—7tJ(S,XU)-^ / 

0 2 •/() 


udx 


'0 

16 


•7r/®lcP 10 ®am[)(T('s. 


Hence, the maximum possible demagnotiziiig ampere-turns, 
acting upon the center of the wire, are 

\/^ TT 

7 = /®Ad" 10“® = 0.2775 /®/id® 10"® 

= 0.2775 /®AcP 10 “® ampere-turns per cm. 
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For example, if d = 0.1 cm., / = 100, (B = 5,000, x= !(/, then 
I = 1,338 ampere-tums per cm.; that is, half as much as in a 
lamina of the thickness, d. 

For a more complete investi^tion of the screening efifect of 
eddy cumnts in laminated iron, see Section III of “ Theory and 
Calculation of Transient Electric Phenomena and Oscillations.^^ 

132. Besides the eddy, or Foucault, currents proper, which 
exist as parasitic currents in the interior of the iron lamina or 
wire, imder certain circumstances eddy currents also exist in 
larger orbits from lamina to lamina through the whole magnetic 
structure, Ob\T:ously a calculation of these eddy currents is 
possible only in a particular structure. They are mostly surface 
currents, due to short circuits existing between the lamime at 
the surface of the magnetic structure. 

Furthermore, eddy currents are produced outside of the mag- 
netic iron circuit proper, by the magnetic stray field cutting 
electric conductors in the neighborhood, especially when drawn 
towards them by iron masses behind, in electric conductors 
passing through the iron of an alternating field, etc. All these 
phenomena can be calculated only in particular cases, and are 
of less interest, since they can and should be avoided. 

The power consumed by such large eddy currents frequently 
increases more than proportional to the square of the voltage, 
when approaching magnetic saturation, by the magnetic stray 
field reaching unlaminated conductors, and so, while negligible 
at normal voltage, this power may become large at over normal 
voltage. 

Eddy Curre?its in Conductor, and Unequal Current Distribution, 

133. If the electric conductor has a considerable >m\ the 
alternating magnetic field, in cutting the conductor, may set 
up differences of ])otential between the different pait^ thereof, 
thus ghdng rise to local or eddy currents in the copper. This 
phenomenon can obviously be studied only with reference to a 
particular case, whore the shape of the conductor and the dis- 
tribution of the magnetic field are knowm. 

Only in the case where the magnetic field is produced by the 
current in the conductor can a general solution be given. The 
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alternating current in the conductor produces a magnetic field, 
not only outside of the conductor, but inside of it also; and the 
hnes of magnetic force which close themselves inside of the con- 
ductor generate e.m.fs. in their interior only. Thus the counter 
e.m.f. of self-induction is largest at the axis of the conductor, and 
least at its surface; consequently, the current density at the sur- 
face will be larger than at the axis, or, in extreme cases, the cur- 
rent may not penetrate at all to the center, or a reversed ciirrent 
may exist there. Hence it follows that only the exterior part of 
the conductor may be used for the conduction of electricity, 
thereby causing an increase of the ohmic resistance due to 
imequal current distribution. 

The general discussion of this problem, as applicable to the 
distribution of alternating current in very large conductors, 
as the iron rails of the return circuit of alternating-current 
railways, is given in Section III of “ Theory and Calculation of 
Transient Electric Phenomena and Oscillations.” 

In practice, this phenomenon is observed mainly with very 
high-frequency currents, as lightning discharges; in power 
distribution circuits it has to be avoided by either keeping 
the frequency sufficiently low, or having a shape of conductor 
such that unequal current-distribution does not take place, as 
by using a tubular or a flat conductor, or several conductors in 
parallel. 

134. It will, therefore, here be suffieiont to deterniiiie the 
largest size of round conductor, oi' th(‘ liiglu'st fn'ciucncy, where 
this phenomenon is still negligible. 

In the interior of tlic' eonduetor, the eurnmt dimsity is not 
only less tlian at the surface, but the eurnnit lags in time-phase 
behind the current at the surface, diu' to tlu' inereasc'd (‘ftVet 
of sclf-induetioii. This time-lag of tlu' eurnuit causes the 
magnetic fluxes in the eonduetor to be out of pluise with (‘aeh 
other, making their resultant less than their sum, while the 
lessor current density in tlu' center reduces the total flux inside 
of the conductor. Thus, by assuming, as a basis for calculation, 
a uniform current density and no diflerenco of ])hasc between 
the currents in the different layers of th(‘ conductor, tho unequal 
distribution is found larger tlian it is in reality. Hence this 
assumption brings us on the safe side, and at the same time 
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greatly simplifies the calculation; however, it is j>cTinis.'>ible only 
where the current density is still fairly uniform. 

Let Fig. 100 represent a cross-section of a conductor of radius, 
R, and a uniform current density, 



where I = total current in conductor. 

The magnetic reluctance of a tubu- 
lar zone of unit length and thickness 
du, of radius w, is 

2 ut: 



The current inclosed by this zone is = iirr., and therefore, the 
m.m.f. acting upon tliis zone is 

= 0.4 Tzly^ = 0.4 Triir, 

and the magnetic flux in tliis zone is 

J<I) = = 0.2 -/« (/». 


Hence, the total magnetic flux inside the conductor is 






a da = 


10 


/ 

10 ’ 


From this we get, a^ the excess of counter e.m.f. at tin* axi'^ of 
the conductor over that at th(* ^urfa<-ej 

AA’ = \ 2 -/4> U)~^ \ 2rjl 10"^ per unit lt‘iigth, 

^ \ 2 lir^: 

and the reactivity, or >pi‘ciflc reactance at the center of the 

conductor, l)ecomes k= — = \ 2 rz-jlR h^^ 

p — n >istivity, or >p<‘cific resLtance, of the material of the 
conductor. 
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We have then, 




ViP +fP, 

the ratio of current densities at center and at periphery. 

For example, if, in copper, p = 1.7 X 10~*, and the per- 
centage decrease of current density at center shall not exceed 
5 per cent, that is, 

P ^ VFT7 = 0-95 - 1, 

we have k = 0.51 X 10““; 

hence 0.51 X 10““ 
or fW = 36.6; 

hence, when / = 125 100 60 25 

R =0.541 0.605 0.781 1.21 cm. 

D = 2B=1.08 1.21 1.56 2.42 cm. 


Hence, even at a frequency of 125 cycles, the effect of imequal 
current distribution is still negligible at one centimeter diam- 
eter of the conductor. Conductors of this size are, however, 
excluded from use at this frequency by the external self- 
induction, which is several times larger than the resistance. 
We thus see that unequal cuivent distribution is usually neg- 
ligible in practice. 

The above calculation was made under the assumption that 
the conductor consists of unmagnotic material. If tliis is not 
the case, but the conductor of iron of permeability 


then = 


ifu 

Cii.. 


; and thus ultimately, k = \/2 10 and 


- 

P 


fpR^ 10 “° 
P 


. Thus, 


for instance, for iron wire at 


P = 10 X 10“*, P = 500, it is, permitting 5 per cent differ- 
ence between center and outside of wire, k = 3.2 X 10“*, and 
fR? = 0.46; 


hence, when / = 125 100 60 25 

R = 0.061 0.068 0.088 0.136 cm.; 

thus the effect is noticeable even with relatively small iron wire. 
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Mutual Induction. 

136. When an alternating magnetic field of force includes 
a secondary electric conductor, it generates therein an e.in.f. 
which produces a current, and thereby consumes energy if the 
circuit of the secondary conductor is closed. 

Particular cases of such secondary currents are the eddy or 
Foucault currents previously discussed. 

Another important case is the generation of secondar}" e.m.fs. 
in neighboring circuits; that is, the interference of circuits run- 
ning parallel with each other. 

In general, it is preferable to consider tliis phenomenon of 
mutual induction as not merely producing a power component 
and a wattless component of e.m.f. in the primar}" conductor, 
but to consider explicitly both the secondar}" and the primary 
circuit, as will be done in the chapter on the alternating-current 
transformer. 

Only in cases w’here the energy transferred into the secondary" 
circuit constitutes a small part of the total primar}" energy, 
as in the discussion of the disturbance caused by one circuit 
upon a parallel circuit, may the effect on the primaiy circuit 
be considered analogously as in the chapter on edily currents 
by the introduction of a power component, representing tlie loss 
of pow’er, and a W'attless component, repre>enting the decrease 
of self-induction. 

Let 

X = 2 -/L = reactance of main circuit; tliat is, L = total 
number of interlinkages with the main ccjiitluctor. of the 
lines of magnetic force proiluced by unit current in tliat 
conductor; 

x^ = reactance of j>ec(jndarv circuit; that i<, = 

total number of interlinkaire'^ with the MH*ondarv conductor, 
of the lines of magnetic force produced by unit current in that 
conductor: 

Xffi =2-/L„, = mutual inductive reactance of the circuits: 
that is, L„t = total number of int(‘rlinkages with the secondary’ 
conductor, of the lines of magnetic force produced by unit 
current in the main comluctor, or total number of interlinkages 
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with the main conductor of the lines of magnetic force produced 
by unit current in the secondary conductor. 

Obviously: Xm < 

Let Tj = resistance of secondary circuit. Then the imped- 
ance of secondary circuit is 

Z,=r,- jx^, z, = + x ^ ; 

e.m.f. generated in the secondary circuit, = ]Xm,l, 
where 1 = primary current. Hence, the secondary current is 

7 _ .Si j . 

• ' ~ 2i ^ - Fi • ’ 

and the e.m.f. generated in the primary circuit by the secondary 
current, ly, is 

T? • T 7 . 

E — ^ I — ■ ; ^ ; 

ry-nxy- 

or, expanded, 

V = \ } r 

I + Xy^ + X,‘ S ■ ■ 

*As self-inductance L, the total flux surroumliii^ the conductor is here 
meant. Usually iii the discussion of inductive apparatus, especially of trans- 
formers, that part of the magnetic flux which sujtouikIs one circuit is denoted 
as the self-inductance of this circuit, but not the other ciicmt , lhal is, it is the 
flux which passes between both circuits. Hence, the total self-inductance, 

IS iu this case equal to the sum of the self inductance, and mutual induct- 
ance, 

The object of this distinction is to separate the wattless part, X,, of the total 
self-inductance, X, from that part, X^^^, which represents the transfer of e in.f. 
into the secondary circuit, since the action of these two components is essentially 
different. 

Thus, ill alternating-current tiansformeis it is customary — and will be done 
later in this book — to denote as the self-iiiductnnce, X, of each circuit only 
that part of the magnetic flux produced by the circuit which passes between 
both circuits, and thus acts in “choking” only, but not in transforming; while 
the flux surrounding both circuits is called the mutual inductance, or useful 
magnetic flux. 

With this denotation, in transformers the mutual inductance, is usually 
very much greater than the self-inductance, X', and X,', wliile, if the self- 
inductance, X and Xp reiiresent the total flux, their product is larger than the 
square of the mutual inductance, L ^^ ; or 

LLy >L„y\ (L' + L„y) {L y' + LJ 
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Hence, the e.m.f. consumed thereby, 




I r{ + a-j- r- + ) 


I = (r - jx) 7. 


r = 


rTT^? 


= effective resistance of mutual inductance; 


X = 




+ X,- 


== effective reactance of mutual inductance. 


The susceptance of mutual inductance is negative, or of oppo- 
site sign from the reactance of self-inductance. Or, 

Mutual inductance consmnes oiergy and decreaae^^ the self- 
inductance. 

For the calculation of the mutual inductance between cir- 
cuits Lm, see “Theoretical Elements of Electrical Engineer- 
ing,” 3rd Ed. 

Dielectric and Electrostatic Phenomena. 

136. While magnetic hysteresis and eddy currents can be 
considered as the power component of inductive reactance, 
condeiisive reactance has a powen* component al>o: namely, 
dielectric hysten^sis. In an alternating magnetic tieU, (Miergy is 
consumed in hysteresis due to mol(‘Cular friction: and .similarly, 
energy is also consumed in an alternating (‘leeiro-tatic ti(*M 
in the dicdectric medium, in what i> railed electro>tatie (»r 
dielectric hysttavsis. 

While th(‘ laws of tla* lo-- of energy by magnet i(* li\ ^tt‘re-i-' 
are fairly w*ell undeivtood, and the magnitude cf the eflta-t 
known, the phenomenon of du‘lectrie hv'-tere-i- i- -nil almost 
entirely unknown as conc(‘rns it> law- and tlu* mairuitude of 
the effect. 

It is tiuite probable* that the !(►-.- of {Miwer in the dielei-tric 
in an alternating t‘lectro>tatic Held (*on-i>t> of two di-tiiictly 
(liHerent components, of which the out* is directly projjoitional 
to the fre(iut*ncy, — analogous to magnetic hy-tere-i<, and thus 
a constant loss of energy per cycU*, iii«lependent of the freciuency; 
wliile the other component is proportional to tin* >quare of the 
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frequency, — analogous to the loss of power by eddy currents 
in the iron, and thus a loss of energy per cycle proportional to 
the frequency. 

The existence of a loss of power in the dielectric, proportional 
to the square of the frequency and voltage, I observed some 
years ago in parafiined paper in a high electrostatic field and 
at high frequency, by the electrodynamometer method. 

Power-factor measurements of paraffined paper condensers 
made for frequencies of 25 to 125 cycles, and over a wide range 
of voltages, above and below the safe operating voltage of the 
dielectric, show no marked variation of the power-factor with 
the voltage or the frequency, that is, point towards a power 
consumption proportional to the square of voltage and of fre- 
quency, of a magnitude of between i per cent and 1 per cent 
of the volt-amperes absorbed by the condenser. 

Amo of Turin found at low frequencies and low field strength 
in a large number of dielectrics, a loss of energy per cycle inde- 
pendent of the frequency, but proportional to the 1.6* power 
of the field strength, — that is, following the same law as the 
magnetic hysteresis, 

Wm- •>?(»'“. 

This loss, probably true dielectric static hysteresis, was 
observed under conditions such that a loss proportional 'to 
the square of density and frequency nm.st b(' small, while at 
high densities and frequencies, as in condemsers, the tme 
dielectric hysteresis may be ('iitirely obscurt'd by a viscous 
loss, represented by = ef(S,\ 


137. If the lo.ss of power by ('Icctrostatic hy.st('r(‘sis is pro- 
portional to the sejuare of tin* fnsiiu'iicy and of tlu' field inten- 
sity, — as it probably lU'arly is uiidi'r tlu' working conditions 
of alternating-current condens(‘rs, — then it is proportional to 
the square of the e.m.f., tluit is, the ('fIVetive conductance, 
g, due to dielectric hysterc'sis is a constant; and, since the 
condenser susceptance, —h=b', is a constant also, — unlike 
the magnetic inductive r('actanc(‘, — the ratio of conductance 
and susceptance, that is, the angle of diff(‘rence of phase due 
to dielectric hysteresis, is a constant. This I proved by ex- 
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periment. This would mean that the dielectric hysteretic 
admittance of a condenser, 

Y = g +ib = g - jV, 

where g = hysteretic conductance, b' = hysteretic suscej)- 
tance; and the dielectric hysteretic impedance of a condenser, 

Z = r — jx = r + jx/., 

where r = hysteretic resistance, x^ = hysteretic reactance; 

X 

and the angle of dielectric h 3 ^steretic lag, tan a = - = are 

constants of the circuit, independent of c.ni.f. and frequencj". 
The e.m.f. is obviously inversely proportional to the frequency. 

The true static dielectric hysteresis, obser\'ed by Amo as 
proportional to the 1.6^^ 130wer of the density, •will enter the 
admittance and the impedance as a term variable and dependent 
upon e.m.f. and frequencj% in the same maimer as discussed in 
the chapter on magnetic hj^steresis. 

To the magnetic hysteresis corres{X)nds, in the electrostatic 
field, the static component of dielectric hysteresis, following, 
probably, the same law of power. 

To the odd}’ currents in th^ iron corresponds, in the electro- 
static field, the viM'OUS component of dielectric hystere.'-is, fol- 
lowing the square law\ 

As a rule, however, these lyvsteresis losses in the alternating 
electrostatic field of a condenser are very much smaller than the 
losses in an alternating magnetic field, so tluit whiK* the ktter 
exeit a veiy marketl effect on tlu' dedgn of apparatus, repre- 
senting frecpiently the largist of all the lo^"^^'' of emn-gy. the 
dielectric losses are so small a^ to be \ery difficult to ol>em‘. 
In alternating-current conden>ers tlv‘ lo'^-es frequently are only 
a fraction of 1 per cent of the v(»lt-anip('re input, from 25 to 
125 cycles, and thendon* very difficult to observe. 

To the phenomenon of mutual induction correspond^, in the 
electrostatic field, the electrostatic induction, or inilueiice. 

138. The alternating olectro-tatic field of force of an electric 
circuit induces, in conductor'' within th>* fi'-M of huve, t'lectro- 
static charges by wliat is called electrostatic infiiieiice. These 
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charges are proportional to the field strength; that is, to the 
e.m.f. in the main circuit. 

If a current is produced by the induced charges, energy is 
consumed proportional to the square of the charge; that is, to 
the square of the e.m.f. 

These induced charges, reacting upon the main conductor, 
influence therein charges of equal but opposite phase, and hence 
lagging behind the main e.m.f. by the angle of lag between in- 
duced charge and inducing field. They require the expenditure 
of a charging current in the main conductor in quadrature with 
the induced charge thereon; that is, nearly in quadrature with 
the e.m.f., and hence consisting of a power component in phase 
with the e.m.f. — representing the power consumed by electro- 
static influence — and a wattless component, which increases the 
capacity of the conductor, or, in other words, reduces its 
condensive reactance. 

Thus, the electrostatic influence introduces an effective 
conductance, ff, and an effective suscoptance, &, — of the same 
sign with condenser suscoptance, — into th(‘ e( [nations of the 
electric circuit. 

While theoretically g and b should Ix' constants of the 
circuit, frequently they aiv very far from su(*h, (lu(‘ to dis- 
ruptive phenomena beginning to appear at high (dectrostatic 
stresses. 

Even the condensive r(actanc(‘ changers at veuy higli ])oten- 
tials; escape of electricity into tlu^ air and ov(‘r th(‘ surfacc^s of 
the supporting insulators l)y brush discharg(‘ or (‘U'ctrostatic 
glow takes jdace. As far as this (dc'ctrostatic* corona n'aches, 
the s})ace is in ek'ctric coniKvtion with tlu‘ conductor, and 
thus the capacity of th(' circuit is d(‘t('rmin(‘d, not by th(‘ sur- 
face of the metallic (*onductor, but by th(‘ (‘\t(u-ior surface of 
the electrostatic glow surrounding th(‘ conductor. This nu‘ans 
that with increasing ])()!( ntial, tlu' capaedty in(‘r(as('s as soon 
as the electrostatic corona appears; luuice', tlu^ cond(‘nsiv(‘ r(‘- 
actance decreases, and at the' same' time' a i)owe‘r component 
appears, representing the* le)ss of poweu* in the' ce)rona. 

This phenomenon thus shows some' anale)gy with the' ele'crease 
of magnetic inductive re'actance elue' to saturatie)n. 

At moderate potentials, the conele'iisive' re'actance' due^ to 
capacity can be considered as a constant, consisting of a watt- 
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less component, the condensive reactance projxT, and a i>ower 
component, the dielectric hysteresis. 

The condensive reactance of a polarization cell, however, begins 
to decrease already at ver^’ low potentials, as soon as the counter 
e.m.f. of chemical dissociation is approached, at about 1.4 volts. 

The condensive reactance of the aluminum cell, that is, a pair 
of aluminum plates in an electroKte which does not attack 
aluminum, mth increasing voltage, first increases and then 
decreases again, at a value of from 100 to 600 volts, and very 
greatly depends upon the previous histor}^ of the cell. 

The condensive reactance of a synchronized alternator is of 
the nature of a variable quantity; that is, the effective reac- 
tance changes gradually, according to the relation of iinix^ssed 
and of counter e.m.f., from inductive over zero to condensive 
reactance. 

Besides the phenomena discussed in the foregoing as terms of 
the power components and the wattless components of current 
and of e.m.f., the electric leakage is to be considered as a further 
power component ; that is, the direct escape of electricity from 
conductor to return conductor tlirough the surrounding medium, 
due to inijierfect insulating qualities. This leakage current 
represents an effective conductance, g, theoretically independent 
of the e.m.f., but in reality frequently increasing greatly with the 
e.m.f., owing to the decrea'^^e of tht‘ iiiMilating strmgth of the 
medium upon approaching the limits of its disruptive strength. 

139. In th(‘ foH'going, the j>henomena oau^imr lo-= of eneriry 
in an alt(*niatim!:-ciiiT(‘nt circuit have hetm (Hm-u-mmI: ainl it lui'^ 
bt‘eii shown tliat tlu‘ mutual r<‘lati(>n lM‘twren current and e.m.f. 
can be t‘Xpre^M‘d by two of tin* four con ''taut-: 

])ower coni]K)ni‘nt of e.m.f., in pha-*‘ with nirrrnt, and — 
current effeeti\e red^taiH-e, or r: 

wattle"^ coni] Knieiit of (‘.in.f., in qiiadratiiro w iili curnait, and ^ 
current X effective reactance, or x\ 

}>ow'er comj)on(‘nt of current, in pha-e with e.m.f., and = 
tMii.f. X effective* condiietance, or //: 

wattle'-s conipoiu‘nt of eiiiTeiit, in quadratun* with e.m.f., aid = 
e.m.f. X effecthe sU‘'Cei»taiice, or b. 
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In many cases the exact calculation of the quantities, r, x, 
g, b, is not possible in the present state of the art. 

In general, r, x, g, b, are not constants of the circuit, but 
depend — besides upon the frequency — more or less upon 
e.m.f., current, etc. Thus, in each particular case it becomes 
necessary to discuss the variation of r, x, g, b, or to determine 
whether, and through what range, they can be assumed as 
constant. 

In what follows, the quantities r, x, g, b, will always be con- 
sidered as the coefficients of the power and wattless components 
of current and e.m.f., — that is, as the effective quantities, — 
so that the results are directly applicable to the general electric 
circuit containing iron and dielectric losses. 

Introducing now, in Chapters VIII. to XII., instead of “ohmic 
resistance,” the term “effective resistance,” etc., as discussed 
in the preceding chapter, the results apply also — within the 
range discussed in the preceding chapter — to circuits contain- 
ing iron and other materials producing energy losses outside of 
the electric conductor. 



CHAPTER XV. 


POWER, AND DOUBLE-FREQUENCY QUANTITIES IN 
GENERAL. 

140. Graphically, alternating currents and e.in.fs. are repre- 
sented by vectors, of which the length represents the intensity, 
the direction the phase of the alternating wave. The vectors 
generally issue from the center of coordinates. 

In the topographical method, however, w’hich is more con- 
venient for complex networks, as interlinked polyphase circuits, 
the alternating wave is represented by the straight line between 
two points, these points representing the absolute values of 
potential (with regard to any reference point chosen a.s co- 
ordinate center), and their connection the difference of potential 
in phase and intensity. 

Algebraically these vectors are represented by complex 
quantities. The impedance, admittance, etc., of the circuit 
is a complex (juantity also, in symbolic denotation. 

Thus cuiTont, e.m.f., impedance, and admittance an‘ related 
by multiplication and division of complex (luantities in tlie 
same way as current, e.m.f., re^i^tance, and conductance are 
related by Ohnds law in direct-current circuit>. 

In direct-c*uiTent circuits, power i> the pro<.luct of current into 
e.m.f. In alternating-current circuits, if 

E = c' - /c“. 

The product, 

=EI = j c“d - 

is not the power; that is, multiplication and divi'-ion, wliicli 
are correct in the inter-relation of current, e.m.f., impedance, 
do not give a correct result in the int(T-ndation of (Mu.f., current, 
power. The reason is, that E and 7 are vector> of the same fre- 
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quency, and Z a constant numerical factor which thus does not 
change the frequency. 

The power, P, however, is of double frequency compared 
with E and /, that is, makes a complete wave for every half 
wave of P or 1, and thus cannot be represented by a vector 
in the same diagram with E and I . 

P, = P7 is a quantity of the same frequency with E and I, and 
thus cannot represent the power. 

141. Since the power is a quantity of double frequency of 
E and I, and thus a phase angle, d, in E and I corresponds to a 
phase angle, 2 0, in the power, it is of interest to investigate the 
product, El, formed by doubling the phase angle. 

Algebraically it is, 

P = El = (e^ + (^•^ + ji^^) 

= {eh^'+ jW‘) + (je“P + PjV')- 

Since f = — 1, that is, 180° rotation for P and 7, for the double- 
frequency vector, P, f = + 1, or 300° rotation, and 

J X 1 = j, 

1 - / = - /• 

That is, multiplication witli / rovoi-sos the sign, since it denotes 
a rotation by 180° for the power, corresponding to a rotation of 
90° for P and 7. 

Hence, substituting these values, w(i have' 

P = [PI] = (eV + e”t“) + j 

The symbol [P7] here' (hmotes tlie (ransh'r from the fre- 
quency of P and I to the d(mi)le insnKmcy of P. 

The product, P = [El], consists of two eom[)om‘nts: the real 
component, 

P^ =[P/]' = (c'd + c"/"): 
and the imaginary comimncmt, 

jP’ =j[EIJ = jiP'I' - ebP). 

The component, 

= [£7]i = 

is the true or “effective” jjower of the circuit, ^ El cos {El). 
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The component, 

is what may be called the “reactive ix)wer/' or the wattless 
or quadrature volt-amperes of the circuit, =£/sin (El), 

The real component wU be distinguished by the index 1; 
the imaginary or wattless component by the index, j. 

By introducing tliis symbolism, the power of an alternating 
circuit can be represented in the same way as in the direct- 
current circuit, as the S5nnbolic praluct of current and o.m.f. 

Just as the symbolic expression of current and e.in.f. as 
complex quantity does not only give the mere intensity, but 
also the phase, 

E 

r~2 2 

E = y -f e'l 

tan ^ =“r' 
e 

so the double-frequency vector product P = [El] d(‘iiotes 
more tlian the mt‘re power, by giving with it> two I'ompoiieiits, 
^[EIY and P^ = [EI]\ the tin(‘ power volt-aniptuts or 
“effective power,” and the wattless volt-aiuixuvs, or “reactive 
power.” 


then 


and 


or 


=[EIY -= , 

P ==[A7]' - 

K -i ~ e”V^' - 

.-= ,,.1= -L ,p-' * = El ' = /V 


\\lK‘n‘ P,i 


total volt-anip(‘r(‘> of circuit. That i-, 
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The elective power, P\ and the reactive power, P>, are the two 
rectangular components of the toted apparent power. Pa, of the 
circuit. 

Consequently, 

In symbolic representedion as double-frequency vector products, 
powers can he combined and resolved by the parallelogram of 
vectors just as currents and e.m.fs. in graphical or symbolic rep- 
resentation. 

The graphical methods of treatment of alternating-current 
phenomena are here extended to include double-frequency 
quantities, as power, torque, etc. 

pi 

p = — = cos 0 = power-factor. 

JT a 

pJ 

g == — = sin <9 = induction factor 
Jr a 

of the circuit, and the general expression of j)owcr is 
P= Pa (p + jq) = Pa (cos 0 + j sin 0). 

142 . The introduction of the doublc-fre(}uoncy vector prod- 
uct, P= [El], brings us outside of the limits of alg(^bra, how- 
ever, and the commutative principle^ of algebra, a Xb = b X a, 
does not apply any more, but wc^ have' 

[El] uidik(^ [IE] 

since 

[El] -[EIY + llE I V 

[IE] ==[IE]^ + niEY - [EIY- j\EI]\ 

we have 

U^^U'-U.EY 

[EiV=^- [lEy 

that is, the imaginary component nwersc's its sign by the inter- 
change of factors. 

The physical meaning is, that if the reactive' power, [Ely, 
is lagging with regard to E, it is leading with regard to I . 
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The reactive component of power is absent, or the total 
apparent power is effective power, if 

[jS/]/== _ eV”) = 0; 

that is, 



or, 

tan (E) = tan (/); 

that is, E and I are in time phase or in opposition. 

The effective power is absent, or the total apparent power 
reactive, if 

= 0 ; 

that is, 


or, 

tan jB = - cot / ; 

that is, E and I are in quadrature. 

The reactive component of power is lagging (with regard 
to E or leading with regard to /) if 

[Eiy> 0 , 

and leading if 

[Eiy< U. 

The effective power is negative, that is, power returns, if 

[EIY< d. 

AVe have, 

[E^ - /] =[-^, /] --[El] 

that is, when representing the power of a cireuit or a pan of a 
circuit, current and t‘.m.f. mu>t b(‘ con^idertHl in their proper 
relative plia'-es, hut their pha^e n‘lation with the remaining 
part of the circuit is immaterial. 

We have further, 

[Ejn— ][!;:• I]==[E, I]'- jlE.iY 
[jE,I]^j[E.I]^-[E,'iy-j[E.IY 
[jE,jI] = [E, I] = [EIY ^ j[E, I]' 
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143. If P,^[E,I,l . . . Pn-[EJ,n] 

are the symbolic expressions of the power of the different parts 
of a circuit or network of circuits, the total power of the whole 
circuit or network of circuits is 

P=P^+P. + + Pn. 

. = .... +p^l^ 

P^Pl . . . +P/, 

In other words, the total power in symbolic expression 
(effective as well as reactive) of a circuit or system is the sum 
of the powers of its individual components in symbolic expres- 
sion. 

The first equation is obviously directly a result from the 
law of conservation of energy. 

One result derived herefrom is, for instance: 

If in a generator supplying power to a system the current is 
out of phase with the e.m.f. so as to give the reactive power 
P\ the current can be brought into phase with the generator 
e.m.f. or the load on the generator made non-inductive by 
inserting anywhere in the einaiit an appaiulus producing the 
reactive power — ■ P] that is, coinpc'nsatiou for walll(‘ss currents 
in a system takes place regardless of the location of the com- 
pensating device. 

Obviously, wattless currents exist b(‘lw(‘(‘ii th(‘ (‘Oinpc'iisating 
device and the source^ of wa1tl(‘ss curn‘n1s to Ix^ conip(‘nsated 
for, and for this reason it may 1)(‘ advisable^ to bring th(‘ com- 
p(‘nsator as n(‘ar as j)ossibl(‘ to tlu' circuit to b(‘ (*onip(‘nsat(‘J. 

144. Lik(' power, tonpie in alt (‘mating apparatus is ;i doiible- 
freciuency vector product also, of magm'tisni and tn.ni.f. or 
cunviit, and thus can hi) tr(‘at(‘d in th(‘ sam(‘ way. 

In an induction motor, for instanc(‘, th(‘ tonjU(‘ is th(‘ j)roduct 
of the magiK'tic flux in one direction into thc‘ (*oinj)onent of 
secondary current in jdiaso with the magiu'tic flux in time, 
but in (piadrature position then'with in spaces tinu's th(‘ number 
of turns of this cuiTent, or since tlio g(‘n(‘rat(‘d (‘.m.f. is in (juad- 
rature and proportional to th(‘ magnc'tic flux and th(‘ number 
of turns, the torque of the induction motor is th(‘ product of 
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the generated e.m.f. into the component of secondary" current 
in quadrature therewith in time and space, or the product of 
the secondary current into the component of generated e.m.f. 
in quadrature therewith in time and space. 

Thus, if 

= generated e.m.f. in one direction in space, 

= secondary current in the ejuadrature direc- 
tion in space, 
the torque is 

D =[Eiy=€^H^ - 

By this equation the torque is given in vratts, the meaning 
being that D = [ElY is the power wdiich would be exerted by 
the torque at synchronous speed, or the torque in synchronous 
watts. 

The torque proper is then 



where 

p = number of pairs of poles of the motor. 

In the polyphase induction motor, if /_, = d + is the 
secondary current in ejuadrature position, in ^pace, to e.m.f. 
the current in the same direction in space as is = jl = 
- 4- thus the torque can also be expressed a< 

]) J - th". 

It i^ int(M’(‘stini!; to note tluit the (‘Xpi't'^^ioii Cff torqut*, 

1 ) 

and the expr(‘s.-'ion of power, 

P = [El ]\ 

are the same in character, but the former i-" the imaginary’, the 
latter the real component. Mathematically, torqiu*, in syn- 
chronous watts, can so be considcnHl as imaginary pow'er, and 
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inversely. Physically, “imaginary” means quadrature compo- 
nent; torque is defined as force times leverage, that is, force 
times length in quadrature position with force; while energy is 
defined as force times length in the direction of the force. Ex- 
pressing quadrature position by “imaginary,” thus gives torque 
of the dimension of imaginary energy; and “synchronous watts,” 
which is torque times frequency, or torque divided by time, thus 
becomes of the dimension of imaginary power. Thus, iu its 
complex imaginary form, the vector product of force and length 
contains two quadrature components, of which the one is 
energy, the other is torque : 

=[/. Z] = [/, + /[/, 

and 

[/, Zy = energy 
[/, Z]-^ = torque. 



CHAPTER X\T 


DISTRIBUTED CAPACITY, INDUCTANCE, RESISTANCE, AND 

LEAKAGE. 

146. As far as capacity has been considered in th(^ fore- 
going chapters, the assumption has bi‘on made that the c<jn- 
denser or other source of negative reactance is shmitinl a(*r()>s 
the circuit at a definite point. In many casi‘s, lioweviT, tlw^ 
condensive reactance is distributed over the whole lt*iigth of thi‘ 
conductor, so that the circuit can be considered as shunt etl by 
an infinite number of infinitely small condensers infinitely near 
together, as diagrammatically shoTO in Fig. 101. 



Rig. 101. 


In this case the intensity as well as phase of the current, and 
consequently of the counter e.iii.f. of iiuluctivt^ reactance and 
resistance, vary from point to point; and it is no Icniirt*!' pn**:=il»k* 
to treat the circuit in the usual maimer by tht‘ vt'ctor .liairram. 

This phenomenon is especially noticfahli^ in loiiL^-iii-^aneo 
lines, in underground cables, and to a coHain in ih** 

high-potential coils of alteniatiim-curnnit traii-fnni.t'r- f«ir 
very high voltage. It has the efi\*ct that not only thr o.m.i- . 
but also tlu‘ currents, at tlu^ Ix^ginniiiir. »‘nd. and din» n'l.t | ohns 
of th(‘ conductor, are ditt*ert*nt in intoii-'ity and in plia-o. 

Whc‘re tlu‘ capacity t‘fiect of the line i.- Mnall, it may With 
sufficient api)roximation be ivpn-onte«l by ono cond'*u-«'r of 
tlie Ntnu* caj>acity as the line, duintod aero-- ih* l.n**. Fr - 
(lUiMitly it niaki‘S no difference <‘ither, whetlu r fhi- rou r 
is consid(‘retl as connected acro-'^ tlu* liia* at tin* e,‘neraTor m i, 
or at the receiver end, or at the middle. 

The best approximation is to con-iiler the lint* a- -hunted 

2*2o 
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at the generator and at the motor end, by two condensers 
of one-sixth the line capacity each, and in the middle by a con- 
denser of two-thirds the line capacity. This approximation, 
based on Simpson^s rule, assumes the variation of the electric 
quantities in the line as parabolic. If, however, the capacity 
of the line is considerable, and the condenser current is of the 
same magnitude as the main current, such an approximation 
is not permissible, but each line element has to be considered 
as an infinitely small condenser, and the differential equations 
based thereon integrated. Or the phenomena occurring in the 
circuit can be investigated graphically by the method given in 
Chapter VIL, § 43, by dividing the circuit into a sufficiently 
large number of sections or line elements, and then passing from 
line element to line element, to construct the topographic cir- 
cuit characteristics. 


146 . It is thus desirable to first investigate the limits of 
applicability of the approximate representation of the line by 
one or by three condensers. 

Assuming, for instance, that the line conductors are of 1 cm. 
diameter, and at a distance from each other of 50 cm., and that 
the length of transmission is 50 km., w(‘ got the capacity of the 
transmission line from the formula — 

C= 1.11 X IQ-VZ -e- 41()g^2 microfarads, 

where 

K = dielectric constant of the surrounding nuvliiim ^ 1 in air; 

I = length of conductor == 5 X l()%*m.; 
d = distance of conductors from (^ach otluu* -= 50 cm.; 
d = diameter of conductor = 1 cm. 


Since C = 0.3 microfarad. 


1 ()« 


the condensive reactance is r -= - — olims, 

2 tt/C 

where / = frequency; h(‘uc(‘ at / =00 cy(*les, 

X = 8,900 ohms; 

and the charging cum'iit of the line, at i? = 20,000 volts, 

, . E 

becomes, ^ = 2.25 amperes. 
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The resistance of 100 km. of line of 1 cm. diameter is 22 ohms; 
therefore, at 10 per cent = 2,000 volts loss in the line, the main 
current transmitted over the line is 


2,000 

22 


= 91 amj^eres, 


representing about 1,800 kw. 

In this case, the condenser current thus amoimts to 
less than 2.5 per cent, and hence can still be represented 
by the approximation of one condenser shunted across the 
line. 

If the length of transmission is 150 km., and the voltage, 
30,000, 


condensive reactance at 60 cycles, 
charging current, 
line resistance, 

main current at 10 per cent loss, 


X = 2,970 ohms; 
%= 10.1 amperes; 
r = 66 ohms; 

I = 45.5 amperes. 


The condenser current is thus about 22 per cent of the main 
current, and the approximate calculation of the effect of line 
capacity still fairly accurate. 

At 300 km. length of transmission it -wilh at 10 per c{‘iit 
loss and with the same size of conductor, rise to nearly 9U per 
cent of the main current, thus making a more explieit inve>ti- 
gatioii of the phenomena in the line necessary. 

In many cases of j)ractical engineerinir, however, the capacity 
effect is small enough to be n'pre<ent(Hl by thi^ ap]»roximation 
of one; or, three condeii'^taN >hunted acn)>'' the lim*. 


147. {A) L itic capacitif rt j^rtHriUd h)j tnu CiNidtut-tr ."Jiu/ittd 
acro,sf< middle of I me. 

Let 

= admittance of receiving circuit; 

Z = r — jx ^ impedance of line : 
be = condenser susceptance of line. 
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Denoting in Fig. 102, 

the e.m.f., and current in recei-ving circuit by E, I, 

the e.m.f. at middle of line by E', 

the e.m.f., and current at generator by E^, 



riG. 102. 


we have, 

I ^E(g + jb); 

E' = E + '^ I 

= e\ i + ~ (9 + 


/,= / -jb,E' 

= ^ j 1 + (9^± ?^) + (.<7 + ib) 


_ jb, jr- jx) _ (r - jx y {(/+ jh) \ . 

2 ^ 1 ^ ’ 

or, expanding, 

-fo = ■?{[</ + b, {rh - X(j)] + j[{h - b,) - be {rg + xb )]} ; 
7i!o = 1? 1 1 + (/• - i^) ('/ + jb) - (r - jx) 


+ (T- r f) C7_-L?^) J I 

= A’ 1 1 + {r-jx)(^i + jb - (r-jxy (g+jb) | 


148. (B) Line capacity represented by three condensers^ 
the middle and at the ends of the line. 
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Denoting, in Fig. 103, 

the e.m.f., and current in receiving circuit by £, /, 

the e.m.f. at middle of line by E\ 

the current on receiving side of line by 

the current on generator side of line by 

the e.m.f., and current at generator by 1^ 



Fi«. 103. 


otherwise retaining the same denotations as in (A), Fig. 103, 
we have, 


I =E(g + jb); 

= E^9 + ib-^\; 
E' = E+^-^ 1/ 


= E\1 + 




F' 

• • 0 


= £ 1 5f + ,/ft - ^ — (r-jx) (ij - 


/ft 


iM/. 






I - 1" - r ■ 


lo = E\^g^ 


■I -I /fti /•) > I ft '' 

-jb-jh)- (/--yxi ^oi /- j 


I; .X 


/ft 


yft. ^ / 


li / r 


As will he seen, th(‘ liivt tenii'- in the expre^ion of A’„;inil nf / 
are the same in {A) ami in (S'). 




230 


ALTERNATING-CURRENT PHENOMENA, 


149. Distributed condensive reactance, inductive reactance, 
leakage, and resistance. 

In some cases, especially in very long circuits, as in lines 
conveying alternating-power currents at high potential over 
extremely long distances by overhead conductors or under- 
ground cables, or with very feeble currents at extremely high 
frequency, such as telephone currents, the consideration of the 
line resistance — which consumes e.m.fs. in phase with the 
current — and of the line reactance — which consumes e.m.fs. 
in quadrature with the current — is not sufficient for the ex- 
planation of the phenomena taking place in the line, but several 
other factors have to be taken into account. 

In long lines, especially at high potentials, the electrostatic 
capacity of the line is sufficient to consume noticeable currents. 
The charging current of the line condenser is proportional to the 
difference of potential, and is one-fourth period ahead of the 
e.m.f. Hence, it will either increase or decrease the main 
current, according to the relative phase of the main current and 
the e.m.f. 

As a consequence, the current changes in intensity as well 
as in phase, in the line from point to point; and the e.m.f. 
consumed by the resistance and inductive reactance therefore 
also changes in phase and intensity from point to point, being 
dependent upon the current. 

Since no insulator lias an infinite resistance, and as at high 
potentials not only lc*akage, but (wen direct escape of electricity 
into the air, takes place by “silent dLschargc',’' wc' have to 
recognize the existence of a cunx'ut approximatc^ly j)r()p()itional 
and in phase with the e.m.f. of tlu' liiu'. This currc'iit n^presemts 
consumption of power, and is, tlierefor(\ analogous to the e.m.f. 
consumed by resistane(^ whih' the condc'UsiT curre^nt and the 
e.m.f. of self-induction are wattli‘ss or reactive^ 

Furthermore, tlu' alt(‘rnate current in llu' lino i)r()duc('S in all 
neighboring conductors secondary curr(‘nts, which redact upon 
the primary current, and tluTc'by introduce' e.m.fs. of mutual 
inductance into the primary circuit. Mutual inductance is 
neither in phase nor in ([uadratun' with tlu' current, and can 
therefore be resolved into a power component of mutual induct- 
ance in phase with the current, which acts as an increase of 



DISTRIBUTED REACTAXCE, ETC, 


231 


resistance, and into a ivattless component in quadrature with the 
current, which decreases the self-inductance. 

This mutual inductance is not always negligible, as, for in- 
stance, its disturbing influence in telephone circuits shows. 

The alternating potential of the line induces, by electrostatic 
influence, electric charges in neighboring conductors outside of 
the circuit, which retain corresponding opposite charges on the 
line wires. This electrostatic influence requires a current pro- 
portional to the e.m.f. and consisting of a }X)W€r component, in 
phase with the e.m.f., and a wattless component, in quadrature 
thereto. 

The alternating electromagnetic field of force set uj> by the 
line current produces in some materials a loss of energy by 
magnetic hysteresis, or an expenditure of e.m.f. in phase 
with the current, wiiich acts as an increase of resistance. 
This electro -magnetic h^^stcretic loss may take place in the 
conductor proper if iron wires are used, and will then be 
verj" serious at high frequencies, such as those of telephone 
currents. 

The effect of eddy currents has already been referred to 
under mutual inductive reactance,” of w'hich it is a powder 
component. 

The alternating electrostatic field of force expends energy in 
dielectrics by wiiat is called dielectric hysteresis. In concentric 
cables, wiiere the electrostatic grailient in the dielectric i< com- 
paratively large, the dielectric hy^tere^is may at high jxaen- 
tiaK consume appreciable amounts of energy. The dit-lectric 
hyst(Tc-^is ajipears in the circuit a.-- consumption of a cuiTcnt, 
wiio-'C compoiU‘nt in pha>e with the t‘.m.f. i'^ the (hckctric jnnrir 
current, wiiich may be conriihTiMl a^ thi* jjowfi* eniiijMUieiit of tht‘ 
capacity ciirreiit. 

Beri(h‘S thi>, tluTt* i'^ the inci\*aM‘ of oliniic n-vi^tanee diu* to 
unequal (libinhutiou of curnnt, which, hnwa^ver, i^- U'-ually not 
largt* enough to be noticeable. 

Furtheniiore, the electric field of tin* conductor progre'^'C*^ 
with a fiiiit(‘ velocity, the vciocity of light, heiici* lag*^ behind 
the How’ of p()W(T in the conductor, and mi abo introduce^ 
])owt‘r (*omi)onentb, dei)endiiig on current a:? well as on potential 
difference. 
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160. This gives, as the most general case, and per unit length 
of line: 

e.m.fs. consumed in phase with the current, I, and = rl, repre- 
senting consumption of power, and due to : 

Resistance, and its increase by unequal current distri- 
bution; to the power component of mutual inductive 
reactance or to induced currents; to the power component 
of self-inductive reactance or to electromagnetic hysteresis, 
and to radiation, 

e.m.fs. consumed in quadrature with the current, I, and = xl, 
wattless, and due to: 

Self-inductance, and mutual inductance. 

Currents consumed in phase with the e.m.f., E, and = g E, 
representing consumption of power, and due to : 

Leakage through the insulating material, including silent 
discharge; power component of electrostatic influence; 
power component of caj^acity or dielectric hysteresis, and 
to radiation. 

Currents consumed in quadrature to the e.m.f., E, and = bE, 
being wattless, and due to: 

Capacity and electrostatic injlaence. 

Hence wo g(‘t four constants: 

Kffe(*tivc‘ rc'sistanee, r. 

Effective' r{‘acifui(’(‘, x, 
l^rf('(*tive conduct aiKH', e/, 

I^ffeclivc' susc(‘|)t:inc(‘, - t), 

l)er unit length of line', wliicli n'prc'se'iits the' coc'flicie'uts, per unit 
length of liii(‘, of 

(‘.in.f. consuuK'd in phase' with e*uri*e'nt; 
e'.in.f. ce)nsunK'el in (juadnit ure' with e*uiTent; 
curre'iit ce)nsuine'el in phase' with e.m.f.; 
curre'iit ce)iisuine'el in epiadraturo with e.m.f.; 

Z = r — jx, 

^ =!l - A 


and, absolute. 


z Vr I- 

y =V(f Jr IS\ 
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161. The complete investigation of such a circuit or line con- 
taining distributed capacity, inductive reactance, resistance, etc., 
leads to functions which are products of exjx)nential and of 
trigonometric functions. Tliat is, the current and potential 
difference along the line 'll are given by expressions of the form : 

cos ^ B sin 

Such functions of the distance, z/, or position on the line, 
while alternating in time, differ from the true alternating waves 
in that the intensities of successive half-waves progressively 
increase or decrease with the distance. Such functions are callcHl 
oscillating waves, and, as such, are beyond the scope of tliis 
book, but are more fully treated in Theory and Calculation 
of Transient Electric Phenomena and Oscillations, ’’ Section III. 
There also mil be found the discussion of the phenomena of 
distributed capacity in high-potential transformer mndings, the 
effect of the finite velocity of propagation of the electric field, etc. 



CHAPTER XVII. 


THE ALTERNATING-CURRENT TRANSFORMER. 

162. The simplest alternating-current apparatus is the trans- 
former. It consists of a magnetic circuit interlinked with two 
electric circuits, a primary and a secondary. The primary circuit 
is excited by an impressed e.m.f., while in the secondary circuit 
an e.m.f. is generated. Thus, in the primary circuit power is 
consumed, and in the secondary a corresponding amount of 
power is produced. 

Since the same magnetic circuit is interlinked with both 
electric circuits, the e.m.f. generated per turn must be the same 
in the secondary as in the primaiy circuit ; hence, the primary 
generated e.m.f. being approximately ociiial to the impressed 
e.m.f., the e.m.fs. at primary and at secondary terminals 
have approximately the ratio of thrir n'spectivc^ turns. Since 
the power produced in the S(‘(*oiidaiy is approximately the 
same as that consumed in th(‘ primary, tlu^ primary and 
secondary currents arci ai)proxiinal(‘Iy in iiiv(‘rso ratio to the 
turns. 

163. Besides the magnetic flux iuteiTnik(‘(l with both electric 
circuits — which flux, in a clos(‘d magn(‘lic circuit t ransfoniu^r, 
has a circuit of low r(‘luctauc(‘ -a magiu'tic cross-(lux passes 
between the primary and scrondary coils, surrounding oii(‘ coil 
only, without being int('iTink(‘(l with tli(‘ otlua-. This magiu‘tic 
cross-flux is propoitional to th(‘ curnait in th(‘ (‘h'clric circuit, 
or rather, the am[)er(‘-turns or in.in.f., and so incr(‘as(‘s with the 
increasing load on tlu* t ransforni(‘r, and (*onsl it ut(‘s what is 
called the self-inductive or l(‘akag(‘ r(‘a(*tauc(‘ of tlu^ trans- 
former; while the flux surrounding l)o1h coils may be con- 
sidered as mutual inductive* n^aedance*. This cross-dux of 
self-induction does not gencTate* (‘.ni.f. in the* s(‘condary circuit, 
and is thus, in general, objectionable, by causing a elrop of 
voltage and a decrease of outi)ut. It is this cross-dux, how- 
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ever, or flux of self-inductive reactance, which is utilized in 
special transformers, to secure automatic regulation, for con- 
stant power, or for constant current, and in this case is exagger- 
ated by separating primary and secondary coils. In the con- 
stant potential transformer, however, the primary and secondary 
coils are brought as near together as possible, or even inter- 
spersed, to reduce the cross-flux. 

As will be seen, by the self-inductive reactance of a circuit, not 
the total flux produced by, and interlinked with, the circuit is 
understood, but only that (usually small) part of the flux w^hich 
surrounds one circuit without interlinking mih. the other circuit. 

164. The alternating magnetic flux of the magnetic circuit 
surrounding both electric circuits is produced by the combined 
magnetizing action of the primary and of the secondary current. 

This magnetic flux is determined by the e.m.f. of the trans- 
former, by the number of turns, and by the frequency. 

If 

= maximum magnetic flux, 

/ = frequency, 

n = number of turns of the coil, 

the e.m.f. generated in this coil is 

E = \^2 Tzfn^ 1U-® = 4.44 fn^ volts; 

hence, if the e.m.f., frequency, and number of turii> are deter- 
mined, the maximum magnetic flux is 

^ E lU" 

<l> = =: . 

To produce the magnetism, of the transformer, a m.m.f. 
of (F ampere-turns is re(iuire<I, which i" determined by the --haj^e 
and the magnetic characteristic of the iron, in tlu* manner dis- 
cussed in Chapter XIII. 

For instance, in the closed magiit^tic circuit tran^fermer, tin* 
maximum magntdic induction is Cfe, , where A = the crn>— 
section of magnetic circuit. 
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165. To induce a magnetic density, (g, a magnetizing force of 

5C 

ampere-turns maximum is required, or, —ampere-tums 

v2 

effective, per unit length of the magnetic circuit; hence, for the 
total magnetic circuit, of length, Z, 


or 


where n = number of turns. 

At no-load, or open secondary circuit, this m.m.f., £F, is fur- 
nished by the exciting current, improperly called the leakage 
current, of the transformer; that is, that small amount of primary 
current which passes through the transformer at open secondary 
circuit. 

In a transformer with open magnetic circuit, such as the 
hedgehog transformer, the m.m.f., ?F, is the sum of the 
m.m.f. consumed in the iron and in the air part of the magnetic 
circuit (see Chapter XIII.). 

The power component of the exciting current represents 
the power consumed by hyst('r(‘sis and eddy currents and the 
small ohmic loss. 

The exciting current is not a sim* wave, I)ut is, at least in 
the closed magnetic circuit transfornuu', gn^ally distorted by 
hysteresis, though less so in the open magiuiic circuit trans- 
former. It can, how(‘V(‘r, 1)(‘ r(‘pres(‘n1c‘d by an (‘(juivalent 
sine wave, of (‘(jual intemsity and (‘(pial pow(‘r with the 
distorted wave, and a wattless liiglun' harmonic, mainly of 
triple frociuency. 

Sinc(^ the higher harmonic is small compan'd with the total 
exciting current, and th(‘ exciting (uirnMit is only a small part 
of the total primary current, the liiglKU* harmonic can, for most 
practical cas(‘s, Ix' neglected, and th(' exciting current repre- 
sented by the ec|ui valent sine wave. 

This cc^uivalent sine wave, /y„, k'ads tlie wave of magnetism, 
<E>, by an angle, a, the angle of liysteretic advance of phase, and 
consists of two (*ompoiients, — the hysteretic power current 


7JC 

= — & ampere-turns; 

V2 


^ ^ _ lx., 
~n~nV2 


pamp. eff. 
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in quadrature with the magnetic flux, and therefore in phase 
with the generated e.m.f. = sin <x', and the magnetizing 
current, in phase with the magnetic flux, and therefore in quad- 
rature with the generated e.m.f., and so wattless, = cos a. 

The exciting current, is determined from the shape and 
magnetic characteristic of the iron, and the number of turns; 
the hysteretie power current is 

Power consumed in the iron 
Iqq sin a == — ; ;; . 

Generated e.m.f. 

166. Graphically, the polar diagram of m.m.fs., of a trans- 
former is constructed thus: 

Let, in Fig. 104, 0^> = the magnetic flux in intensity and 
phase (for convenience, as intensities, the effective values are 
used throughout), assuming its phase as the vertical; that is, 
counting the time from the moment where the rising magnetism 
passes its zero value. 



Then the resultant in.in.f. L r(‘})n‘'^e*nTi‘(l hy the vretor, (fj, 
loading 0$ by the angle, = a. 

The geiKTated e.iii.fs. have tlu* phas* isiP, that i-, are jilotted 
towards the left, and repre>ented by tlu‘ virtor^. OEJ and OE/. 

If, now, /9' = angle of time lag in tht‘ seeondary cireiiit, dm* 
to the total (internal and external) secondary reactaiiee, 
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the secondary current, and hence the secondary m.rQ.f. 
^1 = % lags behind E/ by an angle 6', and have the 
phase, 180° + O', represented by the ^ctor OSFj. Construct- 
ing a parallelogram of m.m.fs., with (W as the diagonal and 
as one side, the other side or 0^^ is the primary m.m.f. 
in intensity and phase, and hence, dividing by the number of 

primary turns, n^, the primary current is /(, = . 

^0 

To complete the diagram of e.m.fs., we have now. 

In the primary circuit : 

e.rni. consumed by resistance is //„, in time phase with 7,, 
and represented by the vector, OEr^; 

e.rni. consumed by reac tance is 7(,a:„, 90° ahead of /„, and 
represented by the vector, OEx^; 

e.m.f. consumed by induced e.m.f. is E', equal and opposite 
to E^', and represented by the vector, OE'. 

H e nce, t he total primary impressed e.m.f. by combination of 
OEr^ OEx^, and OE' by means of the parallelogram of e.m.fs. is 

£?(,= OE,,, 

and the difference of pha,se between the primary impressed 
e.m.f. and the priniaiy cum'iit is 

In the secondary eireuh : 

Counter e.m.f. of resistance is I,r, in opposition with I,, and 
represented l)y the vector, OE',,\ 

Counter e.m.f. of reactaiua* is I,x,, 90° behind I,, and repre- 
sented by the vector, OE',,. 

Generated e.m.fs., represented by tlie veetor, OE,'. 

Hen ce, th e secondary tc'rniinal voltage*, by eomiMnalion of 
OE'r,, OE'j, and OE,' by nu'ans of the parallelogram of ('.ni.fs. 
is 

E, = ()E,, 

and the difference of phase between the secondary terminal 
voltage and the secondary current is 

0' = E,0^,. 
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As seen, in the primary circuit the “components of impressed 
e.m.f. required to overcome the counter e.m.fs.” were used for 
convenience, and in the secondary circuit the “counter e.m fs ” 



Fig. 105. — Transformer Diagram with 80° Lag in Secondary Circuit, 


157. In the construction of the transformer diagram, it is 
usually preferable not to plot the secondary quantities, current 



and e.m.f., diiect, but to icdace them to conv^poiideiae with 
the primaiy circuit by multiplying by the ratio of tuni^ a = ^ \ 
for the reason that frequently primary and secondary e.iiif-., 
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etc., are of such different magnitude as not to be easily 
represented on the same scale; or the primary circuit may be 



Fig. 107. — Transformer Diagram with 20° Lag in Secondary Circuit. 


reduced to the secondary in the same way. In either case, 
the vectors representing the two generated e.m.fs. coincide, or 

m,' = OS/. 



Fio. 108. — Transformer Diagniiii with Secondaiy Current in IMiase with 

K.M.K. 

Figs. 1()() to 111 give tlio polar diagram of a transformer 
having the const ants — 

Ty = 0.2 olim, ^ .0173 mhos, 


— 0.33 olun, 

- 100 volts, 

Tj = 0.00167 ohm. 

/j = 00 amperes. 

Xj = 0.002.'5 ohm. 

« = 30 (legrcios. 

fifo = 0.0100 mhos. 
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For the conditions of secondary circuit, 


= 80° lag in Fig. 105 

50° lag “ 106 

20° lag “ 107 

0, or in phase, “ 108 


0^ = 20° lead in Fig. 109 
50° lead 110 

80° lead 111 



As shown, with a change of 0{ otlu^r (juantities, 7^, 
7 q, etc., change in intensity and direction. loc'i ([(‘scribed 

by them are circles, and art‘ sliown in Fig. 112, with 1h(‘ point 
corresponding to non-induct iv(‘ load niark(‘d. Tlu* pjut of the 
locus com ‘spending to a lagging s(‘condary curn'iit is shown 
in thick full lines, and tli(‘ i)ait corr(‘sponding to l(‘ading cur- 
rent in thin full liiu's. 

168. This diagram r(‘pr(‘S(Mi(s the condition of constant 
secondary generat(‘d (Mii.f., E/,i\\ii\ is, coiT(‘,sj)()nding to a con- 
stant maximum inagiu'tic flux. 

By changing all th(‘ ([uan1iti(‘S j)ropoi1 lonally from tli(‘ 
diagram of Fig. 112, th(‘ diagrams for 1h(‘ constant j)riinary 
iinpress(‘d c.m.f. (Fig. lid), and for constant s(‘c()n(lary l(‘rininal 
voltage (Fig. 114), are d(‘riv(‘d. In th(‘se cas(‘s, th(‘ hums gives 
curves of higher or(k‘r. 

Fig. 115 gives the locus of th(‘ various ([uanliti(‘S wh(‘n the 
load is changed from full load, 7^ = 60 anii)(‘r(‘s in a non-induc- 
tive secondary external circuit to no-load or op(‘n-circuit: 
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(a) By increase of secondar}’' current; [b) by increase of 
secondary inductive resistance; (c) by increase of secondary 
condensive reactance. 



As shown in (a), the locus of the secondarj^ terminal voltage, 
£* 1 , and thus of etc., are straight lines; and in (6) and \c), 
paits of one and the same circle (a) is shown in full lines, ib) in 



heavy full lines, and (c) in light full lines. This diagram corrt*- 
sponds to constant maximum magnetic flux; that is, to con-tant 
secondaiy generated e.in.f. The diagrams representing constant 
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primary impressed e.m.f. and constant secondary terminal 
voltage can be derived from the above by proportionality. 

169. It must be understood, however, that for the purpose 
of making the diagrams plainer, by bringing the different values 
to somewhat nearer the same magnitude, the constants chosen 
for these diagrams represent, not the magnitudes found in actual 
transformers, but refer to greatly exaggerated internal losses. 

In practice, about the following magnitudes would be found: 

r„ = 0.01 ohm; = 0.00025 ohm; 

a:o = 0.033 ohm; gr, = 0.001 mho; 

= 0.00008 ohm; = 0.00173 mho; 

that is, about one-tenth as large as assumed. Thus the 
changes of the values of E^, E^, etc., under the different con- 
ditions will be very much smaller. 

Symbolic Method. 

160. In symbolic representation by complex quantities the 
transformer problem appears as follows : 



The exciting current, of the traiisformc'r depentls upon 
the primary e.m.f., which dependauce can Ix' represented by an 
admittance, the “primary admittance,” Y^ = g„ + jb^, of the 
transformer. 
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The resistance and reactance of the primary and the secondary 
circuit are represented in the impedance by 

^0 = '■o - K* and 2^1 = '■i - ]\- 

Within the limited range of variation of the magnetic density 
in a constant-potential transformer, admittance and impedance 
can usually, and with sufficient exactness, be considered as con- 
stant. 

Let 

n, = number of primary turns in series; 
rij = munber of secondary turns in series; 

71 / 

a= -^ == ratio of turns; 

Yq = Qq + jb^ = primary admittance 

= Exciting current 

Primary induced e.m.f. ’ 

— jXo = primarj’ impedance 

E.M.F. consumed in primary coil by resistance and reactance ^ 

““ Primary current ’ 

= secondaiy impedance 

_ E M.F. consumed in second ary coil hv re^i«^tanco and reactance 
Secondaiy current 


where the reactances, and Xj, refer to the true self-intluctioii 
only, or to the cross-flux passing between primary and second- 
ary coils: that is, interlinked with one coil 'only. 

Let also 

Y = g jb = total admittance of secondary circuit, in- 
cluding the inttTiial imptn lance; 

= primary impre.‘^H‘d c.in.f.: 

E' = e.m.f. consumed by primary couuler e.m.f.; 

E^ = secondary terminal voltagt*; 

E/ = secondary generated e.m.f.* 

/q = primal*}^ current, total: 

I QQ = primary exciting cuiTt*iit; 

/j = secondary current. 
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Since the primary counter e.m.f., W, and the secondary 
generated e.m.f., are proportional by the ratio of turns, o, 

E,' =+aEi'. ( 1 ) 

E,' = -E'. 

The secondary current is 

( 2 ) 


consisting of a power component, gE^', and a reactive component, 
bE,'. 

To this secondary current corresponds the component of 
primary current. 


T -YE' _YE' 

I Q _ 


(3) 


The primary exciting current is 


e 

11 

o 

o 

(4) 

Hence, the total primary current is 


o 

11 

• 

o 

(5) 

a 


or, = 

a 

(6) 




a 


The e.m.f. consumed in th(' scrondary coil by tlio internal 
impedance is 

The e.m.f. generated in the secondary coil by the magnetic 
flux is E/. 

Therefore, the secondary terminal voltage is 


E=E'-ZJ,; 
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or, substituting (2), we have 

E^ = E^'n-Z,YU (7) 

The e.m.f. consumed in the primary coil by the internal im- 
pedance is 

The e.m.f. consumed in the primary coil by the counter e.m.f. 
is E'. 

Therefore, the primary impressed e.m.f. is 
E,= E'+ZJ,, 
or, substituting (6), 

E,=^E'\l+Z,l\+^\ 

( ZY) \ 

= -aE'\l+ZJ,+ ^^. 


161. We thus have, 

( ~ Z Y / 

primary e.m.f., E^ = — aEi p+ | - (8) 

secondarjf e.m.f., E^ = E/ * 1 — Z^Y\, (7) 

primary current, /„ = ^ {I'4- a-r„i, (6) 

.secondary current, 1^ = YE^\ i-i 


as function.^ of the .secondary generated e.m.f., £/, as parameter. 
From the al)ove we derive 
Ratio of transformation of e.m.f'.’ 


E. 




ZJ 

(I- 


1 - z,r 




Ratio of transformations of current'. 


L 

u 


1 \ 
a f 


1 



HI 
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From this we get, at constant primary impressed e.m.f., 

= constant; 

secondary generated e.m.f., 

= 




e.m.f. generated per turn. 




secondary terminal voltage. 


E, =- 


En 


1- 7,7 




primary current, 

T = k Y+ a^Y, __ p 

to 2 y Y • ® 

® l+Z<,7„ + ^ 

(Jb 

secondary current, 

F„ 7 


r + 7 

•> • ft 


l+7,7„+^’ 


f — ^0 

: 1 ~ 


“ l+7„7„+^ 

Ct 

At constant secondary terminal voltage', 

= const.; 

secondary generated e.m.f., E/ = 

1-7,7’ 

e.m.f. generated per turn, SE=Ei 1 . 

n, 1—7,7’ 


l+7„7o + 


7„7 


primary impressed e.m.f., W = - aE, 

1-7,7 


primary current, 
secondary current. 


a l-ZJ ’ 

I -F ^ 
•‘1-7,7- 
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162. Some interesting conclusions can be drawn from these 
equations. 

The apparent impedance of the total transformer is 



~Y+a^Y, 



( 13 ) 


Y 4- — 


Y 


( 14 ) 


Substituting now, -3 = Y\ the total secondary admittance, 

CL 

reduced to the primary circuit by the ratio of turns, it is 


Zt = 


1 

Y,+Y' 


+ •^A 


Generator 



T 

E 

i 


T ransfbrmer 


Receiving 

Circuit 



( 15 ) 



1^0 d- Y' is the total admittance of a ilivi(lt‘(l circuit with the 
exciting current of admittance, and the st^condary current 
of admittance, Y' (reduced to primary’), as branches. Thus, 


______ = 7 ' 

F„ 4 


( 16 ) 


is the impedance of this divided circuit, and 

Z,=Z/4Z., 


'17 
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That is, 

The alternate-current transformer, of primary admittance T , 
total secondary admittance Y, and primary impedance u 
equivalent to, and can be replaced by, a divided circuit with the 
branches of admittance Y^, the exciting current, and admittance 
Y 

Y' = -^, the secondary current, fed over mains of the impedance 

(X 

Z^, the interned primary impedance. 

This is shown diagrammatically in Fig. 110. 

163. Separating now the internal secondary impedance 
from the external secondaiy impedance, or the impedance of 
the consumer circuit, it is 

Y^^i+Z; (18) 

where Z == external secondary impedance, 

z =ii. (19) 

. 1 

Reduced to primary circuit, it is 

1 (I ‘"y I '* fy 

Y' ^ 

Z,' I Z'. (20) 

That is, 

An altcrnale-currenL tranf^jonner, oj prif/Htrif (((hniUancr 
primary impedance .'(/ o/ .///■■•/ nftpcdancc Z,, and ratio of 
turn.s a, can, when the srinndary circa it is dosed hy an impedance, 
Z (the impedance of the rcceirer circuil), he replaced, and is cipii va- 
lent to a circuit of i m pcdancc, 7/ (rZ, fed orer mains of the 
impedance, Z„ + Z', idiere Z/ (rZ^, sh anted hy a eircuit of 
admittance, ]\, which latter circuit branches off at the points, 
a, h, between the nn pedances, Z„ and Zj^ . 

This is r('pr('S(‘nt(‘(l dia^rannnatically in 117. 

It is obvious, th(‘^‘for(^ lhal if (h(‘ 1 ransfornuM* contains s(‘V- 
oral independent secondary circuHs, tluy ar(‘ to l)(M*onsi(k‘r(‘d as 
branched off at the points a, h, in diagram, Fi^. 117, as shown in 
diagram. Fig. 118. 
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It therefore follows; 


An alternate-current transformer, of s secondary coils, of the 
internal impedances, Z/, . . . Z^*, closed by external secondary 

circuits of the impedances, Z^, Z^^, . . . Z*, is equivalent to a divided 
circuit 0 / s + 1 branches, one branch of admittance, the excit- 



Transformer I , 



oj Receiving 
ol Circuit 

32 Ej 



ing current, the other branches of the impedances, Z/ + Z^, 
Z/^+ Z^^, . . . Zi^+ Z\ the latter impedances being reduced to 
the prunary circuit by the ratio of turns, and the whole divided 
circuit being fed by the primary impressed e.m.f., E^, over mains 
of the impedance, Z^. 



Consequently, transformation of a circuit merely change^ 
all the quantities proportionally, introi luces in the main- the 
impedance, Z^ + Z/, and a branch circuit between Z^ and Z/, 
of admittance Y^. 
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Thus, double transformation will be represented by diagram 
Fig. 119. 

With this the discussion of the alternate-current transformer 
ends, by becoming identical with that of a divided circuit con- 
taining resistances and reactances. 

Such circuits have been discussed in detail in Chapter IX., 
and the results derived there are now directly applicable to the 
transformer, giving the variation and the control of secondary 
terminal voltage, resonance phenomena, etc. 


T ransformer T ransformer 



Thus, for instauo(', if Z/ ^ and th(‘ Iransforinor contains 
an additional scvondary coil, constantly closfvl by a condcnsive 
reactance of such size that this auxiliary circuit, lo):>:(‘th(‘r with 
the exciting circuit, ^iv('s the r(‘a(*1anc(‘, - with a non- 
inductive s(‘condary cinniil, Z^ ^ W(‘ ^('t th(‘ condition of 

transformation from (*onstant primary poh'niial to (‘onstarit 
secondary current, and invers(‘ly, as previously discuss(‘d. 


N(m-in(hiclive Scrondarif (Urcud. 

164. In a non-induct iv(‘ secondary circuit, the external 
secondary impedance is 

or, reduced to primary circuit, 

a^Z = = R. 
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Assuming the secondary impedance, reduced to primarj’ cir- 
cuit, as equal to the primary impedance, 

— jXg, 

it is 

y. 1 _ 1 

a^{Z + Z^) R + Tg -jx^ 

Substituting these values in equations (9), (10), and (13), 
we have 

Ratio of e.m.fs. : 


® 1 _ (rp - jx,) 

R + r^- jx^ 

“ 1 ‘ + B + I i 


1 + ■ Jo. - 1^ 0 ■_ + ( ?•. -Fo 
R +ro- Po U + - /j, 


or, expanding, and neglecting terms of higher than tliird order, 

a S 1 + 2 T - 

I R +r^- p„ \R +r^- jxJ 

- Fo) + iK^ j : 

or, expanded, ' 

^ = - 0 j 1 + 2 _ yj ) jh^) j • 

Neglecting terms of tertiary order aKo, 


^ +0 . 


Ratio of current)^ 


4-° = - “ + /^o'> (.R - '■« “ P<)} > 

or, expanded, 

= — ■“ {1 + (^0 d- A') + (r^,— yjol li/o j • 
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Neglecting terms of tertiary order also, 

=-!{!+ (3, + A)>- 


Total apparent primary impedance; 

^ 1 + T>^lZ + ('■o - ?^o) (ffo + A) 


2 + -.-Q !Lr:ii 

^ R + r„- jx. 


+ S'o + 


R + r,- jx, 

= {B + (r, - jx,) +R A- jx,) (g^+ jb^)} {1 - (g^ + jh^) 
(R+r^- jb,) + ( 9 ^ 0 + jb^y (R + - jb^y + . . .} 

= {i? + 2 (r„ - jx^) - R^ (g^ + A) “ 2 (r„ - jx^) 

A+A) + R'(9o + Ayi-, 


Zt=R p + 2 - RA + ih) - 2 A- A) A + A) 

+ (do + J^o)'* ( • 


Neglecting terms of tcitiary order also, 
Z,=R 1 1 + 2 - R (<u+ A) j • 

Angle of lag in primary circuit: 


tan 0 = — , h(‘nce, 
ri 


tan d,, = 


2 + lib,, + 2 rj>„ - 2 x„g„ - 2 

1 + - Rg„ - 2 r„f/„ - 2 x,/>„- + R^A 


Neglecting tc'nns of tertiary ordc'r also, 


tan 0^ = 


2 + Hh, 

1 + 2 ^ - Rg, 
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166. If, now, we represent the external resistance of the 
secondary circuit at full load (reducal to the primary circuit) 
by i2o, and denote. 


2r„ 


R. 


= p = ratio 


Internal r^istanee of tra-nsformer 
External resistance of secondary circuit 



= ratio 


Internal reactance of transformer 
External resistance of secondary circuit 


percentage inter- 
nal resistance, 
percentage inter- 
nal reactance, 


p « _ L _ vfl+i'n Hysteretic power current 
Ocf 0 ” Total secondary current 


percentage hysteresis. 


p I. _ _ _ -po+i'n Magnetizing current 
•^0^0 s Total secondary current 


percentage magnetizing cur- 
rent. 


and if d represents the load of the transformer, as fraction of 
full load, we have 


and 


R = 


R. 


2r. , 

2x„ , 

■g-¥. 



Substituting these values we get, as the equations of the 
transformer on non-inductive load. 

Ratio of c.ni.Fs.: 


Em 

R. 


= — (I 


l+d 


yq 


(p - yq' Ih- .(g' / 


~ - U 1 l-f d I p - yq ) ; 


or, eliminating imaginary (juantitie'. 


= (Ipf (Pq~ 

= a J 1 + 1 • 
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Ratio of currents: 



1 , (iL+ig) . (p - n) (h + fg) 


or, eliminating imaginary quantities, 



^ 1 L h ph+qg + g* ) 

-aV^ i + i 



Total apparent primary impedance: 

_ ®. 1 1 + d (p -,'g) - (p -,g){h + ,g) +( I 


or, eliminating imaginary ([uantities, 





3-ph-2qs+-^ + 2 




+ 


2cP 
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Angle of time-lag in primary circuit: 


tan ^0 = ~ 
1 


<i8+» + pg-gK-2!| 

+ <ip-3-ph-,g+^t+* 


l+.p-t 

That is, 

An oJierrwie-curreni transformer, feeding into a non-dndudire 
secondary circuit, is represented hy the constants: 

= secondary external resistance at full load; 
p = percentage resistance; 
q = percentage reactance; 
h = percentage hysteresis; 
g = percentage magnetizing current; 
d = percentage secondary load. 

All these qualities being considered as reduced to (he primary 
circuit by the square of the ratio of turns, a^. 


166. As an example, a transformer of the follomng constants 
may be given: 

e„= 1,000; i?o= 120; q=0.06; 

a= 10; p = 0.02; h=0.02; 

g = 0.04. 

Substituting these values, gives: 

^00 . 

‘ ~ \''(1 .0014 +0.02 d)-+ (0.0002-^-0.00 dr’ 


1, = 


e,da^ e.d 


1.2 




Rn 


i. - .1 + 


tan = 


0.06 d+ ^-0.0004 - 
1.9972 + 0.02 d+^^ 


0.0016 

0.02 

d 
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Thus, double transformation will be represented by diagram, 
Fig. 119. 

With this the discussion of the alternate-current transformer 
ends, by becoming identical with that of a divided circuit con- 
taining resistances and reactances. 

Such circuits have been discussed in detail in Chapter IX., 
and the results derived there are now directly applicable to the 
transformer, giving the variation and the control of secondary 
terminal voltage, resonance phenomena, etc. 


T ransformer T ransformer 



Thus, for instance, if Z/ = Z^, and the transformer contains 
an additional secondary coil, constantly closed by a condensive 
reactance of such size that this auxiliary circuit, together with 
the exciting circuit, gives the reactance, — with a non- 
inductive secondary circuit, Z^ = r^, we get the condition of 
transformation from constant primary potential to constant 
secondary current, and inversely, as previously discussed. 


Non-inductive Secondary Circuit. 

164. In a non-inductive secondary circuit, the external 
secondary impedance is 

Z = 

or, reduced to primary circuit, 

a^Z = = R. 
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Assuming the secondary impedance, reduced to primary cir- 
cuit, as equal to the primary impedance, 

it is 

r_ 1 _ 1 

a^{Z + ZJ B + rg - jx„ ' 

Substituting these values in equations (9), (10), and (13), 
we have 

Ratio of e.m.fs. : 

i. ^ + a + : t’w + (’•. - w (9. + A) 

1 _ (^0 ~ i^o) 

+ r„ - jx^ 

^ ^ ^ 7 '*■ 

/i + ro — jajo 


'1 + 


^0 


R + r„ 


, (. Jo- + I • 
- jx, + [R + r,-ixJ ^ S’ 


or, expanding, and neglecting terms of higher than third order, 

# = - a S 1 + 2 + 2 - Y + 

I R + r,- ]x^ Vff + r„ - jxJ 

(^o - F„) ((/„ + jb„) \ ; 

or, expanded, ^ 

1“ = - a 1 1 + 2> ^ ~ + (/•„ - /x„) (,(/„ + jh„) I • 

Neglecting terms of tertiary onler aKu, 

E, ^ 1 + - fi ^ 


Ratio of currents: 

4-" = - - {1 + (3o + ]\) ^R ^ ; 

or, expanded, 

4-“ = - - {1 + (sf„ + A) + ('•o- A) (s'o 
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Neglecting terms of tertiary order also, 


lx “ 

Total apparent primary impedance; 

Fo 


^ + 90+ fio 


R + ^0- 


= {R + (r* - jx,) +Rir^- jXo) {g^+ p,)} {1 - (g^ + 
(R+r^- po) + (9o+ AY (R + ^o- PoY + . . .) 
= {i2 + 2 (r„ - /x„) - (sf„ + j6o) - 2 (r„ - j\) 

(9o+ + R^ (9o + PoYl ’ 

or, 

Z,=R ^1+2 -R (30 + A) - 2 (r, - jx,) (g, + p^) 

+ RH9o + iboy\- 


Neglecting terms of tertiary order also, 
Z,=R |l +2 ^-S.^-R(g^+jb;)^. 


Angle of lag in primary circuit: 


tan Oq = 


Xt , 

— , hence, 

Tt 


tan = 


1 + 



+ R\ + 2rp, -2x^0- 2 R^gP, 

R9o - 2 - 2 xp,- R^g^^ + R^^b^^ 


Neglecting terms of tertiary order also, 
2 + Rb„ 

1 + 2 ^ - Rg, 


tan d,, = 
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166. If, now, we represent the external resistance of the 
secondary circuit at full load (reduced to the primary circuit) 
by ffy, and denote, 

2 r„ Internal resistance of transformer percentage iutor- 

— P ratio rvf 1 ;_j. 


R, 


External resistance of secondary circuit rCsistailCC 


*2 X^. Internal reactance of transformer percentage illtcr- 

— Q — ratio l j. 


R. 


External resistance of secondary circuit 2ial rcaCtanCe 


- k - ratio - percentage hyrterwis, 

P , _ ^ .■ ^ percentoge magnetizing cur- 

■“O^O 2 ^ Total secondary current TCIlt 

and if d represents the load of the transformer, as fraction of 
full load, we have 

R. 


R = 


d ’ 


and 


2r„ , 

■g‘-pd. 

^ T 




• d' 


Substituting those values wo get, as tlio equations of the 
traiisfonner on iion-iaduetive load. 

Ratio of e.ni.fs.: 

Ij ^ J 

~ — a 1 1 + d I p — ,;q ) ; 
or, eliniiiiatiiig imaginary (luautities. 


= (I Vi,l+ ^/p)'+ f/“q“ 

= < 1 "b ^^P ! • 
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Ratio of currents: 


/.>_ I (p- /qyh+ ?g) j 


or, eliminating imaginary quantities, 




"aV V" ^ d ' 

a ^ 


^ 1 1 

jl + 5 + 

a 1 

! d 

1.1 

h ) 


1 

a 

( d) 


Total apparent primary impedance: 

2, = ^«| 1 + d (p-jg) - (p-jg)(h + jg) I 

or, eliminating imaginary quantities, 

v/(i+^p-5-p^-q£+ +(<^q- I -pg-^g^'+2^) 

■ + ‘*p- 5 “ ^ 


+ &’+Jii 

2 2<f! 
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Angle of time-lag in primary circuit: 

tan 0 ^ r - ,3 ■ 2 

l+<ip-3-ph-qg+-|_jji 

That is, 

An dternate-current transformer, feeding into a non-4nduciive 
secondary circuit, is represented by the constants: 

= secondary external resistance at full load; 
p = percentage resistance; 
q = percentage reactance; 
h = percentage hysteresis; 
g = percentage magnetizing current; 
d = percentage secondary load. 

All these qualities being considered as reduced to the primary 
circuit by the square of the ratio of turns, cH. 


166. As an example, a tran.«iformer of the following constants 
may be given: 

e„= 1,000; 120; q = 0.06; 

a= 10; P = 0.02; h=0.02; 

g = 0.04. 

Substituting these values, gives: 

100 . 

' \/(l. 0014 +0.02 dy+ (0.0002 +0.06 f/j-' 


i, = 


e,dal ££? . 
1.2 ’ 




R. 


.1 \/(i.ooi4 + 5^J+ 0 . 0002 J; 


tan 6^ = 


0.06 d + ^ - 0.0004 - 

d dr 


® 0 002 0 O’’ 

1.9972 + 0.02 d+ 

d- d 
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Ill diagram, Fig. 120, are shown, for the values from d = Q 
to d = 1.5, with the secondary current, i^, as abscissas, the 
values: secondary terminal voltage, in volts; secondary drop 
of voltage, in per cent; primary current, in amperes; excess 
of primary current over proportionality with secondary, in per 
cent, and primary angle of lag. 



The power-factor of the transformer, cos 0^, is 0.45 at open 
secondary circuit, and is above 0.99 from 25 amperes, upwards, 
with a maximum of 0.995 at full load. 

167. As seen, the alternating-current transformer is charac- 
terized by the constants : 

llatio of turns: c = — ‘ 

n,. 

Exciting admittance: + jb^. 

Self-inductive impedances: Z,, = r,, — jx^. 

= '’i - Pi- 
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Since the effect of the secondary impedance is essentially the 
same as that of the primary impedance (the only difference being, 
that no voltage is consumed by the exciting current in the second- 
ary impedance, but voltage is consumed in the primary im- 
pedance, though very small in a constant-potential transformer), 
the individual values of the two impedances, and Z^, are of 
less importance than the resultant or total impedance of the 
transformer, that is, the sum of the primary impedance plus 
the secondary impedance reduced to the primary circuit: 

Z' =Z, + a^Z^, 


and the transformer accordingly is characterized by the two 
constants: 

Exciting admittance, Fj = 

Total self -inductive impedance, Z' = ri — jx'. 

Especially in constant-potential transformers with closed 
magnetic circuit — as usually built — the combination of both 
impedances into one, Z', is permissible as well within the errors 
of observation. 

Experimentally, the exciting admittance. I’d = ?„ + J^o> 
the total self-inductive impedance, Z' —t'~ jx', are deter- 
mined by operating the transformer at its normal frequency: 

(1) "With open secondary circuit, anil measuring volts e^, 
amperes and watts u\, input. 

(2) With the becoiulary short-circuited, ami nica<uring volts 
Cj, amperes q, and watts Pj, inijut. (In tliis case, usually a far 
lower impressed voltage is required,) 


It is then: 


l/o 




^ 0 - v'Po-- 





If a separation of the total impedance Z' into the primary 
impedance and the secondary impedance is desired, as a rule the 
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secondary reactance reduced to the primary can be assumed 
as equal to the primary reactance: 

a\ = x^, 

except if from the construction of the transformer it can be seen 
that one of the circuits has far more reactance than the other, 
and then judgment or approximate calculation must guide in 
the division of the total reactance between the two circuits. 

If the total effective resistance, as derived by wattmeter, 
equals the sum of the ohmic resistances of primary and of 
secondary reduced to the primary: 

r' = Tj + oV, 

the ohmic resistances, r„ and r^, as measured by Wheatstone 
bridge or by direct current, are used. 

If the effective resistance is greater than the resultant of the 
ohmic resistances: 

r' > + aV,, 

the difference: 

r" = / - {rg + aVj) 

may be divided between the two circuits in proportion to the 
ohmic resistances, that is, the effective resistance distributed 
between the two circuits in the proportion of their ohmic resist- 
ances, so giving the effective resistances of the two circuits, 
r/ and r/, by: 

-7-r’ 

' 0 ' 1 ' 0 ' 1 ’ 

or, if from the construction of the transformer as the use of 
large solid conductors, it can be seen that the one circuit is 
entirely or mainly the seat of the power loss by hysteresis, eddies, 
etc., which is represented by the additional effective resistance, 
r", this resistance, r'\ is entirely or mainly assigned to this circuit. 
In general, it therefore may be assumed : 



/ 

2 ’ 


X' 


2a*’ , 

-1- a\ 
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In the calculation of the transformer: 

The exciting admittance, Tj, is derived by calculating the total 
exciting current from the ampere-turns excitation, the mag- 
netic characteristic of the iron and the dimensions of the main 
magnetic circuit, that is the magnetic circuit interlinked with 
primary and secondary coils. The conductance, is derived 
from the hysteresis loss in the iron, as given by magnetic 
density, hysteresis coefiSicient and dimensions of magnetic 
circuit, allowance being made for eddy currents in the iron. 

The ohmic resistances, and r^, are foimd from the dimen- 
sions of the electric circuit, and, where required, allowance made 
for the additional effective resistance, r". 

The reactances, x, and Xj, are calculated by calculating the 
leakage flux, that is the magnetic flux produced by the total 
primary respectively secondary ampere-turns, and passing 
between primary and secondary coils, and within the primary 
respectively secondary coil, in a magnetic circuit consisting 
largely of air. In this case, the iron part of the magnetic leak- 
age circuit can as a rule be n^lected. 



CHAPTER XVIII- 


THE GENERAL ALTERNATING-CURRENT TRANSFORMER OR 
FREQUENCY CONVERTER. 

168 . The simplest alternating-current apparatus is the alter- 
nating-current transformer. It consists of a magnetic circuit, 
interlinked with two electric circuits or sets of electric circuits. 
The one, the primary circuit, is excited by an impressed e.m.f., 
while in the other, the secondary circuit, an e.m.f. is generated. 
Thus, in the primary circuit, power is consumed, in the secondary 
circuit a corresponding amount of power produced; or in other 
words, power is transferred through space, from primary to 
secondary circuit. This transfer of power finds its mechanical 
equivalent in a repulsive thrust acting between primary and 
secondary. Thus, if the secondary coil is not held rigidly as 
in the stationary transformer, it will be repelled and move away 
from the primary. This mechanical effect is made use of in the 
induction motor, which represents a transformer whose second- 
ary is mounted movably with regard to the primary in such a 
way that, while set in rotation, it still remains in the primary 
field of force. The condition that the secondary circuit, while 
revohing with regard to the primary, does not leave the primary 
field of magnetic force, requires that tins field is not undirectional, 
but that an active field exists in every direction. One way of 
producing such a magnetic field is by exciting different primary 
circuits angularly displaced in space with each other by currents 
of different phase. Another way is to excite the primary field 
in one direction only, and get the cross-magnetization, or the 
angularly displaced magnetic field, by the reaction of the 
secondary current. 

We see, consequently, that the stationary transformer and 
the induction motor are merely different applications of the same 
apparatus, comprising a magnetic circuit interlinked with two 
electric circuits. Such an apparatus can propt'rly be called a 
^‘general alternating-current transformer^ The eciuatioiis of the 
stationary transformer and those of the induction motor are 
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merely specializations of the general alternating-current trans- 
former equations. 

Quantitatively the main differences between induction motor 
and stationary transformer are those producal by the air-gap 
between primary and secondary, which is requiral to give the 
secondary mechanical movability. This air-gap greatly in- 
creases the magnetizing current over that in the closal magnetic- 
circuit transformer, and requires an ironclad construction of 
primary and secondary to keep the magnetizing current vithin 
reasonable limits. An iron-clad construction again greatly in- 
creases the self-induction of primary and secondary circuit. 
Thus the induction motor is a transformer of large magnetizing 
current and large self-induction; that is, comparatively large 
primary exciting susceptance and lai^e reactance. 

The general alternating-current transformer transforms be- 
tween electrical and mechanical power, and changes not only 
e.m.fs. and currents, but frequencies also, and may therefore be 
called a frequency converter.^^ Ob^iously, it also may change 
the number of phases. 

169, Besides the magnetic flux interlinked with both primarj’ 
and secondary electric circuit, a magnetic cross-flux passes in 
the transformer between primary and secondan% surrounding 
one coil only, without being interlinkc^d Nith the other. Tliis 
magnetic cross-flux is proportional to the current in the electric 
circuit, and constitutes what is called the self-iinliiction of the 
transformer. As seen, as self-induction of a transformer circuit, 
not the total flux produced by and intc‘rlinked with tlu'- circuit 
is understood, but only that — U'^ually small — part of the flux 
which surrounds the one circuit without int(niinkiniJ: with the 
other, and is thus produced by the iii.in.f. of one circuit only. 

170. Thc‘ mutual magnetic flux of tlie tran^-forint*!’ i- pro- 
duced by tht‘ rc'^ultant m.ni.f. of both el(‘ctnc circuit". It i" 
determined by the count(‘r tMii.f., the uumbt'r ot turii", and the 
frequency of the elcrtric circuit, by the equation: 

A - V2 -/nO ID'b 

where E = efftvtivi* (‘.ni.f., 

/ = fre<iU(‘ncy, 
n = iiumbtT of tuni>, 

<P = maximum magnetic flux. 
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The m.m-f. producing this flux, or the resultant m.m.f. of 
primary and secondary circuit, is determined by shape and 
magnetic characteristic of the material composing the magnetic 
circuit, and by the magnetic induction. At open secondary 
circuit, this m.m.f. is the m.m.f. of the primary current, which 
in this case is called the exciting current, and consists of a 
power component, the magnetic power current, and a reactive 
component, the magnetizing current. 

171. In the general alternating-current transformer, where 
the secondary is movable with regard to the primary, the rate 
of cutting of the secondary electric circuit with the mutual 
magnetic flux is different from that of the primary. Thus, the 
frequencies of both circuits are different, and the generated 
e.m.fs. are not proportional to the number of turns as in the 
stationary transformer, but to the product of number of turns 
into frequency. 

172. Let, in a general alternating-current transformer, 

secondary- „ 

s= ratio — : frequency, or ‘'slip : 

primary 

thus, if 

/ = primary frequency, or frequency of impressed e.m.f., 
s/ = secondary frequency; 

and the e.m.f. generated per secondary turn by the mutual flux 
has to the e.m.f. generated per primary turn the ratio, s, 

s= 0 represents synchronous motion of the secondary; 

s <0 represents motion above synchronism — driven by exter- 
nal mechanical power, as will be seen; 

s = 1 represents standstill ; 

s > 1 represents backward motion of the secondary, 

that is, motion against the mechanical force acting between 
primary and secondary (thus representing driving by external 
mechanical power). 
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Let 

= number of primary turns in series per circuit; 

= number of secondary turns in series per circuit; 

71 / 

a = -^ = ratio of turns: 

Fq =?o+7^o = primary exciting admittance per circuit; 
where 

= effective conductance; 

= susceptance; 

Zq =r^— = internal primary self-inductive impedance 

per circuit, 

where 

Tq = effective resistance of primary circuit; 

Xq = self-inductive reactance of primary circuit; 

” 7^1 = internal secondary self-inductive impe- 
dance per circuit at standstill, or for s = 1, 

where 

= effective resistance of secondary coil; 

= self -inductive reactance of secondary coil at stand- 
still, or full frequency, s = 1. 

Since the reactance is proportional to the frequency, at the 
slip, s, or the secondary frequency, s/, the secondary impedance 
is 

Let the secondary circuit be closed by an external resistance, 
r, and an external reactance, and denote the latter by x at 
frequency /, then at freciuency s/, or slip s, it \\ill be = and 
thus 

Z = r — jsx = external secondary impedance * 

* This applies to the case where the secondary contains induciive react- 
ance only; or, rather, that kind of reactance which is propurtional to the 
frequency. In a conden-aer the reactance is inversely proportional to the fn*- 
quency, in a synchronous motor under circumstances independent of the 
frequency. Thus, in general, we have to set, jc = x' — x" — x"\ where x is 
that part of the reactance which is proportional to the fre(piency, r" that 
part of the reactance independent of the frequency, and .r'" that part of the 
reactance which is inversely proportional to the freciuency; and haw 

at slip Sf or frequency sf, the external secondary reactance sx' + x'' 
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Let 

Mo ~ primary impressed e.m.f. per circuit, 

W = e.m.f. consumed by primary counter e.m.f., 

= secondary terminal e.m.f.. 

Ml = secondary generated e.m.f., 

e = e.m.f . generated per turn by the mutual magnetic flux, 
at full frequency /, 

= prmary current, 
too— primary exciting current, 

1 1 = secondary current. 

It is then. 

Secondary generated e.m.f. 

= m^e. 

Total secondary impedance 

+ Z = + r) — js + x) ; 

hence, secondary current 

7 — E/ _ sn^e 

■ ‘ Z (r^ + r) - js (ajj + x) 

Secondary terminal voltage 

Mi-^Mi - iiZ,= i,z 

= m^e\l- , \ = (r - jsx) _ 

( (^i + r) — js {x^ + xl ) (rj + r) — js {x^ + x) 

e.m.f. consumed by primary counter e.m.f. 

M' = - ^ 0 ^; 

hence, primary exciting current : 

too = M'Y„ ^ - n,e ( 5 f„ + j6J. 

Component of primary current coiresponding to second- 
ary current I j : 



{ (Ti + t)- js (ij + x) j ’ 
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hence, total primary current, 


I = I + I ' 

to.oo* .0 


n ^ , g. + A j . 

r)- js(a:i+ a:) s J 


+ (j-o- J«c) (9o+ A) 1 


Primary impressed e.m.f., 

E,^E'+ I,Z, 

--n Jl+- 

We get thus, as the 

Equations of the General AUemating-Current Transformer, 
of ratio of turns, a; and ratio of frequencies, s; with the e.m.f. 
generated per turn at full frequency, e, as parameter, the values: 

Primary impressed e.m.f., 

s r„- jx„ 


^0 ’^0® I ^ _ jg x) 

Secondary terminal voltage, 


+ (^o- J^o) (5^0+ A) 


E^ = sn,e ) 1 ~ 


r, - ]sx, 


1+ ^)\ 


■■ sn. 


T— jSX 


‘ {t,_+t)- fs{x,-^x) 
gn+ A ) , 


(rj+ r)-is {x. 

Primary current, 

I + r) - fs {X, + r) s \ 

Secondary current, 

r sn,e 

{r,+ r)- js{x,+ X) 

Therefrom, we get : 

Ratio of currents, 

i-“ = - i( 1 + - (^7„ + A) 

I, al s 


Ratio of e.in.fs.. 


1.0 


1 + 4 


r„ - 


c? (r, + r)— js u, + X) 


+ fro f'/o-A' 


1 - 




(r,+ r)- is{x^+ X) 
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Substituting in the equations of the general alternating- 
current transformer, 

Z =0, 

gives the 

General Equations of the Indwtion Motor: 


+ 

?i = 0- 


^0 {r^- jsxf) 

41”“. 


_i ■ go+ a ; 


rj- js®! 








1 + -- (r,- jsXj) (ff„+ jho) 

O 


Returning now to the general alternating-current transfor- 
mer, we have, by substituting 

(rj -t- r)* + 5® (Xj -1- xy = Zk^, 

and separating the real and imaginary quantities, 

^0 = - V I [l + ^ ('■o + ^) + (^1 +^)) 

+ (JSo+^K) ] + J (^1 +x)-x{r,+ r)) 


+ 


()”o&o-^o9'o)] 


j jrihlJ’ , 2p1+ypJ^i±^ + ^]j 
u- +gJ+7L aW sir 


sn^e 

Zi? 


I (ri+ r)+ js (x,-l- x) 


Neglecting the exciting current, or rather considering it as 
a separate and independent shunt circuit outside of the trans- 
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former, as can approximately be done, and assuming the primary 
impedance reduced to the secondary circuit as equal to the 
secondary impedance. 

Substituting this in the equations of the general transformer, 
we get, 

-?o = - + ('■1+ '■)+ (2^1+ ®)] 

+ («i+ a:) - (ri+ r)] j , 

(ri + r) + s=*x (Xi + x)] + js [rajj-xr^h 

, m.e,, 

= r)+js(x^+ x)l 

ii=‘^Kj'i+ r)+ ?s (Xi+ x)l. 

173. The true power is, in symbolic representation (see 
Chapter XV) : 

P=[EI]\ 

denoting, 

sw.V 

— L- = w 
Zk^ 

gives: 

Secondary output of the transformer, 

Pi = [PJ.rf=(^) r = srw; 

Internal loss in secondary circuit, 



Total secondary power, 

Pi + Pi = (r + r^) = sio (r + rj; 



FREQUENCY CONVERTER. 


271 


Internal loss in primary circuit, 

T> 1 *2 * 2 2 / 

Po = %% = V^’i® = J ft = sr^w; 

Total electrical output, plus loss, 

P‘ = P, + P,^ + P,‘ = (^J (r + 2 r,) = «. (r + 2 r.) ; 

Total electrical input of primary, 

Po = ® (^) (r + r, + sr,) = w(r + r^ + sr,); 

Hence, mechanical output of transformer, 

P = P^ - P^ = w (1 - s) (r + r^); 

Ratio, 

mechanical output P _ ^ ~ ^ sp^ed 

total secondary power Pj + s slip 

174. Thus, 

In a general alternating transfoimer of ratio of turns, a, 
and ratio of frequencies, s, neglecting exciting current, it is: 

Electrical input in primaiy, 

p _ gn,V (r + r, + r,s) . 

“ (rj + ry + 4r (Xj 4- xf ’ 

Mechanical output, 

p = g (1 - s)»,V (r + r,l . 

(r^ + ry- + i" tXj T ’ 

Electrical output of seconilaiy, 

o o o 

p .. 

‘ (.'•i + - x)- ’ 

Losses in transformer, 

9 s"H -e-r 

P 1 4- P 1 = P‘ = ~ ^ - 1 . 

" ‘ (r, + r)- + 6" (X, + x;= 
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Of these quantities, and are always positive; and P 
can be positive or negative, according to the value of s. Thus 
the apparatus can either produce mechanical power, acting as 
a motor, or consume mechanical power; and it can either 
consume electrical power or produce electrical power, as a 
generator. 

176 . At 

s = 0, S3m.chronism, Pj, = 0, P = 0, Pj = 0. 

At 0 < s < 1, between s 3 mchronism and standstill. 

Pj, P and P(, are positive; that is, the apparatus consumes 
electrical power P„ in the primary, and produces mechanical 
power P and electrical power P, + P^ in the secondary, which 
is partly, P^, consumed by the internal secondary resistance, 
partly, P^, available at the secondary terminals. 

In this case 

P.+ P/ _ s ■ 
p i - s' 

that is, of the electrical power consumed in the primary circuit, 
Pj, a part P^ is consumed by the internal primary resistance, 
the remainder transmitted to the secondary, and divides between 
electrical power, Pj + P^, and mechanical power, P, in the 
proportion of the slip, or drop below synchronism, s, to the 
speed: 1 — s. 

In this range, the apparatus is a motor. 

Ats > l;or, backwards driving, P < 0, or negative; that is, 
the apparatus requires mechanical power for driving. 

Then: P, - P„‘ - P,‘ < P,- 

that is, the secondary electrical power is produced partly by 
the primary electrical power, partly by the mechanical 
power, and the apparatus acts simultaneously as transformer 
and as alternating-current generator, with the secondary as 
armature. 

The ratio of mechanical input to electrical input is the ratio 
of speed to synchronism. 

In this case, the secondary frequency is higher than the 
primary. 
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At s < 0, beyond synchronism, 

P < 0; that is, the apparatus has to be driven by mechanical 
power. 

Pq < 0; that is, the primary circuit produces electrical power 
from the mechanical input. 

At r + + STj = 0, or, s < - — ; 

the electrical power produced in the primary becomes less than 
required to cover the losses of power, and becomes positive 
again. 

We have thus: 




consumes mechanical and primar}’* electric power; produces 
secondary electric power. 


r 4- r 


^ < s<0 


consumes mechanical, and produces electrical power in primary 
and in secondary circuit. 

0 < 6 - < 1 


consumes primary electric power, and produces mechanical 
and secondary electrical power. 

1 < s 

consumes mechanical and primary electrical power: proeluces 
secondary electrical power. 

176. As an example, in Fig. 121 are })lotted, with the t^lij') 6- :i<: 
abscissas, the values of* 

Secondary electrical output as Curve L; 
total internal loss as Cur\’e 11. ; 

mechanical output as Cuive III.: 

primary electrical input as Ciiive lY.; 
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for the values: 

n^e = 100.0; r = 0.4; 

rj == 0.1; X = 0.3; 

x^ = 0 . 2 ; 


hence, 


p 16,000 . 

‘ 1+ s* ' 

pi, pi— 8,000 . 

p 4,000 s (5 + s) 

» “ 1 + 
p 20,000 s (1 - s) 
1 + s* 



177. Since the most common practical application of the 
general alternating-current transformer is that of frequency 
converter, that is, to change from one frequency to another, 
either with or without change of the number of phases, the 
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following characteristic curves of this apparatus are of great 
interest. 

1. The regulation curve; that is, the change of secondary 
tenninal voltage as function of the load at constant impressed 
primary voltage. 

2. The compounding curve; tliat is, the cliange of primary 
impressed voltage required to maintain constant secondary 
terminal voltage. 

In this case the impressed frequency and the speed are con- 
stant, and consequently the secondary frequency is also constant. 
Generally the frequency converter is used to change from a low 
frequency, as 25 cycles, to a higher frequency, as 62.5 cycles, 
and is then driven backward, that is, against its torque, by 
mechanical power. Mostly a S 3 mchronous motor is employed, 
connected to the primaiy mains, which by over- excitation 
compensates also for the lagging current of the frequency 
converter. 

Let, 

Ty = ffo primary exciting admittance per circuit of 

the frequency converter. 

=r^ — jx^ = internal self-inductive imjXHlanct* jx^r second- 
ary circuit, at the secondary frequency. 

Zq = — jXy = internal self-inductivt‘ im}xnlance per pri- 

mary circuit at the })nmary fre(|uency. 

a = ratio of scvoiidary to priiiiary turn^ per circuit . 

b = ratio of number of .Mvondary to number ef primary 
circuits. 

c = ratio of secondary to primary fretpuaicies. 

Let, 

e = generated e.m.f. pta* secondary circuit at ’secondary 
freciuency. 

Z = r — jx — external imptnlance })er secondary circuit at 
secondary frequency, that is load on secondary system, where 
x = 0 for non-inductive load. 
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We then have, 

the total secondary impedance, 

Z + 2', = (r + rj - j (x + a;,); 

the secondaiy cmrent, 


/ =- 


where, 

r + ^ X A- 

(r + r + {x xj^ (r + + (x x^y 

and the secondary terminal voltage, 


= e (tti + ja^); 


e(r - jx) (fflj + ja^ = e (b^ + jb^); 


where. 


= (^^1 + ^^2) ^2 = (^<^2 ” ^^1); 

primary generated e.in.f. per circuit, 

e 


E^=' 


ac 


primary load current per circuit, 

7 ^ = ahl ^ = ahe (a^ + ]\) ; 

primary exciting current per circuit. 




thus, total primary current, 

Iq (^1 7^2) ^ 


/» nhn 


9o 




7 


where, 


6, 
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and the primary terminal voltage: 

+ I JZ, 

= e (di+ jdj) 


where, 


di =— + and d, = r,c^ -x^c,; 

CvC 


or the absolute value is 


= e\/d^ + d^. 




substituting this value of e in the preceding equations, gives, 
as function of the primary impressed e.m.f., 

secondary cun-ent, 

ohsnbi+A r = „ . ,a,® + a = . 




d,* + d;- 


secondary terminal voltage, 

V - ^0 (^1 + 

■ ' + d/ 

primary current, 

j gp 

■ “ \/d.= + d/ 

j)rimary impressed e.m.f. 


= e„\ : 

' dr - d = 


I = e \ : 

'>yd--d:- 


secondary output, 


gp td, -r /dj , 
\ dj= -i- dr 




primary electrical input, 

p == r/r 7 = £i.~ . 

^ 0 Lpu^. 0-1 (i--^ (I - 

primary apparent input, volt-amperes, 

^O-Q ^ 0 ^ 0 * 
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Substituting thus different values for the secondary external 
impedance, Z, gives the regulation curve of the frequency 
converter. 

Such a curve, taken from tests of a 200-kw. frequency converter 



Pio. 122. 


changing from 6300 volts, 25 cycles, three-phase, to 2500 volts, 
62.5 cycles, quarter-phase, is given in Fig. 122. 

From the secondary terminal voltage, 

E, = e 4- 

it follows, absolute, 


Cj = e 


e — 


lx. 


^/b,^ + b' 
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Fig. 123. 


Substituting these values in the above equation gives the 
quantities as functions of the secomlan’ tenninal voltage, that 
is, at constant or the compounding cun'o. 

The compounding cuiTo of the frequency converter above 
mentioned is given in Fig. 123. 
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INDUCTION MACHINES. 

178 . A specialization of the general alternating-current trans- 
former is the induction motor. It differs from the stationary 
alternating-current transformer, which is also a specialization 
of the general transformer, in so far as in the stationary trans- 
former only the transfer of electrical energy from primary to 
secondary is used, but not the mechanical force acting between 
the two, and therefore primary and secondary coils are held 
rigidly in position with regard to each other. In the induction 
motor, only the mechanical force between primary and second- 
ary is used, but not the transfer of electrical energy, and thus 
the secondary circuits closed upon themselves. Transformer 
and induction motor thus are the two limiting cases of the 
general alternating-current transformer. Hence the induction 
motor consists of a magnetic circuit interlinked with two electric 
circuits or sets of circuits, the primary and the secondary 
circuit, which are movable with regard to each other. In 
general a number of primary and a iiumbcn* of secondary 
circuits are used, angularly displaced around the periphery of 
the motor, and containing e.in.fs. displaced in })liase by the 
same angle. This multi-circuit arrangement has the object 
always to retain secondary circuits in inductive relation 
to primary circuits and vice versa, in spite of their relative 
motion. 

The result of the relative motion between primary and second- 
ary is, that the c.m.fs. generated in the secondary or the motor 
armature are not of the same freciuency as the e.m.fs. impressed 
upon the primary, but of a freciuency which is the difference 
between the impressed frorjuency and the frocpiency of rotation, 
or equal to the ‘'slip,’’ that is, the difference between syn- 
chronism and speed (in cycles). 

280 
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Hence, if 

/ = frequency of main or primary e.m.f., 
s = percentage slip; 

sf = frequency of armature or secondary e.m.f., 
and, (1 - s) / = frequency of rotation of armature. 

In its reaction upon the primary circuit, however, the arma- 
ture current is of the same frequency as the primary current, 
since it is carried around mechanically, with a frequency equal 
to the difference between its own frequency and that of the 
primary. Or rather, since the reaction of the secondary on the 
primary must be of primary frequency — whatever the speed 
of rotation — the secondary frequency is always such as to 
give at the existing speed of rotation a reaction of primary 
frequency. 


179. Let the primary system consist of equal circuits, 

displaced angularly in space by of a period, that is, — of 

Po P, 

the width of two poles, and e.xcited by e.m.fs. di.splaced in 

phase by of a period; that is, in other words, let the field 
Po 

circuits consist of a symmetrical Pi,-phasc system. Analo- 
gou.sly, let the armature or secondarj’ circuits consist of a 
symmetrical pj-phase system. 

Let 

?!„ = number of primary turns per circuit or phase; 

Uj = number of secondary turns per circuit or phase; 

a = = ratio of total primary turns to total secondary 

'^iPi 

turns or ratio of transformation. 

Since the number of secondarj’ circuits and number of tum.s 
of the secondarj’ circuits, in the induction motor — as in the 
stationary transformer — is entirely unessential, it is preferable 
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to reduce all secondary quantities to the primary system, by the 
ratio of transformation, a; thus 

if E' = secondary e.m.f. per circuit, 

El = aEi = secondary e.m.f . per circuit reduced to primary 
system; 

if 7/ = secondary current per circuit, 

T f 

1 1 = secondary current per circuit reduced to primary 

® system; 

if r/ = secondary resistance per circuit, 

Tj = aVj = secondary resistance per circuit reduced to pri- 
mary system; 

if x/ — secondary reactance per circuit, 

Xi = a^Xi = secondary reactance per circuit reduced to pri- 
mary system; 

if 2 / = secondary impedance per circuit, 

2 j = ahi = secondary impedance per circuit reduced to pri- 
mary system; 

that is, the number of secondary circuits and of turns per 
secondary circuit is assumed the same as in the primary system. 

In the following discussion, as secondary quantities, the 
values reduced to the primary system shall be exclusively 
used, so that, to derive the true secondary values, these quan- 
tities have to be reduced backwards again by the factor 

0=^. 

riiPi 


180. Let 

= total maximum flux of the magnetic field per motor pole. 

We then have 

E—V2 TtnJ <I> 10“® = effective e.m.f. generated by the magnetic 
field per primary circuit. 

Counting the time from the moment where the rising mag- 
netic flux of mutual induction, O (flux interlinked with both 
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electric circuits, primary and secondary), passes through zero, 
in complex quantities, the magnetic flux is denoted by 

and the primary generated e.m.f., 


E = - e; 

where 

e = V2 7^?^/<^> 10”®may be considered as the '^active e.m.f. of the 
motor,” or counter e.m.f.” 


Since the secondary frequency is s/, the secondary induced 
e.m.f. (reduced to primary system) is = — se. 

Let 

/q = exciting current, or current through the motor, per primary 
circuit, when doing no work (at sjmchronism), 
and 

Y = g + jb = primary admittance per circuit = — • 

e 

AVe thus have, 

ge = magnetic power current, g^ = loss of power by h\’steresis 
(and eddy cuiTciits) per primaiy coil. 

Hence 

= total loss of power by hysteresis and aldies, as (*ak*ulatL‘d 
according to Chapter XIII . 

he = magnetizing current, and 
njbe = effective m.m.f. per primary circuit ; 

hence njhe = total effective m.iu.f., 

and 


\'2 


uj)e 


= total maximum m.m.f., as n^sultant of th(‘ m.m.f-. 
of tht‘ p, -phases, combiiUMl by th<‘ j>arallelograiii of 
ni.m.fs.* 


* Complete discussion hereof, see ( ’hapter XXXIII. 



284 


ALTERNATING-CURRENT PHENOMENA. 


If (31 = reluctance of magnetic circuit per pole, as discussed 
in Chapter XIII, it is 

v2 

Thus, from the hysteretic loss, and the reluctance, the con- 
stants, g and h and thus the admittance, Y, are derived. 

Let = resistance per primary circuit; 

= reactance per primary circuit; 

thus, 

Zq — jx^ = impedance per primary circuit; 

= resistance per secondary circuit reduced to primary 
system; 

x^ = reactance per secondary circuit reduced to primary 
system, at full frequency /; 

hence, 

sx^ = reactance per secondary circuit at slip s, 
and 

=r^ — jsx^ = secondary internal impedance. 


181, We now have, 

Primary generated e.iri.f., 

E = — c. 

Secondary generated e.m.f., 

se. 

Hence, 

Secondary current, 

/ =_ 

r,-jsx/ 

Component of primary current, corresponding thereto, or 
primary load current, 
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Primary exciting current, 

I^ = eY = e (g + jb); hence, 

Total primary current, 
i = i.o 

= e j 1- (jr+ jb) I ; 

e.m.f. consumed by primary impedance, 

(rT:^ + I • 

e.m.f. required to overcome the primary generated e.m.f., 
—E = e; 

hence. 

Primary terminal voltage, 

= e+ El 


We get thus, in an induction motor, at slip s and active e.m.f. c. 
Primary terminal voltage, 


E,= e 



lllrtZjful 
r,- jsx^ 


+ (»•„- jxj) >(/ - 


i6i 


I . 


Primary current. 




or, in complex expression, 
Primary tt‘rmiiial voltage, 


Primary current. 




+z.y\- 
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To eliminate e, we divide, and get, 

Primary current, at slip s, and impressed e.m.f., E^; 

. s+Z,Y 

or, 

j ^ s+ (r,-jsxd (g+jb) _ 

• -M) +s + (ro-/a;o) (g +jb) » ’ 


Neglecting, in the denominator, the small quantity ZJZ^Y, 
it is 

^ Z,+ sZ,^o 

_ s+ (r, - jsx,) (g+jb) ^ 

(r,-isx,) + s(r,-jx,) “ 

(g + r,g + ga;,&) + j (r,b - sx,q) ^ 
sr^- js{x^-\- x^) ®’ 

or, expanded, 


[(grj + g=*r„) + r^g + sr^ (rj- xfi) + g*Xj {x^g + x^g+ rjb)] + 

T +]W Ca:„+a:,)+r,^&+gr, (x^q+r,b) + ^x, (xjb+xjb-r.g)] „ 
(r^+sr.y+s^ix.+ x.y 


Hence, displacement of phase between current and e.m.f., 


tan^ s'Ca^^+a:,) +r,==6 + sr, (x,g + r„b) + g^x, {x,b + x,b -r,g) 

“ (gr^ + g*?Vo) + r^g + sr^ (r^ - xp) + g^x^ (x j +xp,- rjb) ' 

/ 

Neglecting the exciting current, I^, altogether, that is, setting 

F =0, 


We have 


7 ,r, (^+ sr,) + js (x„+ X,) 

• “(r,+ grJHg* (Xo+a;iP 

= Sisi ■ 

('-1+ sr,)- is (x„+ Xj) ’ 


tan0„=ii*a±A). 
r,+ sr. 
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182 . In graphie representation, the induction motor diagram 
appears as follows : — 

Denoting the magnetism by the vertical vector 0$ in Fig. 124, 
the m.m.f. in ampere-turns per circuit is represented by vector 
OF, leading the magnetism, OO, by the angle of hysteretie 
advance a. The e.m.f. generated in the s econdary is propor- 
tional to the slip s, a nd represented b}' OE^ at the amplitude of 
180°. Dividing OE^ by a in the proportion of Tj -e .sr,, and 
connecting a with the middle, 6, of the upper arc of the circle, 
OE^, this line intersects the lower arc of the circle at the point, 
Tjr^. Thus, 0/^1 is the e.m.f. consumed by t he secondary 
resistance, and 07, Xj equal and parallel to £'i7,r, is the e.m.f. 
consumed by the secondary reactance. The angle, F,07,r, = 0,, 
is the angle of secondary lag. ' 



The .secondaiy m.m.f., ()(J,. i.« in the direction of the vector. 
Ol^Ty Completing the parallelogram of m.m.f'. with OF a* 
diagonal and 0^„ a' one side, give' the j.riniarv m.m.f., 00. 

other .dde. The primary current ainl ^e^ e.m.f. consumed 
by the primaiy resistance, repre.'eiite<l by 0/r„. i' in line with 
OG, the e.m.f. consuimd by ^he primary reactancejt(i° ahead 
of OG, and representetl by 07 j:„, and their re.'ultant, 01:,,. i.' the 
o.m.f. consumed by the primary jinpedance. The e.m.f. gene- 
rated in the primary circuit is OE', and the e.m.f. reijuired to 
overcome tliis counter e.m.f. is OE equal and ojjposite to 
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OE'. Combining OE with OIz^ gives the primary terminal 
voltage represented by vector OE^, and the angle of primary lag, 
EfiG =6g. 

183. Thus far the diagram is essentially the same as the 
diagram of the stationary alternating-current transformer. 
Regarding dependence upon the slip of the motor, the locus of 
the different quantities for different values of the slip, s, is 
determined thus. 



Let = sE'. 

Assume in opposition to 0^, a point. A, such that 


OA -5- -5- IjSx^, then 

= X _ /.r, X sE' _ r, 

Zjsa:, x^ 


E'= constant. 
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That is, 7,r, lies on a half-circle with OA = — ^ as diameter. 

That means lies on a half-circle, in Fig. 125 with ()(' 

as diameter. In con3e<{uonce hm^of, lii^ on half-circle 

with FB ec^ual and parallel to OC as diamtter. 

Thus Ir^ lies on a half-circle with DH as diameter, which 
circle is perspective to the circle, FB, and Ix^ lies on a half- 
circle with IK as diameter, and on a half-circle with LN 
as diameter, wiiich circle is derived the combination of the 
circles, Ir^ and 

The primaiw’ terminal voltage, lies thus on a half-circle, 
6o, equal to the half-circle, and ha\iug to i>oiut E the same 
relative position as the lialf-circle, 7?^, lias to point U. 

This diagram corresponds to coiL<tant inteiL<it\" of the maxi- 
mum magnetism, 0<I>. If the primaiw" impresse<l voltage, 
is kept constant, the circle, of the primary impressetl voltage 
changes to an arc with 0 as center, and all the corresponding 
points of the other circles have to be reduced in accordance 
herewith, thus ghing as locus of the other quantities curv'es of 
higher order wiiich most conveniently are const met etl point for 
point by reduction from the circle of the loci in Fig. 125. 


Torque and Poictr. 

184. The torque developed per poh* by an electric motor 

Cj) 

equals the product of effective magneti^iii, — tinier errective 

\ 2 
cjr 

armature m.m.f., , time^ th(‘ .'-ine of the andt* botwet^u both, 

\ 2 

D = Mil . 


If /q = numbiT of turii", -^eurrniT, por with 

pj ariiuiture circuits, the total iiia\iiiiuni curixnt p<«l:inzau<»ii, 
or m.m.f. of the armature, 




v2 


Hence the toniiu* jier }>ole, 

2 \ 2 


sin (^7j). 
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If q =the number of poles of the motor, the* total torque 
of the motor is, 

D = sin ($7 ), 

2 \/2 

• 

The secondary induced e.m.f., E^, lags 90° behind the inducing 
magnetism, hence reaches a maximum displaced in space by 
90° from the position of maximum magnetization. Thus, if 
the secondary current, Zj, lags behind its e.m.f., E^, by angle, 
d^, the space displacement between armature current and field 
magnetism is 

t (Zi«*>) = 90° + d„ 
hence sin = cos 6^. 


We have, however, 


cos 6^ = 




7 es 10~* 
e = V2 10“®, 


thus. 




elO^ 

\/2;r/’ 


substituting these values in the ccjuation of the torque, it is 

qp,sr,^ 10 ’’ _ 

4^/(r.H s%^) ’ 


or, in practical (c.g.s.) units, 

4 nf + s^Xj*) ’ 


is the torque of the induction motor. 

At the slip, s, the frequency, /, and the number of poles, g, 
the linear speed at unit radius is 
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hence the output of the motor, 

P^Dv, 

or, substituted, 

p p,r,^s (1 - s) 

is the power of the indutUion motor. 

186. We can arrive at the same results in a different way: 

By the counter e.m.f., e, of the primary circuit ■with current 
I =1,0+1 like power is consumed, e/ = e/ <,+ e/ ,. The power, 
elo, is that consumed by the primar}' hj-steresis and eddys. 
The power, e/ j, disappears in the priman’ circuit by being trans- 
mitted to the secondaiy system. 

Thus the total power impressed upon the seeondar}' system, 
per circuit, is 

P, = el j. 

Of this power a part, P,/,, is consumed in the secondar}' circuit 
by resistance. The remainder, 

P'= /, - E,), 

disappears as electrical power altogether; hence, by the law 
of conser\-ation of energy, mu.<t reapjjear as >ome other form ui 
energy, in thi.s case as mechanical power, or as the output of 
the motor (including friction). 

Thus the mechanical output per motor circuit is 

P'= /.-e-P.). 

Substituting, 

P| = j>e; 


it is 

p, rs 1 1 — 

_ ra (1 - s) (r, - jsx,) , 

2 ) J!.- 2 f 

Ti + 6 Xj 
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hence, since the imaginary part has no meaning as power, 

(1- s) . 

and the total power of the motor, 

At the linear speed, 

V = (1 — s) 

3 

at unit radius the torque is 

n =__2EZi^£_. 

4 itf {r^ + ^x^) 


In the foregoing, we foimd 


Ef. = e s 1 + s 


|+Z.7j, 


or, approximately. 


E,^e]l + spi; 


or. 


expanded. 


e = ^A_. 


e=E, 


r.^ — ]sx.^ 


(r^+sr^)- js(x^+x,)’ 
or, eliminating imaginary quantities, 

e=E \! 

“ ^ (T,+sr,f+^{x,+ x,f ■ 

Substituting this value in the equations of torque and of 
power, they become. 


torque. 


D = 


P = 


4 nf J (rj + sr,y + s' (Xj + a:„)'} ’ 

p,r,P„'s (1 - s) _ 

{r,+ sr„)'+ s' (»i+ x^y ’ 


power, 
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Maximum Torque. 


186. The torque of the induction motor is a maximum for 
that value of slip s, where 



or, smee 


for, 




<?P.r,g«s 


4 5r/ |(rj+sr,y + s^ + ’ 

d ( (r, + sr„)^+ ^(a;, + ) 

ds} s J ’ 


expanded, this gives. 


or. 


-^ + ’"0*+ (’3^1+ = 

r. 


s» 

St = 




Substituting tliis in the equation of torque, we get the value of 
maximimi torque, 

- 9 P^E- 


Dt = 


8 -f\r,+ ' 


that is, independent of the secondaiy rt'sistanco, r^. 

The power coiTesj^onding ht^n-to is. hy substitution of s/ in P, 




\\ r.;~ .x,- r./- - r,; 


2 \ v-h \ \ 7v- ‘-^1“ -3^0 ''.o' 


This power is not the maximum output of tht* motor, but 
is less than the maximum output. Tht* maximum r»uTput i-’ 
found at a lessiT .dip, or hiirher -ptH-.!, whilr at tin* luavimum 
tonpie point the output is already 011 tin* d'-riva-f. du** to tla* 
decrease of spet‘d. 

With increasing slip, or decreasing spoed, the toojue of the 
induction motor increases; or inv(TS(‘ly, with im-rea-iiiir load, 
the speed of the motor decreases, and theniiy the torque in- 
creases, so as to carry th(‘ load dow'u to the slip, .s/, corre-'^pond- 
ing to the maximum torque. At tliis point of load and slip 
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the torque begins to decrease again; that is, as soon as with 
increasing load, and thus increasing slip, the motor passes the 
maximum torque point, S/, it falls out of step, ” and comes to a 
standstill. 

Inversely, the torque of the motor, when starting from rest, 
increases with increasing speed, until the maximum torque 
point is reached. From there towards synchronism the torque 
decreases again. 

In consequence hereof, the part of the torque-speed curve 
below the maximum torque point is in general unstable, and can 
be observed only by loading the motor with an apparatus whose 
counter-torque increases with the speed faster than the torque 
of the induction motor. 

In general, the maximum torque point, St, is between syn- 
chronism and standstill, rather nearer to synchronism. Only 
in motors of very large armature resistance, that is, low efficiency, 
sj > 1, that is, the maximum torque, occurs below standstill, 
and the torque constantly increases from S3mchronism down 
to standstill. 

It is evident that the position of the maximum torque point, 
Sfy can be varied by varying the resistance of the secondary 
circuit, or the motor armature. Since the slip of the maxi- 
mum torque point, st, is directly proportional to the armature 
resistance, r^, it follows that very constant speed and high 
efficiency brings the maximum torque point near synchronism, 
and gives small starting torque, while good starting torque 
means a maximum torque point at low speed; that is, a motor 
with poor speed regulation and low efficiency. 

Thus, to combine high efficiency and close speed regulation 
with large starting torciue, the armature resistance has to be 
varied during the operation of the motor, and the motor started 
with high armature resistance, and with increasing speed this 
armature resistance cut out as far as possible. 

187. If 5 / = 1 , 

r,= Vr^^ + {x^+ x,)\ 

In this case the motor starts with maximum torque, and when 
overloaded does not drop out of stop, but gradually slows down 
more and more, until it comes to rest. 



If 

then 
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st> 1, 

In this case, the maximum tonjue ix)int is reached only 
by driving the motor backwartls, eoimter torque. 

As seen above, the maximum torque, A, is entirely independ- 
ent of the armature resistance, and likewise is the current corre- 
spoiKling thereto, indeix?ndent of the armature resistance. Only 
the speed of the motor depends upon the armature resistance. 

Hence the insertion of resistance into the motor armature 
does not change the maximum torf[ue, and the current corre- 
sponding thereto, but merely low’ers the speed at wiiich the 
maximum torque is reached. 

The effect of resistance inserted into the induction motor is 
merely to consume the e.m.f., which otherwise would find its 
mechanical equivalent in an increasal speed, analogous to 
resistance in the armature circuit of a continuous-current shunt 
motor. 

Further discussion on the effect of armature resistance is 
found under “Starting Torque.’’ 


Maxintum Pou'tr 

188. The powder of an induction motor is a maxiniuui for that 
slip, Sp, where 

f =0 = 

as 


or, since 


P = - 




[ '' 1 — ^ 


expanded, thi^ uivc^ 



substituted in \vi‘ get tin* maxiiimm powi^r. 




I'Ar 


- (''•i O - ''"i - -1 
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This result has a simple physical meaning: (r^ + r„) =r is 
the total resistance of the motor, primary plus secondary (the 
latter reduc ed to the primary), (x , -1- is the total reactance, 
and thus V (fj + r + {x^ + x,,)* = 0 is the total impedance of 
the motor. Hence 


2 {r z} 


is the maxiinum output of the induction motor, at the slip, 


The same value has been derived in Chapter XI., as the max- 
imum power which can be transmitted into a non-inductive 
receiver circuit over a line of resistance, r, and impedance, z, 
or as the maximum output of a generator, or of a stationary 
transformer. Hence : 


Tlie maximum output of an induction motor is expressed by 
the same formula as the maximum output of a generator, or of a 
stationary transformer, or the maximum output which can he 
transmitted over an inductive line into a non-inductive receiver 
circuit 


The torque corresponding to the maximum output, Pp, is 

D = . 

^ 8 Ttfz (r + z) 


This is not the maxinuini torque; but the maximum toniue, 
Df, takes place at a lower speed, that is, greater slip, 


+ -To)' ’ 

’’l 1 ', 

since — > , ! = ; 

+ (Xj + x„)^ + \/(r, + (x, +x,)^ 

that is, Sf > Sp. 

It is obvious from these equations, that, to reach as large 
an output as possible, r and z should be as small as possible; 
that is, the resistances, + r„, and the impedances, z, and thus 
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the reactances, + Jy, shouhl Ije small, riiiice r, r„ is 
usually small compared with + x^ it follow.^, that the prohiem 
of induction motor design consists in constructing the motor so 
as to give the minimum possible reactances, x^ + Jo- 

Starting Torque. 

189. In the moment of starting an induction motor, the .sli]) is 

s = 1; 

hence, starting current, 

1 + I'r, -j>,l (g J- 


1 = 


(.'■i-Fi) + + ('•i-Kit iro-J-rJ 'g- p>) 


~-E • 


or, expanded, ^ith the rejection of the la^t term in the <leiiomi- 
nator, as insignificant, 

[(?-i + '•o) + I r, [r^ -r rj - Xj [Xj 4- x J) - b r„x, - x„r. i ] - 

r j[<-»'i + -ro)+^ [-fi-J-,,]'-!/ r„x,-x,.r,i] 

I = ; :r- 

*r,)- 

aiid, displacement of phase, or angle of lag. 


tan = 


Lc, ~j\) , rjr , -r,. ]-x,[x,-x „] i - q_ r„x, - r _ 

" -b r,x, > 

Neglecting the exciting current, tj = 0 = h, the-e cpiatiois 
a>sunie the form. 


^ ^ - '-ni - / J, ^ A'„ 

• - rj- ^ .X, - x„r' r, - 


or. eliminating imaginary iiuantitic' 


1 = 


K. 


- '-'-i - •'•u" 


and tan «, , = 

r, - r„ 
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That means, that in starting the induction motor without 
additional resistance in the armature circuit, — in which case 
Xi + is large compared with + r^, and the total impe- 
dance, z, small, — the motor takes excessive and greatly lagging 
currents. 

The starting torque is 

r. 

“ 4 x/ { (r, -1- + (Xj -H x^Y } 

4 tt/ 

That is, the starting torque is proportional to the armature 
resistance, and inversely proportional to the square of the total 
impedance of the motor. 

It is obvious thus, that, to secm*e large starting torque, the 
impedance should be as small, and the armature resistance as 
large, as possible. The former condition is the condition of 
large maximum output and good efficiency and speed regula- 
tion; the latter condition, however, means inefficiency and poor 
regulation, and thus cannot properly be fulfilled by the internal 
resistance of the motor, but only by an additional resistance 
which is short-circuited while the motor is in operation. 

Since, necessarily, 

Tj < z, 

we have, ; 

4 7:jz 

and since the starting current is, approximately. 



we have. 


D. 


<< p j 


n T 

^00 


would be the theoretical torque developed at 100 per cent 
efficiency and power-factor, by e.m.f. E^, and current 7, at 
synchronous speed. 
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Thus, 




and the ratio between the starting torque, and the tlieo- 
retieal maximum torque, gives a means to judge the per- 
fection of a motor regarding its starting torque. 

This ratio, , exceeds 0.9 in the best motors. 






Substituting / = — in the equation of starting torque, it 
z 


assumes the form. 


D.-S^r, 


■^Pr 

4r/ 


Since = synchronovis speed, it is; 

The starting torque of the induction motor is equal to the resistance 
loss in the motor armature, divided by the synchrnrmus s{>eed. 

The armature resistance which gives maximimi starting torque 
is 


dr 


= 0 


or since, 


= 




dr, f 

expanded, this gives. 


4 zf (r, - r„)- - - V" ' 

± = 0 - 




the >anie value derived in the paraarapli nn “ liiaviiiium 
torque. 

Thus, adding to the internal armature iv-i-tam-e, r/, in >tart- 
ing the additional resistance. 


r/' = \ r,- - ur, - - r/, 

make,s the motor start with maxiniuin tonjue, while with 
increasing speed the tonpie cou'-tantly decrea^e^, and reaches 
zero at synchronism. Under tho'^e condition'-, tlie induction 
motor behaves similarly to the coiitinuoUi--current ^erie" motor. 
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varying in speed with the load, the difference being, however, 
that the induction motor approaches a definite speed at no-load, 
while with the series motor the speed indefinitely increases with 
decreasing load. 

The additional armature resistance, r'^, required to g^ve 
a certain starting torque, if found from the equation of starling 
torque; 

Denoting the internal armature resistance by r/, the total 
armature resistance is = r/ + r", 


and thus. 


r. . 

^0 An} ir/ + r/' + rX + ix, + x,y’ 


hence, 




\8nfDj 4;r/D, 


{x^+X^Yf. 



Fig. 126. — Speed Characteristics of Induction Motor. 

This gives two values, one above, the other below, the maxi- 
mum torque point. 

Choosing the positive sign of the root, we get a larger armature 
resistance, a small current in starting, but the torque constantly 
decreases with the speed. 
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Choosing the negative sign, we get a smaller ^c^istance, a 
large starting current, and with increasing si>eed the tuniiie 
first increases, reaches a maximum, and then decreases again 
towards synchronism. 

These two points correspond to the two points of the speed- 
torque curve of the induction motor, in Fig. 120, gi\ing the 
desired torque, D^. 

The smaller value of r'' gives fairly good speetl regulation, 
and thus in small motors, where the comparatively large start- 
ing current is no objection, the permanent armature resistance 
may be chosen to represent this value. 

The larger value of r/' allows to start with minimum current, 
but requires cutting out of the resistance after the start, to 
secure speed regulation and efficiency. 


190. Approximately, the torque of the induction motor at 
any slip, s: 


D = 


4-/ {(,rj + sr„)- 4- sr'X,~ ’ 


can be expressed in a simple and so convenient form as function 
of the maximum torque: 


Dt-= 


s-j [r„ + N r/ - (Xj- ’ 


or of the start inq torque: s — 1: 


IK = 


4-/ [.rj+ r„j- -r ixj - X., -j 
Dividing D by I)i .we have 


D 


•2r,^ jr,, -i- \ r„- 


.L\ — S 


^Ih. 


d'l + - x„ 

Since r^, the primary ri'-btauce, i^ ^niall cuiupared with" 

X •= X, - x„. 

the total self-inductive reactance of the motor, it can he neg- 
lected umler the s;(juare root, and the e(iuatiun give.-: 

^ 2D.sir„ -bxl 
(r, -f- ^ " 
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or, still more approximately: 

2sr^a; 

^ r/ + ^ 3 ? 

and tlie starting torque, for : s = 1: 

D = ^ n 

^ s + x^) 


hence, dividing. 


or, if rj is small compared with x, that is, in a motor of low- 
resistance armature; 




r/ + s^x* 


From the equation: 


it follows that for small values of s, or near synchronism : 


By neglecting sV compared with ; 

For low values of speed, or high values of s, it follows, by 
neglecting r/ compared with : 

o - A. 

sx 


that is, approximately, near synchronism, the torque is directly 
proportional to tlie slip, and inversely proportional to the 
armature resistance, that is, proportional to the ratio 

7 — ; near standstill, the torque is inversely pro- 
armature resistance i j r 

portional to the slip, but directly proportional to the armature 
resistance, and so is increased by increasing the armature resist- 
ance in a motor of low-armature resistance, 
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Synchronism. 

191. At synchronism, s = 0, we have, 
h = EJy + jb); 
or, 

I, = E^\ pTP; 

P = 0, D = 0; 

that is, power and torque are zero. Hence, the induction 
motor can never reach complete synclironi.<in, but must slip 
sufficiently to ^ve the toniue con.«umed by friction. 


Running 7iear Synciironisin. 

192. ^\Tien running near synchronism, at a slip, s, above 
the maximum output point, where s is small, from 0.01 to 0.05 
at full load, the equations can be simplihed by neglecting terms 
with s, as of higher order. 

We then have, current, 

T - ^ V . 


or, eliminating imaginary quantities, 
I 


\ C: - »/ 


E.. 


angle of lag. 


P = 


i," !.(■, + — r,'/< 

.vr, T 

PiE^^x . 


J* — J' 


- r,U 


n = . 

4r:fr, ’ 
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or, inversely, 

infr^D 

that iS; 

Near cf>ron.-.->i\ the slip, s, of an induction motor, or its drop 
in speed, is proportional to the armature resistance, r^, and to the 
power, P, or torque, D. 

Example. 

193. As an example are shown, in Fig. 126, characteristic 
curves of a 20-horsepower thiee-phase induction motor, of 900 
revolutions synchronous speed, 8 poles, frequency of 60 cycles. 

The impressed e.m.f. is 110 volts between lines, and the motor 
star connected, hence the e.m.f. impressed per circuit: 

63.5; otE, = 63.5. 
v3 

The constants of the motor are: 

Primary admittance, F = 0.1 + 0.4 /. 

Primary impedance, Z = 0.03 — 0.09 j. 

Secondary impedance, 0.02 — 0.085 /. 

In Fig. 126 is shown, with the speed in per cent of syn- 
chronism, as abscissas, the torque in kilogram-meters as ordinates 
in drawn lines, for the values of armature resistance ; 

= 0.02 : short-circuit of armature, full speed. 
r^ = 0.045 : 0.025 ohms additional resistance. 

= 0.18 : 0.16 ohms additional, maximum starting torque. 

= 0.75 : 0.73 ohms additional, same starting torque ns 

= 0.045. 

On the same figure is shown the current per line, in dotted 
lines, with the verticals or torque as abscissas, and the hori- 
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zontals or amperes as ordinates. To tlie same ('urrent always 
corresponds the same torque, no matter what the speetl may l)e. 

On Fig. 127 is showm, with the current input per line as 
abscissas, the torque in kilogram-meters and the output in hur.-e- 



Fi*.. 127. — Current Charactcn&tii.& i.j:. .M : i. 


power as ordinates in drawn lino-, and the 1 ici \ t!.o inag- 
netisni, in per cent of their .-yii('lin*ii<»u- valia-. a- in 

dotted lines, for the armature re-i-Taii<*e. /\ - 0.(i2, ur .-hurt- 
cireiiit. 

In Fig. 12S is shown, with tlie .-peed, in p« r "f -yncliru- 
nisin, as absei.-sas, the tonpie in drawn lino, and tlie .iiTi'>ut in 
dotted line, for the value of armature re.-istance = 0.045, 
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for the whole range of speed from 120 per cent backwards 
speed to 220 per cent beyond synchronism, showing the two 



Tig. 128. — Speed Characteristics of Induction Motor. 


maxima, the motor maximum at s = 0.25, and the generator 
maximum at s = — 0.25. 

194. As seen in the preceding, the induction motor is charac- 
terized by the three complex imaginary constants, 

= S'o + fioy 'the primary exciting admittance, 

Zq = Tq — jXqj the primary self-inductive impedance, and 
Zj = Tj —pj, the secon(lar 3 ^self-inductive impedance, 

reduced to the primary l)y tlio ratio of secondary to primary 
turns. 

From these constants and tlie impressed e.m.f., the motor 
can be calculated as follows; 

Let, 

e = counter e.m.f. of motor, that is, e.m.f. generated in the 
primary b}^ the mutual magnetic flux. 
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At the slip s the e.m.f. generated in the secondary (*ircuit is, 

se. 

Thus the secondary current, 


86 


1 1 r— = e 


where, 


a, = 




and a, = 




The primary exciting current is, 

■? 00 “ ^^0 ” ^ ((Jo d" 
thus, the total primary current, 

(o li d- /ou = ^ 1 ^ 2)9 

where, 

61 = Uj + ami b.^ = a., — 

The e.m.f, consumed by the primary impedance is, 

= 1 0^0 = ^ ~ 

the primary counter e.m.f. is e, thus the primary impressed 
e.m.f., 

= e — P = e «Cj— /(?,), 

where, 

^1 = 1-^ ^J>i and == rj>., - 

or, the absolute value is, 


^0 - ^ -f cy, 


hence, 


e = 


\/Cj* + Cj 
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Substituting tliis value gives. 

Secondary current, 

g, + /g, « 2 _ 

®«./r2-rTT' ^oVrr-rrT’ 


VCi* + Cj' 




Primary current, 


j = « ^ « v/^'" + • 


Impressed e.m.f., 


^ 0=^0 


Cl + 

v/cTT^ 


Thus torque, in synchronous watts (that is, the watts output 
the torque would produce at synchronous speed), 

D = [elj 


Cl' + c/’ 


hence, the torque in absolute units, 

n = ? = Cq'^i 

'' / (Ci'+C/)/’ 

where / = frequency. 

The power output is torque times speed, thus: 


P, = D (1 - s) = 


eo\ (1 - «) 
Cl' + c,^ 


The power input is, 


Po = r^o(«] = [^oio? + = -Po* + jPo' 

_ e/ (b,c, + 6,c,) e/ (b^c, - b.c,) _ 

Cl' + Cj^ ^ 
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The volt-ampere input, 


Pa, = ej. 


Vc* + c* 


hence, the efficiency is, 

^ - ^1 ~ . 
6,Cj + 6,c, ’ 


the power-factor, 

P„‘ />,c, + h,c, __ 

■^“o "I" "i" ^2'^ 

the apparent efficiency, 

(1 - 

+ ^2') ^‘2“^ 

the ton pie efficiency,* 

D _ flj 

/V ^ 

and the apparent torque efficiency, f 
D Uj 

^ % \ {h^- - />y) ep - cy 


196. Mor^t instructive in sliowiiiLT tlie behavior of nn ii.dnrtinn 
motor are the load curvc'^ and the >j»eod rurve-. 

The load curvc'^ are ciirvO'^ aiviiiL, witii tht- powr r Mutput a- 
alwci-sa'-, the current input, ^^u•t‘d. torque, powtT-fa effi- 
ciency, anil apparent efficiency, < *0 lina^c'^. 

The s[>oed curves pve, with tlie -pt.‘e<l a- ah-ri--a-. thr torque, 
current input, power-factor, torque efficieiiry, ainl apparent 
ton pie efficiency, a< ordinate-. 

* That is till* ratio t»f ar-tiial t«)rq,i»- tn tcirjih* witit-ii \vn,ii«i ].♦' pr.oi tCfi ,f 
tlion^ were 110 1 o-.-ps of ont*rir>’ m thi- motor, at thf -amo pM)\vt‘r lapnt 

t That i> tlio ratio of actual tonpie to tori|\U‘ which wouM \n- jci-U *' 

there w’o re neither loh^os of energy nur piliaic ditplaceiiieiit in the motor, at 
the same volt-ajnpere input. 
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The load curves characterize the motor especially at its 
normal running speeds near synchronism, while the speed 
curves characterize it over the whole range of speed. 

In Fig. 129 are shown the load curves, and in Mg. 130 the 
speed curves of a motor having the constants: Fo=0.01 + 0.1 j; 
Z„ = 0.1 -0.3 r, and = 0.1 -0.3 j. 



Fig 129 


INDUCTION GENERATOR 

196. In the foregoing, the lange of speed from s = 1, stand- 
still, to s = 0, synchronism, has been discussed. In this range 
the motor does mechanical work. 
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It consumes mechanical power, that is, acts as generator or as 
brake outside of this range. 

For s > 1, backwards driving, becomes negative, repre- 
senting consumption of power, while D remains positive; hence, 
since the direction of rotation has changed, represents con- 
sumption of power also. All this power is consumed in the 
motor, which thus acts as brake. 

For s < 0, or negative, and Z) become negative, and the 
machine becomes an electric generator, converting mechanical 
into electric energy. 

The calculation of the induction generator at constant fre- 
quency, that is, at a speed increasing with the load by the 
negative shp, Sj, is the same as that of the induction motor 
except that has negative values, and the load curvas for the 
machine shown as motor in Fig. 129 are shown in Fig. 131 for 
negative slip as induction generator. 

Again, a maximum torque point and a maximum output 
point arc found, and the torque and ])()wer increase from 
zero at synchronism up to a maximum ])oint, and then decrease 
again, while the current constantly increases. 

197. The induction generator dilTers ('ssentially from the 
ordinary synchronous alternator in so far as the induction 
generator has a definite power-factor, while the synchronous 
alternator has not. That is, in the synchronous alternator 
the phase relation between currentand tc'rminal voltage cut ii'C'ly 
depends upon the condition of the external circuit. Tin' in- 
duction generator, however, can operate only if tlu> phase 
relation of current and e.m.f., that is, the pow('r-factor rcijuinvl 
by the external circuit, exactly coincides with the internal 
power-factor of the induction generator. This rc(iuir(s that 
the power-factor either of the external circuit or of the induction 
generator varies with the voltasie, so as to ])crmit the gcMU'rator 
and the external circuit to adjust themselves to ecfiiality of 
power-factor. 

Beyond magnetic saturation the power-factor decn'ases; 
that is, the lead of current increiises in the induction machine. 
Thus, when connected to an external circuit of constant j)owcr- 
factor the induction generator will either not gf‘n(>ral(' at all, 
if its power-factor is lower than that of the e.xterual circuit, or. 
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if its power-factor is higher than that of the external circuit, th< 
voltage will rise until by magnetic saturation in the inductioi 
generator its power-factor has fallen to equality with that o 
the external circuit. This, however, requires magnetic satura 
tion in the induction generator, in some part of the magnetic 
circuit, as for instance in the armature teeth. 

To operate below saturation, — that is, at constant interna 
power-factor, — the induction generator requires an externa 
circuit with leading current, whose power-factor varies with th( 
voltage, as a circuit containing synchronous motors or syn 
chronous converters. In such a . circuit, the voltage of th( 
induction generator remains just as much below the counte 
e.m.f. of the synchronous motor as is necessary to give th( 
required leading exciting current of the induction generator, anc 
the synchronous motor can thus to a certain extent be callec 
the exciter of the induction generator. 

When operating self-exciting, that is, shunt- wound, con 
verters from the induction generator, below saturation of botl 
th5 convertor and the induction generator, the conditions ar 
unstable also, and the voltage of one of the two machines mus 
rise beyond saturation of its magnetic field. 

When operating in parallel with synchronous alternating cur 
rent generators, the induction generator obviously takes it 
leading exciting current from the synchronous alternator, whicl 
thus carries a lagging wattless current. 

198. To generate constant freciuency, the speed of the in 
(luction generator must increase with the load. Inversely 
when driven at constant speed, with increasing load on th 
induction generator, the frequency of the current generate< 
thereby decreases. Tims, when calculating the charactoristi 
(*urvcs of the const an t-si)eed induction generator, due regar 
has to be taken of the dccr(‘asc of freciuency with increase c 
load, or what may be calle<l the slip of freciuency, s. 

Let, in an induction generator, 

Yq =- = primary exciting admittance, 

Zq = = primary self-inductive im[)e(lance, 

= secondary self-inductive impedance, 

reduced to primary, all these quantities being redu(*ed to th 
frequency of synchronism with the speed of the machine, /. 
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Let e = generated e.in.f., reduced to full frequency. 

« = slip of frequency, thus: (1 — s) / = frequency generated 
by machine. 

We then have 


the secondary generated e.m.f., 

se 

thus, the secondary current, 


where. 


1 1 : — = e (a, + ja,), 


O' , , S 

and o, = -r 1— - • 


r,-’ + ’ 

the primary exciting current, 

^ (fl'o + ?\)> 

thus, the total primary current, 
where, 

+ ffo anti = a, + 6,; 
the primary impedance voltage, 

^ = /o(^o-j[i-sK); 
the primary generated e.m.f. is, 

e(l-.s). 

Thus, primary terminal voltage, 

So = e (1 - .s) - (r„ - y [1 - 4r„) -- c (r, + jV^), 

where, 

*^1 “ ^ ~ ® ~ ^ 0^1 ~ (1 “ s) and Co = (1 — .S') — To/^o, 

hence, the absolute value is, 

6 ,= eVc,^ + c./, 


^/c,^ + 
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Thus, 

the secondary current, 

fio + J« 2 ) 




+ 




+ c/ 


the primary current, 

®o (^1 + i&j) 




?o = eV! 


+ 6 ,^ 
+ c/ 


the primary terminal voltage, 

_ eo(Ci+/ c,) _ 

•* 

the torque and mechanical power input, 

D = P, = [e/ •• 


2 4 - 2 ' 

the electrical output, 

1 \ = P/ + /P/ = [P„/„] = [P„ZJ‘ + 
e ^ ( 

= yrz~Ti ) + / '-''"/'i “ 


the volt-anipcTO output, 

P e I 

-^c ^ * 

the oflieieiicy, 


0 ^ 2 , 2 ? 
* 1 “ * 2 


i’-'l ^^._+J;/2 . 

the power-factor, 

P ‘ 
cos 


+ ^ 2^3 


or, 


1 ^ J ]) (* — 1 ) c 

tan 0 = . 

P/ O1C1+ 0/2 
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In Fig. 132 is plotted the load characteristic of a constant- 
speed induction generator, at constant terniinal voltage 65 = 110 , 



and the constants; y,, = O.Ol + 0.1 /; — 0.1 — 0,3 /, and 

= 0.1 - 0.3 /. 

199. As an example may bo considered a j)()\ver Iransinission 
from an induction generator of constants F,,, a 

line of impedance, Z = r — /.r, into a synclironous motor of 
synchronous impedance, — o])orating at constant- 

field excitation. 

Let Co = counter e.m.f. or nominal generati'd ('.m.f. of syn- 
chronous motor at full frequency; tliat is, fre(|U(‘ncy of syncliro- 
nism with the speed of the induction genc'rator. Ity tiu' |)rec('d- 
ing paragraph the primary current of the iiuluctioii generator was, 

1 0 = C (/q + jVq) ; 

the primary terminal voltage, 


A’o = e (c, + /c,) ; 
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thus, terminal voltage at synchronous motor terminals, 
E'^E,-I,(r -i[l-s]x) 

= « (dt + jd^), 

where, 

dj^ — c^— rb^ — (1 — s) xb^ and d^ = (1 — s) xb^ — rb^', 

the counter e.m.f. of the synchronous motor, 

E^ “ E' - Z„ (r^ - j [1 - s] x^) 

= e{\ + jk^-, 

where, 

- »'s^i - (1 - s) ^2^2 and ^^2 = (1 - s) ajj&i - 

or the absolute value 

E^ = eVk^^ + Aj*, 

since, however, 

£?2 = e„(l-s), 

we have, 

Vk^^ + k,^ ' 

Thus, the current, 

e„ [1- s) (6i + jT);) 

the terminal voltage at iiulu(*tion generator, 

p = ^0 ~ +_tA 
VkfVk^ ’ 

and the terminal voltage at the synchronous motor, 

7/ / _ (d, + jd,) _ 

/ . V. ■ . » 


herefrom in the usual way the cfficicncitss, power-factor, etc., 
are derived. 
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When operated from an induction generator, a synchronous 
motor gives a load characteristic very similar to that of an 



induction motor operated from a synchronous generator, but 
in the former case the current is leading, in the latter lagging. 

In either case, the speed gradually falls off with increasing 
load (in the synchronous motor, due to the falling off of the 
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frequency of the induction generator), up to a maximum output 
point, where the motor drops out of step and comes to standstill. 

Such a load characteristic of the induction generator in Fig. 132, 
feeding a synchronous motor of counter e.m.f. == 125 volts 
(at full frequency) and synchronous impedance 0.04 — 6 j, 
over a line of negligible impedance is shown in Pig. 133. 

CONCATENATION, OR TANDEM CONTROL OF INDUCTION 

MOTORS. 

200. If of two induction motors the secondary of the first 
motor is coimected to the primary of the second motor, the second 
machine operates as motor with the e.m.f. and frequency 
impressed upon it by the secondary of the first machine, which 
acts as general alternating-current transformer, converting a 
part of the primary impressed power into secondary electrical 
power for the supply of the second machine, and a part into 
mechanical work. 

The frequency of the secondary e.m.f. of the first motor, and 
thus the frecjueiicy impressed upon the second motor, is the 
frequency of slip below complete synchronism, ,s. The fre- 
quency of the secondary generated e.m.f. of the second motor 
is the difference between its impressed frequency, s, and its 
speed; thus, if both motors arc connected together mechani- 
cally to turn at the same speed, 1 — ,s‘, the secondary frequency 
of the second motor, is 2 ,s* — 1, hence equal to zero at s = 0.5. 
That is, the second motor reaches its synchronism at half speed. 
At this speed its tonjue l)ocoines ecjual to zero, the power com- 
ponent of tlie current in it, and consequently the power com- 
ponent of the s(‘condary current of the first motor, and thus 
the t()r(|ue of the first motor becomes e(iual to zero also, when 
neglecting the hysteresis |)ovver current of the second motor. 
That is, a syst(Mn of concatenated motors with short-circuited 
secondary of the si'cond motor ap])roaches half synclironism, 
in tlu' same maniu'r as tlu^ ordinary indmdion motor a])])roaches 
synchronism. With increasing load, its slip Ix'low half syn- 
chronism in(*reases. 

More generally, any pair of induction motors (*onnected in 
(*on(*atenation divide the speed so that the sum of their two 
respective speeds approaches synchronism at no-load; or, 
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still more generally, any number of concatenated motors run 
at such speeds that the sum of the speeds approaches syn- 
chronism at no-load. 

With mechanical connection between the two motors, con- 
catenation thus offers a means to operate a pair of induction 
motois at full efficiency at half speed in tandem, as well as at 
full speed in parallel, and thus gives the same advantage as the 
series-parallel control of the continuous-current motor. 

In starting, a concatenated system is controlled by resistance 
in the armature of the second motor. 

Since, with increasing speed, the frequency impressed upon 
the second motor decreases proportionally to the decrease of 
voltage, when neglecting internal losses in the first motor, the 
magnetic density of the second motor remains practically con- 
stant, and thus its torque the same as when operated at full 
voltage and full frequency under the same conditions. 

At half synchronism the torque of the concatenated couple 
becomes zero, and above half-synchronism the second motor 
runs beyond its impressed frequency; that is, becomes a genera- 
tor. In this case, due to the reversal of current in the secondary 
of the first motor, its torque becomes negative also, that is, the 
concatenated couple becomes an induction generator above 
half synchronism. At about two thirds synchronism, with low- 
resistance armature, the torque of the couple becomes zero again, 
and once more positive between about two thirds synchronism 
and full synchronism, and negative once more beyond full 
synchronism. With high resistance in the secondary of the 
second motor, the second range of positive torcpie, below full 
” synchronism, disappears, more or less. 

201. The calculation of a concatenated couple of induction 
motors is as follows, ’ 

Let 

/ = frequency of main circuit, 

s = slip of the first motor from synchronism. 

The frequency in the secondary of the first motor and thus 
impressed upon the primary of the second motor is .s/. 

The speed of the first motor is (1 —a) /; thus the slii) of the 
second motor, or the frequency in its secondary, is 

s/-(l-a)/=(2..-l) /. 
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Let 

e = counter e.m.f. generated in the secondary of the second 
motor, reduced to full frequency. 

Zg = r^ — = primary self-inductive impedance. 

Z^ = r^ — jx^ = secondary self-inductive impedance. 

Y = g + jb = primary exciting admittance of each motor, 
all reduced to full frequency and to the primary by the ratio 
of turns. 


We then have for the second motor: 
the secondary generated e.m.f., 

e(2s-l); 

the secondary current, 

where. 


e (2 s — 1) . . 


where, 


(2 s-l)ri _ (2s-l)*Xi 

+ (2 s - 1)%^ + (2 s - 1)\^ ’ 

the primary exciting current, 

(o = « (S' + 1^); 

thus, the total primary current, 

7^ = /i + /(, = e (^1 + jh^)j 

1)^ = -f (j and h.^ = Ug -j- fo; 

the prhnary j^^ciicrated e.m.f. is 

.sr, 

the primary im[)edaiic(‘ voltage is 

I2 

thus, the primary impressed e.m.f., 

= .se + /., (r„ -/sr,,) = e (e, + jr.,), 

r, = .s + rJ)^ + and = rj>^ - sxJ)^. 


where. 
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For the first motor, the secondary current, 
^2 = ® (^1 + J^2) ;■ 
the secondary generated e.m.f.. 


E^ = E^+ {r,-jsx^) = e (dj + jd^), 

where, 

di = Cl + + sxj)^ and d^ = Cj + — sxj>^; 

the primary generated e.m.f., 

= T = ® (^1 + J\), 

o 


where. 


, j 7 ^2* 

A, = — and *, = — ; 
‘ s * s ’ 


the primary exciting current, 

= -®4 (ff + 2^)7 


the total primary current, 

( = I2 + ^4 = « (ffi + 232)7 

where, 

gi = 6i + gk^-bk^ and ^2 = 62 + + bk^; 

the primary impedance voltage is, 

I (^-2X); 

thus, the primary impressed e.m.f., 

^0 = E^+ I (r„~ix„) = e (/i,+ jVg, 

where, 

+ ^o.3i + a :^2 and = /.’i + r„g., - 

or, the absolute value, 

e„ = e V/Ji" + /g, 

and, 

e = — 

V/ii' + /i/ 

* At s = 0 these terms, fc, and fcj, become indefinite, and thus at and very 
near synchronism have to be derived by substituting the complete expres- 
sions for ki and k^. 
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Substituting now this value of e in the preceding gives the 
values of the currents and e.m.fs. in the Afferent circuits of 
the motor series. 

In the second motor, the torque 

^2 = 

hence, its power output, 

P 3 = (l-s)D,.= (l-s)e»a,. 

The power input is, 

P3 = [P3/,] = [?./J + j[P,7J 

= e" [(Cj + jc^ (b^ + ]\)l 

hence, the efficiency is, 

Pj _ (l-s) eX _ (l-s)a^ 
p/ [Pjj ■ cA + cA' 

the power-factor is, 

P 2 [Ej^f 4- C 3&3 

Pa, PJ. VA=‘ + c/)(6/ + 6/)’ 
etc. 

In the first motor, 
the torque, 

D, = [(A:, + jk,) (h, + jh,)Y 

= ^ {k^h, + k,b,); 

the power output, 

p, = p,a-s) 

= e" (1 - s) {kfi^ + k,b,); 


the power input, 

Pi = ^ [A + iK) (9i + Wi)] 

= + j[Ejy. 
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Thus, the efficiency is, 

P , (i-5)(^a + W 

[EJY - [EJJ- - {cp^ + cp^ ’ 

the power-factor of the whole system is, 

P, _ 

^0^ V(V + K) (3.^ + gi) ’ 

the power-factor of the first motor is. 

Pi P2 _ (hi9i ^2.92) (^ 1^1 "h <^2^2) 

+ K) (^1 +9/) - V (c,^ + c/) + 6 /)- ’ 

the total eflBiciency of the system, 

•P^jhjPs _ (1 s) (kj) ^ 4 - ^2^2 ^1) 



202 . As examples are given in Fig. 134, the curves of total 
torque, of torque of the second motor, and of current, for the 
range of slip from s = + I .5 to s = - 0.7 for a pair of induction 
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motors in concatenation, having the constants : = 2'^ = 0.1 — 

0.3 j, Y = 0.01 + 0.1 j. 

As seen, there are two ranges of positive torque for the whole 
system, one below half synchronism, and one from about two 
thirds to full synchronism, and two ranges of negative torque, 
or generator action of the motor, from half to two thirds syn- 
chronism, and above full synchronism. 
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Pio. liir) — Concatenation of Induction Motors, Speed Curves. 


Witli liiglicr resistaiH'o in the socoudaiy of the second motor, 
the second range of positive toniiu' of the system disappears 
more or less, and the torque curves become as shown in Fig. 135. 

SINGLE-PHASE INDUCTION MOTOR. 

203 . The magnetic circuit of the induction motor at or near 
synchronism consists of two magnetic fluxes supcrimpos(‘d 
upon each other in quadrature, in time, and in position. In the 
polyphase motor these fluxes are produced by e.ni.fs. displaced 
in phase. In the monocyclic motor one of tlie fluxes is due to 
the primary power circuit, the other to the primary exciting 
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circuit. In the single-phase motor the one flux is produced by 
the primary circuit, the other by the currents produced in the 
secondary or armature, which are carried into quadrature posi- 
tion by the rotation of the armature. In consequence thereof, 
while in all these motors the magnetic distribution is the same 
at or near s 3 mchronism, and can be represented by a rotating 
fleld of uniform intensity and uniform velocity, it remains such 
in polyphase and monocyclic motors; but in the single-phase 
motor, with increasing slip, — that is, decreasing speed, — the 
quadrature field decreases, smce the secondary armature cur- 
rents are not carried to complete quadrature position; and thus 
only a component available for producing the quadrature flux. 
Hence, approximately, the quadrature flux of a single-phase 
motor can be considered as proportional to its speed; that is, 
it is zero at standstill. 

Since the torque of the motor is proportional to the product 
of secondary current times magnetic flux in quadrature, it 
follows that the torque of the single-phase motor is equal to 
that of the same motor under the same condition of operation 
on a poljq)hase circuit, multiplied with the speed; hence equal 
to zero at standstill. 

Thus, while single-phase induction motors are quite satisfac- 
tory at or near s 3 nnchronism, their torque decreases proportionally 
with the speed, and becomes zero at standstill. That is, they 
are not self-starting, but some starting device has to be usccl. 

Such a starting device may cither be mechanical or electrical. 
All the electrical starting devices essentially consist in impres- 
sing upon the motor at standstill a magnetic (luadratiire flux. 
This may be produced either by some outside e.m.f., as in the 
monocyclic starting device, or by displacing the circuits of two 
or more primary coils from each other, either by mutual induc- 
tion between the coils, — that is, ])y using one as s(‘condary 
to the other, — or by impedances of (lifferent inductance factors 
connected with the different primary coils. 

204. The starting devices of the single-pluise induction motor 
by producing a quadrature magnetic flux can be subdivided 
into three classes : 

1. Phase-Splitting Devices. Two or more primary circuits 
are used, displaced in position from each other, and either in 
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series or in shunt with each other, or in any other way related, 
as by transformation. The impedances of these circuits are 
made different from each other as much as possible to produce 
a phase displacement between them. This can be done either 
by inserting external impedances in the circuits, as a condenser 
and a reactive coil, or by making the internal impedances of the 
motor circuits different, as by making one coil of high and the 
other of low resistance. 

2. Inductive Devices. The different primary circuits of 
the motor are inductively related to each other in such a way 
as to produce a phase displacement between them. The induc- 
tive relation can be outside of the motor or inside, by having 
the one coil submitted to the inductive action of the other; and 
in this latter case the current in the secondary coil may be made 
leading, accelerating coil, or lagging, shading coil* 

3. Monocyclic Devices. External to the motor an essentially 
wattless e.m.f. is produced in quadrature with the main e.m.f. 
and impressed upon the motor, either directly or after com- 
bination with the single-phase main e.m.f. Such wattless 
quadrature e.m.f. can be produced by the common connection 
of two impedances of different power-factor, as an inductive 
reactance and a resistance, or an inductive and a condensive 
reactance connected in series across the mains. 

The investigation of these starting-devices offers a very 
instructive application of the symbolic method of investiga- 
tion of alternating-current phenomena, and a study thereof 
is thus recommended to the reader.* 

206. Fre(iuently, no special motors are built for single-phase 
operation, but polyphase motors used in singlo-i)hase circuits, 
since for starting the polyphase j)rimary winding is re(iuired, 
the single primary-coil motor olmoiisly not allowing the appli- 
cation of i)hasc-disi)lacing devices for producing the starting 
quadrature flux. 

Since at or near synchronism, at the same impressed e.m.f. 
— that is, the same magnetic density — the total volt-amperes 
excitation of the single-phase induction motor must l^e the same 

* See paper on the Single-phase Induction Motor, A. I. K. E. Transactions, 
1898. 
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as of the same motor on polyphase circuit, it follows that by- 
operating a quarter-phase motor from single-phase circuit on 
one primary coil, its primary exciting admittance is doubled. 
Operating a threo-phase motor single-phase on one circuit its 
primary exciting admittance is trebled. The self-inductive 
primary impedance is the same single-phase as polyphase, but 
the secondary impedance reduced to the primary is lowered, 
since in single-phase operation all secondary circuits corre- 
spond to the' one primary circuit used. Thus the secondary 
impedance in a quarter-phase motor running single-phase is 
reduced to one-half, in a three-phase motor running single- 
phase reduced to one-third. In consequence thereof the slip of 
speed in a single-phase induction motor is usually less than in a 
polyphase motor; but the exciting current is considerably 
greater, and thus the power-factor and the eflSeiency are lower. 

The preceding considerations ob-vibusly apply only when 
running so near synchronism that the magnetic field of the 
single-phase motor can be assmned as uniform, that is, the 
cross magnetizing flux produced by the armature as equal to 
the main magnetic flux. 

When investigating the action of the single-phase motor at 
lower speeds and at standstill, the falling off of the magnetic 
quadrature flux produced by the armature current, the change 
of secondary impedance, and where a starting device is used 
the effect of the magnetic field produced by the starting de\'ice, 
have to be considered. 

The exciting current of the .single-phase motor consists of 
the primary exciting current or current producing tlic main 
magnetic flux, and represented by a constant admittance, r„‘, 
the primary exciting admittance of the motor, and tlie secondary 
exciting current, that is, that component of primary cuiT(“iit 
correspondmg to the secondary current which gives the ('xcita- 
tion for the quadrature magnetic flux. This latter magnetic 
flux is equal to the main magnetic flux, at synchronism, 
and falls off with decreasing .speed to zero at standstill, if no 
starting device is used, or to at standstill if by a start- 

ing de-vice a quadrature magnetic flux is impn'ssed iqion the 
motor, and at standstill t = ratio of quadrature or st.arting 
magnetic flux to main magnetic flux. 

Thus the secondary exciting current can be represented by an 



INDUCTION MACHINES. 


329 


admittance, Y^, which changes from equality with the primary 
exciting admittance, Y/, at synchronism to = 0, respec- 
tively to = tY^ at standstill. Assunaing thus that the 
starting device is such that its action is not impaired by the, 
change of speed, at slip s the secondary exciting admittance 
can be represented by; 

y,‘=[l-(l-0 s] Y,K 


The secondary impedance of the motor at synchronism is 
the joint impedance of all the secondary circuits, since all 
secondary circuits correspond to the same primary circuit. 


hence = 




with a three-phase secondary, and = with a 


two-phase secondary with impedance per circuit. 

At standstill, however, the secondary circuits correspond to 
the primary circuit only with their projection in the direction 
of the primary flux, and thus as resultant only one-half of the 
secondary circuits are effective, so that the secondary impe- 


2 Z 

dance at standstill is equal to with a three-phase, and equal 

o 


to with a two-phase, secondary. Thus the effective second- 
ary impedance of the single-phase motor changes with the speed 


and can at the slip, s, be represented by Z^ = 


(1 + s) Z^ . 


in a 


three-phase secondary, and Z^ = ^ two-phase 


secondary, with the impedance, per secondary circuit. 

In the single-phase motor without starting device, due to 
the falling off of the quadrature flux, the torque at slip s is: 


I) = (1 — ,s). 


In a single-phase motor with a starting dcvi(*e which at 
standstill produces a ratio of magnetic fluxes t, the torque at 
standstill is 

D, = tD,, 

where = total torque of the same motor on polyphase 
circuit. 
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Thus denoting the value -4 = ■«> 

CL.^ 

the single-phase motor torque at standstill is: 

and the single-phase motor torque at slip s is: 

D = [1 — (1 — v) s]. 

206. In the single-phase motor considerably more advan- 
tage is gained by compensating for the wattless magnetizing 
component of current by capacity than in the polyphase motor, 
where this wattless component of the current is relatively 
small. The use of shunted capacity, however, has the dis- 
advantage of requiring a wave of impressed e.m.f. very close 
to sine shape; since even with a moderate variation from sine 
shape the wattless charging current of the condenser of higher 
frequency may lower the power-factor more than the compen- 
sation for the wattless component of the fundamental wave 
raises it, as will be seen in the chapter on General Alternating- 
Current Waves. 

Thus the most satisfactory application of the condenser 
in the single-phase motor is not in shunt to the primary circuit, 
but in a tertiary circuit; that is, in a circuit stationary with 
regard to the primary impressed circuit but sul)initte(l to 
inductive action by the revolving secondary circuit. 

In this case the condenser is supplied with an e.m.f. trans- 
formed twice, from primary to secondary, and from secondary 
to tertiary, through multitooth structures in a uniformly re- 
volving field, and thus a very close approximation to sine 
wave produced at the condenser, irrespective of the wave-shape 
of primary impressed e.m.f. 

With the condenser connected into a tertiary circuit of a 
single-phase induction motor, the wattless magnetizing current 
of the motor is supplied by the condenser in a separate^ circuit, 
and the primary coil carries the power current only, and thus 
the eflSciency of the motor is essentially increased. 

The tertiary circuit may be at right angles to the ])rimary, 
or under any other angle. Usually it is ai')plicd on an angle 
of 60*^, so as to secure a mutual induction between tertiary and 
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primary for starting, which produces in starting in the con- 
denser a leading current, and gives the quadrature magnetic 
flux required. 

207. The most convenient way to secure this arrangement 
is the use of a three-phase motor which with two of its ter- 
minals, 1-2, is connected to the single-phase mams, and with 
terminals 1 and 3 to a condenser. 

Let S'o + “ primary exciting admittance of the motor 

per delta circuit. 

primary self-inductive impedance per delta circuit. 

Z^= r^ — = secondary self-inductive impedance per delta 

circuit reduced to primary. 

Let 

Y^ = g^— = admittance of the condenser connected be- 

tween terminals 1 and 3. 


If then, as single-phase motor, 

t = ratio of auxiliary* quadrature flux to main flux in 
starting, 

li = ratio of e.m.f. generated in condenser circuit to 
e.m.f. generated in main circuit in starting, 
starting torque 

-y r= — ; . 

in starting 


Operating single-phase 

y/ - Lf) y„ = l.r) (( 7 „-f 2 ft„)=priniary exciting admittance, 
y/ = 1..5y„[l-(l 

= l.f) ((/„ -t- j6„) [1 - (1 — 0 .S-] = secondary exciting 
admittance at slip .s; 

primary self-inductive impedance; 


Z^ = ^ y, = ^ _ j.sjTj) = secondary self-in- 

3 3 

(lu(*tive iinpedanco; 

2y„ 2(r„-j.r„) 


3 


3 


-= tertiary self -inductive impe- 


dance of motor. 
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Thus, 


1 



= total admittance of tertiary circuit. 


Since the e.m.f. generated in the tertiary circuit decreases 
from e at synchronism to he at standstill, the effective tertiary 
admittance or admittance reduced to a generated e.m.f., e, is, 
at slip, s 

r/ = [i-(i-A)a]y,. 

Let then, 

e = counter e.m.f. of primary circuit, 
s = slip. 

We have, 

the secondary load-current, 

_ se Z se / I • \ 

• “ il+s)(r,-jsxj 

the secondary exciting current, 

the secondary condenser current; 

= 67/ = e7Jl-(l- /.)«]; 

thus, the total secondary current, 

V = + 

the primary exciting current, 

67 / = 1.5 67 ,, 

thus, the total primary current, 

io = r + l.a “ + {4 + C = e 

the primary impressed e.m.f., 

■?o = ® + = e (®i + JC2); 
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thus, the main counter e.m.f., 


e = 


J^o 


Cl + JC2 


or, 

and the absolute value. 


e = 


Cl + P 2 


V ’ 


hence, the primary current, 




+ P 2 

The volt-ampere input, 


+ ^2 


P = fi 7 * 


the power input, 


p rjr g 11 g 2 . 

^0 L-f o^oJ ^2,^2 ^ 

Cl -r Cg 

the torque at slip s, 

I» = D*[l-(l-^;)s] = -^^[l-(l-i;) 4 

Cl + c/ 

and the power output, 

P = D(l-s) 


Cl “T t 2 


and herefrom in the usual manner may bo derived the efficiency, 
apparent efficiency, tonpio efficiency, ai)pHrent tonpie efficiency, 
and ]K)wer-fact()r. 

Tlie derivation of tlie constants, t, hj ??, wliicli have to l)e 
determined before calculating the motor, is as follows: 

Let = single-phase impressed ein.f., 

Y = total stationary admittance of motor per delta circuit, 
= e.m.f. at condenser terminals in starting. 
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In the circuit between the single-phase mains from terminal 
1 over terminal 3 to 2, the admittances, Y + F,, and Y, are con- 
nected in series, and have the respective e.m.fs., and e^-Ey 
It is thus, 

r + Fa ^ y = «o-^3 - Ey 

since with the same current in both circuits, the impressed 
e.m.fs. are inversely proportional to the respective admittances. 
Thus, 

= 2 y\ F, “ 
and the quadrature e.m.f. is 

hence 

E^ = e, Vh^~+h^\ 
and h = 

Since in the three-phase e.m.f. triangle, the altitude corre- 

spending to the quadrature magnetic flux = and the 

2 \/3 

quadrature and main fluxes are equal, in the single-phase 
motor the ratio of quadrature to main flux is 

f = ^==1.1.55 7v 

\/3 

From tj V is derived as shown in the preceding. 

For further discussion on the theory and calculation of the 
single-phase induction motor, see American Institute Electri(‘al 
Engineers Transactions, January, 1900. 

SYNCHRONOUS INDUCTION MOTOR. 

208. The induction motor discussed in the foregoing consists 
of one or a number of primary circuits acting iijx)!! a movable 
armature which comprises a number of closed sec'ondary cir- 
cuits displaced from each other in space so as to ofler a rc'sultant 
circuit in any direction. In consequence thereof the motor can 
be considered as a transformer, having to each primary circuit 
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a corresponding secondary circuit, — a secondary coil, moving 
out of the field of the primary coil, being replaced by another 
secondary coil moving into the field. 

In such a motor the torque is zero at synchronism, positive 
below, and negative above, synchronism. 

If, however, the movable armature contains one closed cir- 
cuit only, it offers a closed secondary circuit only in the direc- 
tion of the axis of the armature coil, but no secondary circuit at 
right angles therewith. That is, with the rotation of the arma- 
ture the secondary circuit, corresponding to a primary circuit, 
varies from short-circuit at coincidence of the axis of the arma- 
ture coil with the axis of the primary coil, to open-circuit in 
quadrature therewith, with the periodicity of the armature 
speed. That is, the apparent admittance of the primary circuit 
varies periodically from open-circuit admittance to the short- 
circuited transformer admittance. 

At synchronism such a motor represents an electric circuit 
of an admittance varying with twice the periodicity of the 
primary frequency, since twice per period the axis of the arma- 
ture coil and that of the primary coil coincide. A varying 
admittance is obviously identical in effect with a varying reluc- 
tance, which will be discussed in the chapter on reaction machines. 
That is, the induction motor with one closed armature circuit is, 
at synchronism, nothing but a reaction machine, and conse- 
quently gives zero torque at synchronism if the maxima and 
minima of the periodically varying admittance coincide with 
the maximum and zero values of the primary circuit, but gives 
a definite torque if they are displaced therefrom. This torque 
may be positive or negative according to the phase displace- 
ment between admittance and primary circuit; that is, the lag 
or lead of the maximum admittance with regard to the i)rimary 
maximum. Hence an induction motor with single-armature 
circuit at synchronism acts either as motor or as alternating- 
current generator according to the relative position of the 
armature circuit with respect to the primary circuit. Thus it 
can be called a synchronous induction motor or synchronous in- 
duction generator, since it is an induction machine giving torque 
at synchronism. 

Power-factor and apparent efficiency of the synchronous 
induction motor as reaction machine are very low. Hence it is 
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of practical application only in <-iU'(‘s wlicrc a small amount of 
power is required at synchroJions rotation, and contmuous 
current for field excitation is not availalilo. 

The current produced in the arinatnn* of the synchronous 
induction motor is of double the fre«|i«‘ney impn-sswl upon the 
primary. 

Below and above synchronism the ordinary induction motor 
or induction generator, toniue Ls suiteritn}»<».‘i<*d upon the 
synchronous-induction machine tonpa'. Since with the fre- 
quency of slip the relative pewit ion of primary and of second- 
ary coil changes, the synchnmous-itiduction machine torque 
alternates periwlically with the fretpiency of slip. That is, 
upon the constant positive or n(‘gativ(‘ timinc !m*1ow or above 
synchronism an alternating tonpu- <if tin* frciiucncy of slip is 
superimposed, and thus the resultant torque pulsating with a 
positive mean value ladow, a negative mean valiu* above, 
synchronism. 

When started from rest, a .-ynclironou. induction motor 
will accelerate like an onlinary .'•inulc pha-e induction motor, 
but not only apjiroach .synchroni'in. .a- ilie latn-r doc,-, lag run 
up to complete synchronism under load. \\ Iicn approaching 
synchronism it makes definite lieat- with the frequency of ,dip, 
which disappear when synchroiii'in i- niched. 

THE HYSTEKKSIS MOTOR 

209. In a revolving maenetn' field, a i ii. iilar iron di.-k, or 
iron cylinder of uniform ina'.'nctic rclui laic <■ in the dircciion of 
the revolving field, is .«cf in rot.ation, . \cii u nlniix i,|id -o as to 
preclude the production of cdd\ cuio ai I hi lotaiion i- iluu 
to the effect of hystcresL- of t he n \ 1 1|\ III n. 1 . "i c\ hicicr, and 
such a motor may tlius he calli-il ;i li\ ni. i 'ic.i..i 

Let I be tin* iron disk c\[io-cil in .a o.'.aiin" ma 'iclic field 
or resultant m.m.f. The a\i- ui n- ultani nia mu ii/alioii ui (lie 
disk, I, does not coincide wilh the a\i nt the mtatm;' field, hot 
lags behind the Itiffer, thii- prndiicm, ,a niiijile. Tliat is, the 
component of magiiefisin in ;i direct inii ni the ii itatim; disk, /, 
ahead of the axis of rofatiin: m.m.f., i n m ■, ihu helow, and 
in a direction Irchind Ihctixi- of rui.alni" ni.ni.t. decrctising: that 
is, above iToportionality with the m.m.f., in l•oIl-(•^]ucIlc(‘ of the 
lag of magnetism in the hy.-tere-i- loop, aid thu- the tixis of 
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resultant magnetism in the iron disk, I, does not coincide with 
the axis of rotating m.m.f., but is shifted backwards by an 
angle, a, which is the angle of hysteretic lead in Chapter XIII., 
§ 114. 

The induced magnetism gives with the resultant m.m.f. a 
mechanical couple, — 


where 


D = sin a, 

y = resultant m.m.f., 

O = resultant magnetism, 
a = angle of hysteretic advance of phase, 
m= a constant. 


The apparent or volt-ampere input of the motor is, — 
P= 


Thus the apparent torque efficiency, — 


D 

rr = sm a, 


and the power of the motor is, — 


P = (1 — .S') P = (1 — .S') sin a, 

where 

.S' = slip as fraction of synchronism. 

The apparent cfficieiicy is, — 

]> 

- - (I - .S') sin a. 

^ a 

Sinco in a magnetic circuit containing an air-gap the angle, 
Of, is extremely small, a few degrees only, it follows that the 
apparent efficiency of the hyst{‘resis motor is extremely low, the 
motor coiiseciuently unsuitable for jjroducing large amounts of 
mechanical power. 

From the ecpiation of torque it follows, however, that at 
constant impressed e.m.f., or current, — that is, constant — 
the torque is constant and independent of the speed; and there- 
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of practical application only in cases where a small amount of 
power is required at synchronous rotation, and continuous 
current for field excitation is not available. 

The current produced in the armature of the synchronous 
induction motor is of double the frequency impressed upon the 
primary. 

Below and above synchronism the ordinary induction motor, 
or induction generator, torque is superimposed upon the 
synchronous-induction machine torque. Since with the fre- 
quency of slip the relative position of primary and of second- 
ary coil changes, the synchronous-induction machine torque 
alternates periodically with the frequency of slip. That is, 
upon the constant positive or negative torque below or above 
synchronism an alternating torque of the frequency of slip is 
superimposed, and thus the resultant torque pulsating with a 
positive mean value below, a negative mean value above, 
synchronism. 

When started from rest, a synchronous induction motor 
will accelerate like an ordinary single-phase induction motor, 
but not only approach synchronism, as the latter docs, but run 
up to complete synchronism under load. When approaching 
synchronism it makes definite beats with the frequency of slip, 
which disappear when synchronism is reached. 

THE HYSTERESIS MOTOR. 

209, In a revolving magnetic field, a circmlar iron disk, or 
iron cylinder of uniform magnetic reluctance in the direction of 
the revolving field, is set in rotation, even if subdivided so as to 
preclude the production of eddy currents. This rotation is due 
to the effect of hysteresis of the revolving disks or cylinder, and 
such a motor may thus be called a hysteresis motor. 

Let I be the iron disk exposed to a rotating magnetic* lic'ld 
or resultant m.m.f. The axis of resultant magnc'tization in the 
disk, 7, does not coincide with the axis of the rotating field, but 
lags behind the latter, thus producing a couple*. That is, the 
component of magnetism in a direction of the rotating disk, 7, 
ahead of the axis of rotating m.m.f., is rising, thus below, and 
in a direction behind the axis of rotating m.m.f. decreasing; that 
is, above proportionality with the m.m.f., in consequence of the 
lag of magnetism in the hysteresis loop, and thus the axis of 
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resultant magnetism in the iron disk^ I, does not coincide with 
the axis of rotating m.m.f., but is shifted backwards by an 
angle, a, which is the angle of hysteretic lead in Chapter XIIL, 
§114. 

The induced magnetism gives with the resultant m.m.f. a 
mechanical couple, — 


where 


D= w 2SF<E> sin a, 

if = resultant m.m.f., 

^ == resultant magnetism, 
a = angle of hysteretic advance of phase, 
m= a constant. 


The apparent or volt-ampere input of the motor is, — 
P= m?F3>. 


Thus the apparent torque efficiency, — 

D 

sina, 

J a 

and the power of the motor is, — 

7^ = (1 — ,s‘) D = (1 — ,s*) sin a, 

where 

.s = slip as fraction of synchronism. 

The a])parent efficiency is, — 

U 

7 >- 0 -•''*) «• 

(I 

Since in a magnetic circuit containing an air-gap the angle, 
Of, is extremely small, a few (legr(‘es only, it follows that the 
ap})arent efficiency of the hysteresis motor is extremely low, the 
motor conseciucntly unsuitable for j)r()diicing large amounts of 
mechani(*al power. 

From the ecpiation of torque it follows, however, that at 
constant impressed e.m.f., or current, — that is, constant «F, — 
the torque is constant and independent of the speed; and there- 
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fore such a motor arrangement is suitable, and occasionally 
used as alternating-current meter. 

For s<0, we hjive a <0, 

and the apparatus is an hysteresis g(‘ii(‘rator. 


210. The same result can bo reaclu'd from a difTerent point 
of view. In such a magnetic sy.steui, comprising a movable 
iron disk, I, of uniform magnetic rcluctanct* in a revolving 
field, the magnetic reluctance — an<! thus tlu> distribution of 
magnetism — is obviously independent of the speed, and con- 
sequently the current and energy e.xpt'uditure of the impressed 
m.m.f. independent of the spoecl also. If, now, - 

V = volume of iron of the movaI»le part, 
ffi = magnetic density, 
and 1 ) = coefficient of hyst(“resis, 

the energy expended by hysteresis in tlie movalile ilisk, 7, is 
per cycle, — 

hence, if / = frequency, the power supplied by Ihc m.ni.f. to 
the rotating iron disk in the liystenMic hnip (,i' th,- m.m.f. i.s, _ 

At the slip, .s/, that is, tin* spe(*d ( 1 ly. 1 he power c\p(‘nded 
by hysteresis in the rotating disk is, ho\vc\-er, - 

Hence, in the transft'r from (he statiomirv to (lii* revolving 
member the magiK'tie power, - 


P - P„ P. fl .-l/rv.t'.i", 

Im disappeared, and thus reappears a-. me<di;mie!d work, and 
the torque is, — 

that is, independent of the spo(‘(l. 
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Since, as seen in Chapter XIII, sin a is the ratio of the energy 
of the hysteretic loop to the total apparent energy of the mag- 
netic cycle, it follows that the apparent efficiency of such a 
motor can never exceed the value (1 — s) sin a, or a fraction of 
the primary hysteretic energy. 

The primary hysteretic energy of an induction motor, as 
represented by its conductance, being a part of the loss in 
the motor, and thus a very small part of its output only, it 
follows that the output of a hysteresis motor is a very small 
fraction only of the output which the same magnetic structure 
could give with secondary short-circuited winding, as regular 
induction motor. 

As secondary effect, however, the rotary effort of the mag- 
netic structure as hysteresis motor appears more or less in all 
induction motors, although usually it is so small as to be neg- 
lected. 

If in the hysteresis motor the rotary iron structure has not 
uniform reluctance in all directions — but is, for instance, bar- 
shaped or shuttle-shaped — on the hysteresis-motor effect is 
superimposed the effect of varying magnetic reluctance, which 
tends to accelerate the motor to synchronism, and maintain it 
therein, as shall be more fully investigated under Reaction 
Machine in Chapter XXVII. 

211. In the hysteresis motor, consisting of an iron disk of 
uniform magnetic reluctance, whicli revolves in a uniformly 
rotating magnetic field, below synchronism, the magnetic flux 
rotates in the armature with the freciuency of slip, and the 
resultant line of magnetic induction in the disk thus lags, in 
space, behind the synchronously rotating line of resultant in. m.f. 
of the exciting coils, by the angle of hysteretic lead, a, which is 
constant, and so gives, at constant magnetic flux, that is, con- 
stant impressed e.in.f., a constant tonjue and a powcT })r()por- 
tional to the speed. 

Above synchronism, the iron disk revolves faster than the 
rotating field, and the line of resulting magnetization in the disk 
being behind the line of m.m.f. with regard to the direction of 
rotation of the magnetism in the disk, therefore is ahead of it in 
space, that is, the torque and therefore the power reverses at 
synchronism, and above synchronism the apparatus is an 
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hysteresis generator, that is, changes at synchronism from motor 
to generator. At synchronism such a disk thus can give mechani- 
cal power as motor, with the line of induction lagging, or give 
electric power as generator, with the line of induction leading 
the line of rotation m.m.f. 

Electrically, the power transferred between the electric 
circuit and the rotating disk is represented by the hysteresis 
loop. Below synchronism the hysteresis loop of the electric 
circuit has the normal shape, and of its constant power a 
part, proportional to the slip, is consumed in the iron, the other 
part, proportional to the speed, appears as mechanical power. 
At synchronism the hysteresis loop collapses and reverses, and 
above synchronism the electric supply current so traverses the 
normal hysteresis loop in reverse direction, representing genera- 
tion of electric power. The mechanical power consumed by 
the hysteresis generator then is proportional to the speed, and of 
this power a part, proportional to the slip above synchronism, 
is consumed in the iron, the other part is constant and appears 
as electric power generated by the apparatus in the inverted 
hysteresis loop. 

This apparatus is of interest especially as illustrating the 
difference between hysteresis and molecular magnetic friction: 
the hysteresis is the power represented by the loop between 
magnetic induction and m.m.f. or the ele(‘tric j)()wor in the 
circuit, and so may be positive or negative, or change from the 
one to the other, as in the above instance, wliile molecular mag- 
netic friction is the power coasumed in the magiudic circuit by 
the reversals of magnetism. Ilysterosis lh(‘rc‘for(‘ is an el(‘ctrical 
phenomenon, and is a measure of the mok'cular magnetic fric- 
tion only if there is no other source or consumption of power in 
the magnetic circuit. 
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SYNCHRONOUS INDUCTION GENERATOR. 

212 . If an induction machine is driven above synchronism, 
the power component of the primary current reverses, that is, 
energy flows outward, and the machine becomes an induction 
generator. The component of current required for magnetiza- 
tion remains, however, the same; that is, the induction genera- 
tor requires the supply of a reactive current for excitation, just 
as the induction motor, and so must be connected to some 
apparatus which gives a lagging, or, what is the same, consumes 
a leading current. 

The frequency of the e.m.f. generated by the induction gen- 
erator, /, is lower than the frequency of rotation or speed, /p, 
by the frequency, f^, of the secondary currents. Or, inversely, 
the frequency, /j, of the secondary circuit is the frequency of 
slip, — that is, the freciuency with which the speed of mechani- 
cal rotation slips behind the speed of the rotating field, in 
the induction motor, or the speed of the rotating field slips 
behind the si)ee(l of mechanical rotation, in the induction 
generator. 

As in every transformer, so in the induction machine, the 
secondary current must have the same ampere-turns as the 
primary curn'iit h'ss the exciting current, that is, the secondary 
current is aj)pro\iinat(‘ly proportional to the primary current, 
or to tli(‘ load of llu‘ induction g(*n(M’ator. 

In an indiK'tion g(Mi(‘rator with short-circuited sc^condary, 
the secondary currcMits an^ ])roportional, appro\iniat(‘l} , to the 
e.m.f. gen(‘rat('d in tli(‘ sc^condary (dreuit, and this e.m.f. is 
proportional to th(‘ lre([uency of tli(‘ secondaiy circuit, that is, 
the slip of fr('(|U(Micy l)(‘hind sp(‘(‘(l. It so follows that the slip 
of fr(‘(iu(‘ncy in tlie indu(*tion g(Mierator with short-(*ircuited 
secondary is ap])ro\imat(‘ly proportional to the load, that i^, 
such an induction generator does not ])roduce constant syn- 
chronous frequency, but a frcciucncy which decreases slightly 
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with increasing load, just as the speed of the induction motor 
decreases slightly with increase of load. 

Induction generator and induction motor so have also been 
called asynchronous generator and asynchronous motor, but 
these names are wrong, since the induction machine is not 
independent of the frequency, but depends upon it just as much 
as a synchronous machine, — the difference being, that the 
synchronous machine runs exactly in synchronism, while the 
induction machine approaches synchronism. The real asyn- 
chronous machine is the commutating machine. 

213. Since the slip of frequency with increasing load on the 
induction generator with short-circuited secondary is due to 
the increase of secondary frequency required to produce the 
secondary e.m.f. and therewith the secondary currents, it follows : 
if these secondary currents are produced by iinj^rcssing an e.m.f. 
of constant frequency, /i, upon the secondary circuit, the primary 
frequency, /, does not change with the load, but remains con- 
stant and equal to / = /o /i* The machine thou Ls a syn- 
chronous-induction machine — that is, a machine in which the 
speed and frequency are rigid with regard to eacli other, just as 
in the synchronous machine, except tliat in tlic synchronous- 
induction machine, speed and frequency liave a constant dif- 
ference, while in the synchronous machine this di[Teren(*e is zero, 
that is, the speed equals the frequency. 

By thus connecting the secondary of the induction machine 
with a source of constant low-frc(iuency, as a synchronous 
machine, or a commutating machiiu^ with lo\v-fr(‘(jU(mcy field 
excitation, the primary of the induclio'n nia(*hin(' at constant 
speed, /o, generates electric power at constant rr(‘([uency, 
independent of the load. If the secondary /, 0, tliat is, a 

continuous current is su])plied to the secondary circuit, the 
primary frequency is the frequency of rotation and the machine 
an ordinary synchronous machine. Th(‘ synchronous machine so 
appears as a special case of the synchronous induction nuudiine 
and corresponds to 0. 

In the synchronous induction generator, or induction machine 
with an e.m.f. of constant low freciueiK'v, /,, impr(\ss(‘d u[)on the 
secondary circuit, by a synchronous machin(\ (dc., with increas- 
ing load, the primary and so the secondary currents change, and 
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the synchronous machine so receives more power as synchronous 
motor, if the rotating field produced in the secondary circuit 
revolves in the same direction as the mechanical rotation — 
that 'is, if the machine is driven above synchronism of the 
e.m.f. impressed upon the secondary circuit — or the synchronous 
machine generates more power as alternator, if the direction of 
rotation of the secondary revolving field is in opposition to the 
speed. In the former case, the primary frequency equals speed 
minus secondary impressed frequency: / = fo~ fil in the latter 
case, the primary frequency equals the sum of speed and 
secondary impressed frequency: / = /o + fv and the machine is 
a frequency converter or general alternating-current transformer, 
with the frequency, /,, as primary, and the frequency, /, as 
secondary, transforming up in frequency to a frequency, /, 
which is very high compared with the impressed frequency, 
so that the mechanical power-input into the frequency con- 
verter is very large compared with the electrical power-input. 

The synchronous induction generator, that is, induction gene- 
rator in which the secondary frequency or frequency of slip is 
fixed by an impressed frequency, so can also be considered as a 
frequency converter or general alternating-current transformer. 

214. To transform from a frequency, to a frequency, the 
frequency, is impressed upon the primary of an induction 
machine, and the secondary driven at such a speed, or fre- 
quency of rotation, that the difference between primary 
impressed freciuency, f^, and frecpiency of rotation, that is, 
the frequency of slip, is the desired secondary frequency, f^. 

There are two speeds, /„, whicli fulfill this condition: one 
below syiudironism: /„ = /, and one above synchronism: 
/^ = /j + Tliat is, the secondary fre(iuency becomes /o, 
if the secondary runs slower than tlie ])ri]nary revolving field 
of fre(|uency, /,, or if the secondary runs faster than the ])rimary 
field, by tlie slip, 

In the former case, the s])(‘ed is Ik'Iow synchronism, that is, 
the machine geiu^ratc's ek'ctric* j)()W(‘r at tlu' fre(iiUMi(*y, /o, in the 
secondary, and consiinu's (‘Uvlric pow’(‘r at tlu' fr(‘(iuency, 
in the ])rimary. If J., < /j, the s])eed }., is between 

standstill and synclironisin, and the macliine, in addition to 
electric power, geiK'rates mechanical power, as induction motor, 



344 


ALTERNATING-CURRENT PHENOMENA. 


and as has been seen in the chapter on the General Alternating- 
Current Transformer, it is, approximately; 

Electric power-iaput electric power-output -e- mechanical 
power-output = /o- 

If /j > /j, that is, the frequency converter increases the fre- 
quency, the rotation must be in backward direction, against the 
rotating field, so as to give a slip, greater than the impressed 
frequency, /„ and the speed is /o = /» — ft- Id this case, the 
machine consumes mechanical power, since it is driven against 
the torque given by it as induction motor, and we have: 

Electric power-input -s- mechanical power-input ^ electric 
power-output = /i /o tv 

That is, the three powers, primary electric, secondary electric, 
and mechanical, are proportional to their respective frer juencies. 

As stated, the secondary frequency, /j, is also produced by 
driving the machine above synchronism, /j — that is, with a 
negative slip, /,, or at a speed, /o = /i + /j- Id this case, the 
machine is induction generator, that is, the primary circuit 
generates electric power at frequency /,, the secondary circuit 
generates power at frequency Z^, and the machine consumes 
mechanical power, and the three powers again are proportional 
to their respective frequencies: 

Primary electric output secondary electric out.put-^ mechan- 
ical input = /, - Zj - Zo- 

Since in this case of over synchronous rotation, both electric 
circuits of the machine generate, it cannot be called a frecinency 
converter, but is an electric generator, converting mechanical 
power into electric power at two dilTerent fre((uenci(‘s, Z, and 
Z3, and so is called a synchronous induction machine, sinc(‘ 
the sum of the two frequencies generated by it e(|uals the 
frequency of rotation or speed — that is, the machine revolves 
in synchronism with the sum of the two fretjuencies generated 
by it. 

It is obvious that like all induction machines, this synchro- 
nous induction generator requires a reactive lagging current for 
excitation, which has to bo supplied to it by some outside source, 
as a synchronous machine, etc. 
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That is, an induction machine driven at speed f^, when sup- 
plied with reactive exciting current of the proper frequency, 
generates electric power in the stator as well as in the rotor, at 
the two respective frequencies, /j and f^, which are such that their 
sum is in synchronism with the speed, that is: 

fl+ f 2 = fo> 

otherwise the frequencies, /j and /,, are entirely independent. 
That is, connecting the stator to a circuit of frequency, f^, the 
rotor generates frequency = f^ — /i, or connecting the rotor 
to a circuit of frequency f^, the stator generates a frequency 

/i = /o -/r 


216. The power generated in the stator, P^, and the power 
generated in the rotor, Pj, are proportional to their respective 
frequencies : 


P, :Pj : Po = /i -fi -h 


where Pq is the mechanical input (approximately, that is, neg- 
lecting losses). 

As seen here the difference between the two circuits, stator 
and rotor, disappears — that is, either can be primary or 
secondary, that is, the reactive lagging current require(l for 
excitation can be supplied to the stator circuit at frequency f^, 
or to the rotor circuit at frequency or a part to the stator and 
a part to the rotor circuit. Since this exciting current is reactive 
or wattless, it can be derived from a synchronous motor or con- 
verter, as well as from a synclironous generator, or an alter- 
nating commutating machine. 

As the voltage recpiin'd l)y the exciting current is ])roportional 
to the frer[uen(*y, it also follows tluit the reactive })()wer-input or 
the volt-amperes excitation, is i)r()])orti()ual to the frcfiucncy 
of the exciting circuit. Hence, using the low-freciuency circuit 
for excitation, the ('xciting volt-ampcTes are small. 

Such a synchronous induction generator therefore is a two 
fre(iuency generator, jiroducing electric })ower simultaneously 
at two fre(|uencies, and in amounts proportional to these fre- 
quencies. For instance, driv(*n at cycles, it can connect with 
the stator to a 25-cycle system, and with the rotor to a (iO-cycle 
system, and feed into both systems power in the jmiportion of 
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25 ^ 60, as is obvious from the equations of the general alter- 
nating-current transformer in the preceding chapter. 


216. Since the amounts of electric power at the two fre- 
quencies are always proportional to each other, such a machine 
is hardly of much value for feeding into two different systems, 
but of importance are only the cases where the two frequencies 
generated by the machine can be reduced to one. 

This is the case: 


( 1 ) 


If the two frequencies are the same: /i = /^ = 


k 

2 ' 


In this 


case, stator and rotor can be connected together, in parallel 
or in series, and the induction machine then generates electric 
power at half the frequency of its speed, that is, runs at double 
synchronism of its generated frequency. Such a “double 
S3mchronous alternator ” so consists of an induction machine, 
in which the stator and the rotor are connected with each other 
in parallel or in series, supplied with the reactive exciting cur- 
rent by a synchronous machine — for instance, by using syn- 
chronous converters with overexcited field as load, — and 
driven at a speed equal to twice the frequency required. This 
t3q)e of machine may be useful for prime movers of very high 
speeds. 


(2) If of the two frequencies, one is chosen so low that tlie 
amount of power generated at this frequency is veny small, and 
can be taken up by a synchronous inachiiK' or other low-fre- 
quency machine, the latter then may also be called an cxeiU'r. 
For iastance, connecting the rotor of an induction machine to a 
synchronous motor of /j = 4 cycles, and driving it at a si)e<'d 
of /„ = 64 cycles, generates in the stator an ('.m.f. at /, = (iO 
cycles, and the amount of power generat'd at (10 cycles is "i"- = 
15 times the power generated by 4 cycles. The machine (lusi 
is an induction generator driven at 15 tinu's its synehrotions 
speed. Where the power at frequency /.^ is very small, it 
would be no serious objection if this power w('re not generaU'd, 
but consumed. That is, by impres.sing /j - I cycles u])oii the 
rotor, and driving it at /„ = 5(1 cycles, in opposite dirc'ction to 
the rotating field produced in it by the imina'sst'd fnsiuency of 4 
cycles, the stator also generates an c.m.f. at = 60 cycles. In 
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this case, electric power has to be put into the machine by a 
generator at /g = 4 cycles, and mechanical power at a speed of 

== 56 cycles, and electric power is produced as output at = 
60 cycles. The machine thus operated is an ordinary frequency 
converter, which transforms from a very low frequency, = 
4 cycles, to frequency = 60 cycles or 15 times the impressed 
frequency, and the electric power-input so is only one-fifteenth 
of the electric power-output, the other fourteen-fifteenths are 
given by the mechanical power-input, and the generator supply- 
ing the impressed frequency, /j = 4 cycles, accordingly is so 
small that it can be considered as an exciter. 

217, (3) If the rotor of frequency, f^, driven at speed /q, is 
connected to the external circuit through a commutator, the 
effective frequency supplied by the commutator brushes to the 
external circuit is — hence equals f^, or the stator frequency. 
Stator and rotor so give the same effective frequency, and 
irrespective of the frequency, /g generated in the rotor, and the 
frequencies, and accordingly become indefinite, that is, 
/i may be any frequency, then becomes — /^, but by the 
commutator is transformed to the same frequency, /j. If the 
stator and rotor were used on entirely independent electric 
circuits, the frcciucncy would remain indeterminate. As soon, 
however, as stator and rotor are connected together, a relation 
appears due to the transformer law, that the secondary ampere- 
turns must equal the primary ampere-turns (when neglecting 
the exciting ampere-turns). This makes the frequency depend- 
ent upon the numl)or of turns of stator and rotor circuit. 

Assuming the rotor cinmit is connected in multiple with the 
stator circuit — as it always can be, since by tlie commutator 
brushc's it has l)eon l)r()ught to the same freciueiK'v. Th(‘ rotor 
e.m.f. then must l)e equal to the stator o.m.f. The e.m.f., 
however, is proportional to the fre([uency times number of 
turns, and it is therefore; 

^^2 A ^ '^Jv 

where number of effe(*liv(‘ stator turns, 

/i -2 = number of effective rotor turns, and and 
/j are the resi)ective frequencies. 
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Herefrom follows: 

/i - /2 = ^2 - 

that is, the frequencies are inversely proportional to the number 
of effective turns in stator and in rotor. 

Or, since /o = /i + A is the frequency of rotation: 

/l - /o = ^2 - + ^ 2 . 


That is, the frequency, Z^, generated by the synchronous- 
induction machine with commutator, is the frequency of rotation, 
/o, times the ratio of rotor turns, to total turns, n ^ -f ng. 

Thus, it can be made anything by properly choosing the 
number of turns in the rotor and in the stator, or, what amounts 
to the same, interposing between rotor and stator a transformer 
of the proper ratio of transformation. 

The powers generated by the stator and by the rotor, how- 
ever, are proportional to their respective frequencies, and so are 
inversely proportional to their respective turns. 

■^1 -^2 “ /l “ /2 “ ^2 

if and n^, and therewith the two frequencies, are very different, 
the two powers, and are very different, that is, one of the 
elements generates very much less power than thc^ other, and 
since both elements, stator and rotor, have the same active 
surface, and so can generate approximately the same power, the 
machine is less economical. 

That is, the commutator permits tlie generation of any 

desired frequency, but with l)cst economy only if or 

half-synchronous frequency, and the greater the deviation from 
this frequency, the less is the economy. If on(‘ of th(‘ fr('- 
quencies is very small, that is, is either luvirly (‘(|ual to syn- 
chronism /q, or very low, the low-fre(iucncy structure' geiu'raU's 
very little power. 

By shifting the commutator brushes, a component of the' rotor 
current can be made to magnetize and the machine becomes a 
self-exciting, alternating-current generator. 
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The use of a commutator on alternating-current machines is 
in general undesirable, as it imposes hmitations on the design, 
for the purpose of eliminating destructive sparking, as discussed 
in the chapter on Alternating-Current Commutating Machines. 

The synchronous-induction machines have not yet reached 
a sufficient importance to require a detailed investigation, so 
only two examples may be considered. 

218. (1) Double Synchronous Alternator, 

Assume the stator and rotor of an induction machine to be 
wound for the same number of effective turns and phases, and 
connected in multiple or in series with each other, or, if wound 
for different number of turns, connected through transformers 
of such ratios as to give the same effective turns when reduced 
to the same circuit by the transformer ratio of turns. 

Let 

y 1 = gr + = exciting admittance of the stator, 

self-inductive impedance of the stator, 

= r^ — jx 2 = self-inductive impedance of the rotor, 

and 

e = e.m.f. generated in the stator by the mutual inductive 
magnetic field, that is, by the magnetic flux corresponding to 
the exciting admittance, 

and 


1 = total current, or current supplied to the external circuit, 
= stator current, 

= rotor current. 

With series connection of stator and rotor 

with parallel connection of stator and rotor: 

/ = /, + h. 
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Using the equations of the general induction machine, the 
slip of the secondary circuit or rotor is 

s = - 1; 

the exciting admittance of the rotor is 
7^ = gr + jsh =-g-jb, 

and the rotor generated e.m.f., 

=se = -e; 

that is, the rotor must be connected to the stator in the opposite 
direction to that in which it would be connected at standstill, 
or in a stationary transformer. 

That is, magnetically, the power components of stator and 
rotor current neutralize each other. Not so, however, the 
reactive components, since the reactive component of the rotor 
current, 

■^2 “ H "b ?^2 ) 


in its reaction on the stator is reversed, by the reversed direction 
of relative rotation, or the slip, s = — 1, and the cfl'cct of the 
rotor current, Z,, on the stator circuit accordingly corresi)onds 
to 

hence, the total magnetic effect is 

/,-Z/ = (f/ 

and since the total effect must l)c the exciting current 
/ ^ i' h i " 


it follows that 


i/ =■ and /'/' + //' 


Hence, the stator power current and rotor j)ower current, 
i ' and i/, are equal to each other (when iu‘glecting the small 
hysteresis power current). The synclirouous exciter of the 
machine must supply in addition to the magnetizing current, 
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the total reactive current of the load. Or in other words, such 
a machine requires a synchronous exciter of a volt-ampere 
capacity equal to the volt-ampere excitation plus the reactive 
volt-amperes of the load, that is, with an inductive load, a large 
exciter machine. In this respect, the double-synchronous 
generator is analogous to the induction generator, and is there- 
fore suited mainly to a load with leading current, as over- 
excited converters and synchronous motors, in which the reactive 
component of the load is negative and so compensates for the 
reactive component of excitation, and thereby reduces the size 
of the exciter. 

This means that the double-synchronous alternator has zero 
armature reaction for non-inductive load, but a demagnetizing 
armature reaction for inductive, a magnetizing armature 
reaction for anti-inductive load, and the excitation, by alter- 
nating-reactive current, so has to be varied with the character 
of the load, in general in a far higher degree than with the syn- 
chronous alternator. 

219. (2) Synchronous-Induction Generator with Low-Fre- 
quency Excitation, 

Here two cases exist: 

(a) if the magnetic field of excitation revolves in opposite 
direction to the mechanical rotation. 

(h) If it revolves in tlie same direction. 

In the first case, (a) the exciter is a l(jw-frc(iuency generator 
and the machine a frcHiueiicy converter, calculated by the same 
equations. 

Its voltage^ i’(‘gulation is essentially that of a syn(*hroiious 
alternator: with increasing load, at constant voltage impressed 
upon the rotor or (‘\(*it(‘r circuit, tlu^ voltagt^ droj)s modc^rately 
at non-inductiv(' load, greatly at indu(*tivc‘ load, and rises at 
anti-inductive load. To maintain constant t(‘rniinal voltage, 
the ex(*itation has to l)e changc'd with a change^ of load and 
chara(*UT of load. AVith a low-fre(jU{'n(*y syn(*hronous machiiu^ 
as exciter, tliis is done by varying the ti(‘ld ex(*itatioii of the 
exciter. 

At constant field excitation of the synchronous exciter, the 
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regulation is that due to the impedance between the nominal 
generated e.m.f. of the exciter, and the terminal voltage of the 
stator — that is, corresponds to : 

Here Z^^ = synchronous impedance of the exciter, reduced to full 
frequency 

2 ^ 3 = self-inductive impedance of the rotor, reduced to full 
frequency Z^, 

Z^ = self-inductive impedance of the stator. 

If then = nominal generated e.m.f. of the exciter generator, 
that is, corresponding to the field excitation, and, 

= i -h = stator current or output current, the stator ter- 
minal voltage is 

= E^ + ZI^, or, = ^ + (r - jx) {i + ; 

and, choosing E^ = real axis, and expanding: 

= (e^ 4- ri + xij -j (xi- ri,). 


and the absolute value, 

^0 = (^1 +’ri + xi^y + fx/ - n\y, 
e^ = V ey — (xi - rt\y — (ri |- xi\). 

220. As an examine is shown, in Fig. on j). :}r)<) in dotted 
lines, with the total current, I = Vp + uh iil)scihs;i.s, the volt- 
age regulation of such a machine, or tlu' Un’ininal voltagi', e,, 
with a 4-cycle synchronous generator a.s ('xeiter of the tiO-eych' 
synchronous-induction generator, driven as frecjiumey conv(>rler 
at 56 cycles. 

(1) for non-inductive load, or - /. ((’iirvc* I.) 

(2) for inductive load of St) per cent power-factor, or /, - 

7 (0.8 H- 0.6 j). (Curve II.) 

(3) for anti-inductive load of 80 per cent pow(T-factor, or 

7j = 7 (0.8 - 0.6 /). (Curve III.) 



SYNCHRONOUS INDUCTION GENERATOR. 


353 


For the constants: 

eg = 2000 volts, = 1 — 0.5 j, 

= 0.1 - 0.3 j, Zg = 0.5 - 0.5 j; 

hence 

Z = 1.6 - 1.3 j. 

Then 

= \/4 X 10« - (1.3 i - 1.6 - (1.6 i + 1.3 \) ; 

hence, for non-inductive load, \ = 0; 

Cj = Vi X 10®- 1.69 - 1.6 %; 


for inductive load of 80 per cent power-factor i ^ = 0.6 I, i = 0.8 / : 

Cj = Vi X 10® - .0064 P - 2.06 7; 

and for anti-inductive load of 80 per cent power-factor = 
-0.6 I,i = 0.8 7: 



lOU 200 3U0 400 500 600 700 800 000 1000 

AMPERES 


Fig. 136. — Synchronous Induction Generator Regulation Curves. 


As seeii; tluc to the internal impedance^ and especially the 
resistance of this machine, the regulation is very poor, and even 
at the chosen anti-inductive load no rise of voltage occurs. 
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221. Of more theoretical interest is the case (&), where the 
exciter is a synchronous motor, and the synchronous induction 
generator produces power in the stator and in the rotor circuit. 
In this case, the power is produced by the generated e.m.f., B, 
(e.m.f. of mutual induction, or of the rotating magnetic field) 
of the induction machine, and energy flows outward in both 
circuits, in the stator into the receiving circuit, of terminal 
voltage B^j in the rotor against the impressed e.m.f. of the 
synchronous motor exciter The voltage of one receiving 
circuit, the stator, therefore, is controlled by a voltage impressed 
upon another receiving circuit, the rotor, and this results in some 
interesting effects in voltage regulation. 

Assume the voltage, impressed upon the rotor circuit as 
the nominal generated e.m.f. of the synchronous-motor exciter, 
that is, the field corresponding to the exciter field excitation, 
and assume the field excitation of the exciter, and therewith 
the voltage, E^, to be maintained constant. 

Reducing all the voltages to the stator circuit by the ratio of 
their effective turns and the ratio of their respective frcciuoiicies, 
the same e.m.f., Ej is generated in the rotor circuit as in the 
stator circuit of the induction machine. 

At no-load, neglecting the exciting current of the induction 
machine, that is, with no current, we have E^^ E ^ 

If a load is put on the stator circuit by taking a curront I 
from the same, the terminal voltage, drops l)(‘Iow the g(Mie- 
rated e.m.f., E, by the drop of voltag(' in llie imj)(‘dan(*(‘, of 
the stator circuit. Corresponding to the stator curnMil, /,, a 
current, then exists in the rotor (‘inmit, giving the sauH^ 
ampere-turns as I^, in opposite direction, and so mnil ralizing Hkj 
m.m.f. of the stator (as in any transformcM’). This curnMii, 
exists in the synclironous motor, and the synclironoiis motor 
e.m.f., E^, accordingly drops below tlu' gen(‘rat(‘d (‘.in.f., E, of 
the rotor, or, since A,, is maintained constant, E rises abovi' A„ 
with increasing load, by tlie dro[) of voItag(‘ in th(‘ i-otor inip('- 
dance and the synchronous impedance, of tlu‘ (‘xciUn*. 

That is, the stator terminal voltage, E^, drops witli incr(‘a.sing 
load, by the stator impedance drop, and rises with incr(‘asing 
load by the rotor and exciter impodan{‘o drop, sinc() tluj latt(‘r 
causes the generated e.m.f., A, to rise. 

If then the impedance drop in the rotor circuit is greater than 
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that in the stator, with increasing load the terminal voltage 
of the machine rises, that is, the machine automatically 
over-compounds, at constant-exciter field excitation, and if 
the stator and the rotor impedance drops are equal, the machine 
compounds for constant voltage. 

In such a machine, by properly choosing the stator and rotor 
impedances, automatic rise, decrease or constancy of the 
terminal voltage with the load can be produced. 

This, however, applies only to non-inductive load. If the 
current, /, differs in phase from the generated e.m.f., Ej the 
corresponding current, 1^, also differs; but a lagging component 
of corresponds to a leading component in /g, since the stator 
circuit slips behind, the rotor circuit is driven ahead of the 
rotating magnetic field, and inversely, a leading component of 
gives a lagging component of The reactance voltage of 
the lagging current in one circuit is opposite to the reactance 
voltage of the leading current in the other circuit, therefore 
does not neutralize it, but adds, that is, instead of compounding, 
regulates in the wrong direction. 


222. The automatic compounding of the synchronous induc- 
tion generator with low-frequency synchronous-motor excita- 
tion so fails if the load is not non-inductive. 

Let 

~~ jx^ = stator sclf-inductivc impedance, 

= r., — jx^ = rotor self-inductive impedance, reduced to the 


stator circuit by tlio ratio of the effective turns ^ , and the 

ratio of freciucMicies a = ^ ; 

/I 

Zq = — /j’,, = synchronous impedance of the synchronous- 

motor exciter; 

E^ = terminal voltage of the stator, chosen as real axis, = 

Eq = nominal generated e.m.f. of the synchronous-motor 
exciter, reduced to the stator circuit; 

E = generated e.m.f. of the synchronous-induction generator 
stator circuit, or the rotor circuit reduced to the stator circuit. 
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The actual e.m.f. generated in the rotor circuit then is ^' = 
taE, and the actual nominal generated e.m.f. of the synchronous 
exciter is E„' = taE^ 

Let 

i + j-ij = current in the stator circuit, or the output 
current of the machine. 

The current in the rotor circuit, in which the direction of 
rotation is opposite, or ahead of the revolving field, then is, 
when neglecting the exciter current, 

h = i-jh- 


(If y = exciting admittance, the exciting current is -■ EY, 
and the total rotor current then 4- 7j.) 

Then in the rotor circuit, 


= -^0 + (>^0 + ^2)h) 

(1) 

and iu the stator circuit : 


E = E^ -\r 

(2) 

Hence, • 


E=E, + I,{Z, + Z,)-I,Z„ 

(3) 

or, substituting for and /j, 

^1 = ^0 + i {Za + ~ih i^o + ^2 + ZJ. 

(4) 

Denoting now. 


Zo + Z^ + Z^ = = r^ — jx^, 

Zq Z 2 Zj^ = jx^, 

(5) 

and substituting, 

E^ = Ef^ + iZ^ ji^Z^ 

or, since E ^ = e^, 

(6) 


= (e, - rj, + + j (x^i + 


(7) 
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or the absolute value 

e«* = (ei - r^i + Xi,i,y + (x,i + r,tf. (8) 

Hence 

= Ve/ - (x^i + - x^i^. (9) 

That is, the terminal voltage, e^, decreases due to the decrease 
of the square root, but may increase due to the second term. 

At no-load, 

i = 0, = 0 and 

At non-inductive load, 

= 0 and = \/e^ — x^i? + r^i. (10) 

6^ first increases, from its no-load value, e^, reaches a maximum, 
and then decreases again. 


Since 


^4 

^4 = ^0 + ^2 “ 


at 


= 0 and = 0, or, 

= ^ + ^2. 


X. = 


^0 + ^2 


and, 


= Cp, that is, in this case the terminal voltage 
is constant at all non-inductive loads, at constant exciter 
excitation. 


In (jeneral, or for /^ = i + 

if is positive or inductive load, from equation (9) follows 
that the terminal voltage, e^, drops with increasing load; while 

if is negative or anti-inductive load, the terminal voltage, 
Cj, rises with increasing load, ultimately reaches a maximum 
and then decreases again. 
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From equation (9) follows, that by chan^g the impedances, 
the amount of compounding can be varied. For instance, at 
non-inductive load, or in equation (10) by increasing the resist- 
ance, r^, the voltage, e^, increases faster with the load. 

That is, the over-compounding of the machine can be in- 
creased by inserting resistance in the rotor circuit. 

223 . As an example is shown, in Fig. 136, in full line, with 
the total current, I = Vi? + as abscissas, the voltage 
regulation of such a machine, or the terminal voltage, e^, with 
a 4-cycle synchronous motor as exciter of a 60-cycle synchronous- 
induction generator driven at 64-cycles speed. 

(1) For non-inductive load, or = i. (Curve I.) 

(2) For inductive load of 80 per cent power-factor; or 

1^ = 1 (0.8 + 0.6 f). (Curve II.) 

(3) For anti-inductive load of 80 per cent power-factor; or 

7, = Z (0.8 - 0.6 j). (Curve III.) 

For the constants, 

e„ = 2000 volts. = O.f) - 0.r> /. 

Z, = 0.1 -0.3 f. a = 0.0()7. 

^2 = 1 ~0.5j. ^ = 1, that is, the same 

nutnl)or of turns ii> 
stator and rotor. 

Then, 

= 1.6 — 1.3 j and = 1.4 — 0.7 j. 

Hence, substituting in equation (9), 

= V4 X 10“-(0.7f+ 1.4 1 - 1.3 i,; 

thus, for non-inductive load, =0; 

e, = \/4x 10«-0.49 + 1.4 i; 
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for inductive load of 80 per cent power-factor =0.61; i= 0.8 1 ; 

Cl = VA X 10“- 2.31 P -F .34 1; 

and for anti-inductive load of 80 per cent power-factor i^ = 
— 0.6 1; i = 0.8 1; 

= V4 X 10“ - .16 P + 1.9 J. 

'Comparing the curves of this example with those of the same 
machine driven as frequency converter with exciter generator, 
and shown in dotted hnes in the same chart (Fig. 136), it is 
seen that the voltage is maintained at load far better, and 
especially at inductive load the machine gives almost perfect 
regulation of voltage, with the constants assumed here. 
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Fk;. 137. — SyiicUroiious Iiidiictioii GcMierator. 


To sliow 11 k‘ variation of voltaj^e witli a cliango of power- 
factor, at the same output in current, in Fi^. L‘)7, tlie terminal 
voltage, is plotted with the ])hase angle as al)s(*issas, from 
wattless anti-inductive load, or 90° lead, to wattk'ss inductive 
load, or 90° lag, for constant current-ouli)ut of 400 amperes. 
As seen, at wattless load hotli machines give the same voltage 
but for energy load the type {b) gives with the same excitation 
a higher voltage, or inversely, for the same voltage the type (a) 
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requires a higher excitation. It is, however, seen that with the 
same current-output, but a change of power-factor, the voltage 
of t 3 q)e (a) is far more constant in the range of inductive load 
while that of type (6) is more constant on anti-inductive load, 
and on inductive load very greatly varies with a change of 
power-factor. 



CHAPTER XXI. 


ALTERNATING-CURRENT GENERATOR. 

224. In the alternating-current generator, e.m.f. is generated 
in the armature conductors by their relative motion through a 
constant or approximately constant magnetic field. 

When yielding current, two distinctly different m.m.fs. 
are acting upon the alternator armature — the m.m.f. of the 
field due to the field-exciting spools, and the m.m.f. of the 
armature cinrent. The former is constant, or approximately 
so, while the latter is alternating, and in synchronous motion 
relatively to the former; hence fixed in space relative to the 
field m.m.f., or unidirectional, but pulsating” in a single-phase 
alternator. In the polyphase alternator, when evenly loaded 
or balanced, the resultant m.m.f. of the armature current is 
more or less constant. 

The e.m.f. generated in the armature is due to the mag- 
netic flux passing through and interlinked with the armature 



t’lG. i:«. 


conductors. Tliis flux is produced by the resultant of both 
m.m.fs., that of the field, and that of the armature. 

On open-circuit, the m.m.f. of the armature is zero, and the 
e.m.f. of the armature is due to the m.m.f. of the field-coils only. 
In this case the e.m.f. is, in general, a maximuin at the moment 
when the armature coil faces the position midway between 

861 
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adjacent field-coils, as shown in Fig. 138, and thus incloses no 
magnetism. The e.m.f. wave in this case is, in general, sym- 
metrical. 

An exception to this statement may take place only in ‘ 
those types of alternators where the magnetic reluctance of the 
armature is different in different directions; thereby, during 
the synchronous rotation of the armature, a pulsation of the 
magnetic flux passing through it is produced. This pulsation 
of the magnetic flux generates e.m.f. in the field-spools, and 
thereby makes the field current pulsating also. Thus, we have, 
in this case, even on open-circuit, no rotation through a con- 
stant magnetic field, but rotation through a pulsating field, 
which makes the e.m.f. wave unsymmetrical, and shifts the 
maximum point from its theoretical position midway between 
the field-poles. In general this secondary reaction can be 
neglected, and the field m.m.f. be assumed as constant. 

The relative position of the armature m.m.f. with respect to 
the field m.m.f. depends upon the phase relation existing in 
the electric circuit. Thus, if there is no displacement of j^hase 
between current and e.m.f., the current reaches its maximum 
at the same moment as the e.m.f. or, in the j)osition of the 
armature shown in Fig. 138, midway between the field-poles. 

In this case the armature current tends neither to magnetize nor 
demagnetize the field, but merely distorts it; that is, demagne- 
tizes the trailing-pole corner, a, and magnetizes the leading- 



pole corner, h, A change of the total flux, and thereby of 
the resultant e.m.f., will take jdacc* in this case only wIhmi the 
magnetic densities are so near to saturation that the rise of 
density at the leading-pole corner will be less than the decrease of 
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density at the trailing-pole corner. Since the internal self- 
inductive reactance of the alternator itself causes a certain lag 
of the current behind the generated e.m.f., this condition of no 
displacement can exist only in a circuit with external negative 
reactance, as capacity, etc. 

If the armature current lags, it reaches the maximum later 
than the e.m.f . ; that is, in a position where the armature-coil 
partly faces the field-pole which it approaches, as shown in 
diagram in Fig. 139. Since the armature current is in opposite 
direction to the current in the following-field pole (in a genera- 
tor), the armature in this case will tend to demagnetize the 
field. 

If, however, the armature current leads, — that is, reaches 
its maximum while the armature-coil still partly faces the 
field-pole which it leaves, as shown in diagram Fig. 140, — it 



Fig. 140. 


tends to magnetize this fidd-eoil, sin(*e tlie armature current is 
ill tlie same direction as the (^xciting current of the preceding- 
field spools. 

Thus, with a leading (‘iirnait, tli(‘ armature i*(‘a(‘tiou of the 
alternator strengthens tlu' (ie^ld, and tlu‘rc‘t)y, at constant- 
field excitation, increases the voltage^ with lagging curn'iit it 
weakens the fi(‘ld, and thereby decreases th(‘ voltage' in a gene- 
rate)r. 01)vie)usly, the' opposite' he)lels for a synchre)n()us me)te)r, 
in whie*h the' armature' eairrent is in the' opposite elire'(*tie)n; and 
thus a lagging eairrent te'iiels to inagrietize', a Ic'aeling eairrent to 
elemagiK'tize, the tie'ld. 

225. The e.m.f. ge'iierate'el in the armature by the resultant 
magnetic flux, proeluced by the resultant m.m.f. of the field and 
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of the armature, is not the terminal voltage of the machine; the 
terminal voltage is the resultant of this generated e.m.f. and the 
e.m.f. of self-inductive reactance and the e.m.f. representing 
the power loss by resistance in the alternator armature. That 
is, in other words, the armature current not only opposes or 
assists the field m.m.f. in creating the resultant magnetic flux, 
but sends a second magnetic flux in a local circuit through the 
armature, which flux does not pass through the field-spools, 
and is called the magnetic flux of armature self-inductive 
reactance. 

Thus we have to distinguish in an alternator between armature 
reaction, or the magnetizing action of the armature upon the 
field, and armature self-inductive reactance, or the e.m.f. gene- 
rated in the armature conductors by the current therein. This 
e.m.f. of self-inductive reactance is (if the magnetic reluctance, 
and consequently the reactance, of the armature circuit is 
assumed as constant) in quadrature behind the armature 
current, and will thus combine with the generated e.m.f. in the 
proper phase relation. Obviously the e.m.f. of self-inductive 
reactance and the generated e.m.f. do not in reality combine, 
but their respective magnetic fluxes combine in the armature- 
core, where they pass through the same structure. These 
component e.m.fs. are therefore mathematical fictions, but 
their resultant is real. This means that, if the armature current 
lags, the e.m.f. of self-inductive reactance will be more than 90 
time degrees behind the generated e.m.f., and therefore in jjartial 
opposition, and will tend to reduce the terminal voltage. On the 
other hand, if the armature current leads, tlie e.m.f. of self- 
inductive reactance will be less than 90° behind the generated 
e.m.f., or in partial conjunction therewitli, and increase the 
terminal voltage. This means that the e.m.f. of self-inductive 
reactance increases the terminal voltage with a leading, and 
decreases it with a lagging current, or, in other words, acts in the 
same manner as the armature reaction. For this reason both 
actions can be combined in one, and represented by what is 
called the synchronous reactance of the alternator. In the fol- 
lowing, we shall represent the total reaction of the armature of 
the alternator by the one term, synchronous reactance. While 
this is not exact, as stated above, since the reactance should be 
resolved into the magnetic reaction due to the magnetizing 
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action of the armature current, and the electric reaction due to 
the self-induction of the armature current, it is in general 
sufficiently near for practical purposes, and well suited to explain 
the phenomena taking place under the various conditions of 
load. This synchronous reactance, x, is frequently not constant, 
but is pulsating, owing to the synchronously varying reluctance 
of the armature magnetic circuit, and the field magnetic circuit; 
it may, however, be considered in what follows as constant; 
that is, the e.m.fs. generated thereby may be represented by 
their equivalent sine waves. A specific discussion of the dis- 
tortions of the wave shape due to the pulsation of the syn- 
chronous reactance is found in Chapter XXVI. The synchronous 
reactance, x, is not a true reactance in the ordinary sense of the 
word, but an equivalevi or effective reactance. Sometimes the 
total effects taking place in the alternator armature are repre- 
sented by a magnetic reaction, neglecting the self-inductive 
reactance altogether, or rather replacing it by an increase of the 
armature reaction or armature m.m.f. to such a value as to 
include the self-inductive reactance. This assumption is mostly 
made in the prehminary designs of alternators. 

226. Let = generated e.m.f. of the alternator, or the 
e.m.f. generated in the armature-coils by their rotation through 
the constant magnetic-field produced by the current in the 
field-spools, or the open-circuit voltage, more properly called 
the “ nominal generated e.m.f.,” since in reality it does not exist 
as before stated. 

Then 

E^ = n'2 xn/<l> 10"®; 

where 

n = total number of turns in series on the armature, 

/ = frecjuency, 

<i> = total magnetic flux per field-pole. 

Let x„ == synchronous reactance, 

r„ = internal resistance of the alternator; 

then Z^= r^ — jx^ = internal impedance. 
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If the circuit of the alternator is closed by the external 
impedance, 

Z = r — jx, 


the current 


or, 


J = 


1 = 


E, 


0 _ . 


ijo 


Z„ + Z (r, + r) (Xj +*)’ 


E. 


\/(r„ + ry + (Xo + x)* 


and, the terminal voltage, 

E= IZ ^E„-IZ,= 


Eo (r - 


(ro + r) -i (Xo + x) ' 


or. 


E = 


E.Vr^ + a? 


V(r„ + ry + (Xo + xy 




V A ,^ ‘>'„r+ x„x ry -I j-y 


or, expanded in a series, 
E=E 


2 (r + x“) 


As shown, the terminal voltage varies with the conditions of 
the external circuit. 


227. As an example in Figs. 141-140, at constant generated 
e.m.f., 

= 2500; 


and the values of the internal impedanoo, 

Zq 7*q jx^ = 1 10 j. 
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With the current, I, as abscissas, the ternodnal voltages, E, 
as ordinates in full line, and the kilowatts output, = Pr, in 



Fig. 1 IJ . — i'lcld Cliaracteiihtic of Altoniator on Non-Inductive Load. 


dotted lines, the kilovolt-amperes output, — lEj in dash- 
dotted lines, we have, for the following conditions of external 
circuit: 


In Kg. 141, non-iiiductivc external circuit, x = 0. 

r 

In Kg. 112, inductive external circuit, of the condition, - = 
+ 0.75, with a powcn-factor, 0.(). 

In Kg. 113, iiuliKdive external circuit, of the condition, r= 0, 
witli a j}owei -factor, 0. 
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In Fig. 144, external circuit with leading current, of the condi- 
r 

tion, - = — 0.75, with a power-factor, 0.6. 

In Fig. 145, external circuit with leading cxirrent, of the condi- 
tion, r = 0, with a power-factor; 0. 

In Fig. 146, all the volt-ampere curves are shown together as 
complete ellipses, giving also the negative or syn- 
chronous motor part of the curves. 



Fio. 144. — Field Characteribtic of Alternator at GO per cent Power-Factor on 

Condeiifacr Load 

Buell a curve is calk'd a field characleridtc. 

As shown, the e.in.f. curve at noii-iiuluetivc load is nearly 
horizontal at open-circuit, nearly vertical at short-circuit, and 
is similar to an arc of an ellipse. 

With reactive load the curves are more nearly straight lines. 

The voltage drops on inductive load and rises on capacity load. 

The output increases fn)in zero at open-circuit to a maxi- 
mum, and then decreases again to zero at short-circuit. 
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228. The dependence of the terminal voltage, E, upon the 
phase relation of the external circuit is shown in Tig. 147, 
which gives, at impressed e.m.f., E^ = 2500 volts, and the 



i 6 b 10 12 n io 18 iio 22 21 20 


Fig. 145. — Field Characteristic of Alternator on Wattless Condenser Load 

currents, I = 50, 100, 150, 200, 250 ann)orcs, Uit‘ U'rniiiuil vol- 
tages, Ej as ordinates, with the inductance factor of the external 

X 

circuit, - , as abscissas. 
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229. If the internal impedance is negligible compared with 
the external impedance, then, approximately, 

E \/ 7 ^ - 4 - 3 ^ 

E = L . = E,; 

V + r)® + (a:„+ xf 

that is, an alternator with smaU internal resistance and syn- 
chronous reactance tends to regidaie for constant-terminal voltage. 



Fig. 1 IG — Fu'ld ('hariLct(‘ri.stic of Alternator 


Every alternator docs this near 0 })en-(*irciiit, especially on 
non-in(liictiv(‘ load. 

Kvow if tlu^ synchronous reactance, is not (juite negli- 
gible, this regulation takes pla(*e, to a certain (‘Kttnit, on non- 
inductive circuit, since for .r -= 0, 


E = ^ ■ 




+ ■ 
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and thus the expression of the terminal voltage, E, contains 
the synchronous reactance, x^, only as a term of second order in 
the denominator. 

On inductive circuit, however, a:„ appears in the denominator 
as a term of first order, and therefore constant-potential regu- 
lation does not take place as well. 



Fig. 147. — Regulation of Alternator on Various Loads 


With a non-inductive external circuit, if th(‘ syn(*hr()n()UH 
reactance, of the alternator is very large compared with the 
external resistance, r, 


current 





approximately, or constant; or, if the (‘xtcTual cinmit contains 
the reactance, /, 


^ + x! 

approximately, or constant. 
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In this case, the terminal voltage of a non-inductive circuit is 



approximately, or proportional to the external resistance, 
in an inductive circuit, 

E = - 

+ a: 

approximately, or proportional to the external impedance. 

230 . That is, on a non-inductive external circuit, an alter- 
nator with very low synchronous reactance regulates for con- 
stant-terminal voltage, as a constant-potential machine; an 
alternator with a very high synchronous reactance regulates for 
a terminal voltage proportional to the external resistance, as a 
constant-current machine. 

Thus, every alternator acts as a constant-potential machine 
near open-circuit, and as a constant-current machine near short- 
circuit. Between these conditions, there is a range where the 
alternator regulates approximately as a constant-power machine, 
that is, current and e.m.f. vary in inverse proportion, as between 
130 and 200 amperes in Fig. 141. 

The modern alternators are generally more or less machines 
of the first class; the old alternators, as built by Jablockkoff, 
Gramme, etc., were niacliines of the second class, used for arc 
lighting, where constant-cnirrent regulation is an advantage. 

Obviously, large external reactances cause the same regula- 
tion for constant current independently of the resistance, r, 
as a large internal reactance, 

On non-inductive circuit, if 

/ = - , 

4 r„y [■ x„- 

and , 

V (r f r„y } 

E -V 

* (r h r,,)^ + .r,; 

dP ^ xj y + ry 

dr {(r -I ?•„)•= + xy\'^ ’ 


and 
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Hence, if = Vr^ — r/, > 


or 


= vr ^ 


+ V= 


0 > 



the power is a maximum, and 
P = 




E = 


2 {2o + »-o} ' 

E 


and 


/ = 


E. 




Therefore, with an external resistance equal to the internal 
impedance, or, r = V r/ + x^j the ()uti)iit of an alternator 

is a maximum, and near this point it regulates for constant 
output; that is, an increase of current causes a proportional 
decrease of terminal voltage, and inversely. 

The field characteristic of the alternatcjr shows this effect 
plainly. 
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ARMATURE REACTIONS OF ALTERNATORS. 

231 . The change of the terminal voltage of an alternating 
current generator, resulting from a change of load at constant 
field-excitation, is due to the combined effect of armature 
reaction and armature self-induction. The counter m.m.f. of 
the armature current, or armature reaction, combines with the 
impressed m.m.f. or field excitation to the resultant m.m.f., 
which produces the resultant magnetic field in the field-poles, 
and generates in the armature an e.m.f. called the '^virtuar 
generated e.m.f.,’ ^ since it has no actual existence, but is merely 
a mathematical fiction. The counter e.m.f. of self-induction of 
the armature current, that is, e.m.f. generated by the armature 
current, by a local magnetic flux, combines with the virtual 
generated e.m.f. to the actual generated e.m.f. of the armature, 
which corresponds to the magnetic flux in the armature core. 
This combined with the e.m.f. consumed by the armature resist- 
ance, gives the terminal voltage. 

In most cases, the efl'ect of armature reaction and of self- 
induction arc the same in character, and so both effects usually 
arc contracted in one constant; for purposes of design, frequently 
the self-in(lu(*tiou is represented by an increase of the armature 
reaction, that is, an effective armature reaction used which com- 
bines the effect of the true armature reaction, and the armature 
self-induction. That is, instead of the counter e.m.f. of self- 
induction, a counter m.m.f. is used, which woukl produce the 
rnagiu'tic flux whi(*h would generate the e.m.f. of st‘lf-induction. 
For theoretical investigations UMially the armaiure reaction is 
represented by an effective self-induction, that is, instead of the 
count(T m.m.f. of the armature n^action, tlu' (‘.m.f. considered, 
whi(*h would be generated by the magiudic* flux, which the arma- 
ture reaction would })roduce. That is, both effe(*ts are com- 
bined in an effective reactance, the ^bsynclironous reactance.” 

While armature reaction and self-inductance are similar in 

375 
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effect, in some cases they differ in their action; the e.m.f. of 
self-inductance is instantaneous, that is, appears and disappears 
with the current to which it is due. The effect of the armature 
reaction, however, requires time; the change of the magnetic field 
resulting from the combination of the counter m.m.f. of arma- 
ture reaction with the impressed m.m.f. of field excitation occurs 
gradually, since the magnetic field flux interlinks with the field 
winding, and any sudden change of the field generates an e.m.f. 
in the field circuit, which temporarily increases or decreases the 
field current, and so retards the change of the field flux. So for 
instance, a sudden increase of load results in a simultaneous 
increase of the counter e.m.f. of self-induction and counter 
m.m.f. of armature reaction. With the armature reaction 
demagnetizing the field, the field flux begins to decrease, and 
thus generates an e.m.f. in the field-exciting circuit, which 
increases the field current, and retards the decrease of field 
flux, so that the field flux adjusts itself only gradually to the 
change of circuit conditions, at a rate of si)eod depending upon 
the constants of the field-exciting circuit, etc. 

The extreme case hereof takes place when suddenly short- 
circuiting an alternator; at the first moment, the short-cinmit 
current is limited only by the self-inductance, and the magnetic 
field still has full strength, the field-exciting current has grcvatly 
increased by the e.m.f. generated in the field circuit by the arma- 
ture reaction. Gradually the field-exciting current and there- 
with the field magnetism, die down to the values (-orresponding 
to" the short-circuit condition. Thus the monu^niary short- 
circuit current of an alternator is far greab'r than lh(^ ])(‘nna- 
nent short-circuit current; many times in a machine of low 
self-induction and high armature reaction, as a low-fre(iu(‘n(*y, 
high-speed alternator of large capacity, relatively littl(‘ in a 
machine of low armature-reaction and high self-in(lu(‘ti()n, as a 
high-frequency unitooth alternator. 

232. Graphically, the iritoriial reactions of tlu' ali(‘rnaiing- 
current generator can be represented as follows: 

Let the impressed m.m.f., or field excitation, SF,„ be repre- 
sented by the vector, OF in Fig. 148, chosen for convenience 
as negative vertical axis. Let the armature current, /, be 
represented by vector 01, This current, /, gives armature 
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reaction SFi = nl, where n = number of effective turns of the 
armature, and is represe nted by the vector, with the two 
quadrature components, OF in line with the field m.m.f., OF^, 
— and usually opposite thereto — and 0F'\ in quadrature with 

_ 

OF^ combined with OF^ giv ^ th e resultant m.m.f., OF, with 

the quadrature components, OF' = OF^ — OF^, and OF". 


I' I 



The m.m.f., OF, produces a magnetic fiu.x, 04>, and this gener- 
ates an e.m.f., OF^, in the armature circuit, 90 degrees behind 
OF in phase, the virtual generated e.iu.fr 



378 


ALTERNATING-CURRENT PHENOMENA. 


The armature self-induction consumes an e.in.f., OE^, 90 
time-degrees ahead of the current, thus, subtracted vectorially 
from OE^, gives the actual generated e.m.f., OE^ 

The armature resistance, r, consumes an e.in.f., OE^, in phase 
with the current, which subtracts vectorially from the actual 
generated e.m.f., and thus ^ves the terminal voltage, OE. 

233. Anal 3 rtically, these reactions are best calculated by the 
symbolic method. 

Let the impressed m.m.f., or field-excitation, SF^, bo chosen as 
the negative imaginary axis, hence represented by 

fo = -j7« (1) 

Let 

/ = ii + = armature current. (2) 

The m.m.f. of the armature then is 

= n (i, + ji,) ( 3 ) 

where 

n = number of effective armature turns, 
and the resultant m.m.f. then is 

+ = ?//;) I- nfj. (4) 

If, then, 

(P = magnetic permeance of the structure, that is, iiiagiictic, 
flux divided by the ampere-turns m.m.f. producing it, 

<I> 


(P=j, or, $ = -yiP(/„-//g I cea/,. (5) 

The e.m.f. generated by the magnetic fiu.x <3? in tlie armature 
is e„. = 2 7t/n<P 10~“ , (0) 

where / = frequency. 

Denoting 2 Tzfn 10 by a we have, (7) 

e., = a, 4) (8) 
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and since the generated e.m.f, is 90 time-degrees behind the 
generating flux, in symbolic expression, 

^2 = (9) 

hence, substituting (5) in (9), 

= 09 (fa- ni^ + fcKPm'i, (10) 

the virtual generated e.m.f. 

The e.m.f. consumed by the self-inductive reactance of the 
armature circuit is, 

-E's = -y^'x + (11) 

and therefore, the actual generated e.m.f • 

= {acp/o - (a(Pn + x)\] + {a(9n + x). (12) 

The e.m.f. consumed by the armature resistance r is 
E,=^rl ^ ri, + jri^; (13) 

hence, the terminal voltage, 

E = 


= {a(F/y — {ai?n-^x) — n\} + j { {a(Pn 4- x) — ri^} . (14) 

234. It is 

= field in.m.f.; hence 

^0 =" ^/o "" magnetic fiux, which would be produced by the 
field excitation, /„, if the magnetic ])enneance at this m.m.f., 
were the xsame, (P, as at the m.m.f., SF — that is, if the magnetic 
characteristic would not bend betwec'ii and ST, due to mag- 
netic saturation, or in other words, wlien neglecting saturation, 
and tlu‘refore == ncP/^, (15) -= e.m.f. generated in the armature 
by the field excitation, when neglecting magnetic saturation, or 
assuming a straight line saturation curve. 

e^^ is called the ^'notninal generated e.m.f. of the machine.” 

ni = armature m.m.f; therefore, 

&ni = magnetic flux produced thereby, and, 
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a9ni= generated in the armature by the magnetic flux of 
armature reaction; hence, 

(MPw = ajj 

,= effective reactance, representing the armature reaction, 
and = cWPn + x (16) 

= synchronous reactance, that is, the effective reactance 
representing the combined effect of armature self-induction and 
armature reaction. 

Substituting (15) and (16) in (14) gives, 

E = (e„ - x^% - ri^) + j (x^i^ - n^). (17) 

It follows herefrom; 

In an alternating-current generator, the combined effect of 
armature reaction and self-induction can be represented by an 
effective reactance, the synchronous reactance, x„, which consists 
of the two components: 

a:, = a: + X, (18) 

where, 

X = true self-inductive reactance of the armature circuit. 

Xj = a/yn = effective reactance of armature reaction, (19) 

and the nominal generated e.m.f., 

e, = a9f„-, (15) 

where, 

n = number of armature turns, effective, 

/o = field excitation, in ampere-turns, 

a = 2 nfn 10~*. (7) 

(P = magnetic permeance of the field structure at a mag- 

netic flux in the field-poles c()rres[)()ndiiig to tlie virtual generated 
e.m.f., E^. 

The introduction of the term “ synehronous reactance,” x„, 
and “nominal generated e.m.f.,” e„, is hereby justified, when 
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dealing with the permanent condition of the electric circuit. 
The case of the transient phenomena of momentary shoi*t- 
circuit currents, etc., is discussed in a chapter on “Transient 
Phenomena and Oscillations, ” section I. 

It must be understood that the “ nonhnal generated e.m.f.”, 
Bq, in an actual machine, in which the magnetic characteristic 
bends due to the approach to magnetic saturation, is not the 
voltage generated by the field excitation at open-circuit, but 
is the voltage which would be generated, if at excitation, /q, the 

magnetic permeance, (P = - were the same as at the actual 

flux existing in the machine — that is, if the magnetic charac-* 
teristic would continue in a straight line passing through the 
origin when prolonged. 

The equation (17) may also be written 

E (20) 

where, 

Zq = r jXq = synchronous impedance of the alternator. 

i 

or, more generally 

E ^E,~^Z,I; (22) 

and so is the equation of a circuit, supplied by the e.m.f., E^j 
with the current, I , over the impedance, Z,,, as has been discussed 
in the chapter on resistance, inductive reactance and conden- 
sive reactance. 

An alternator so is ecjui valent to an e.m.f., E^, the nominal 
generated e.m.f., supplying current over an impedance, the 

synchronous inij)edance. 

236. In theoretical investigations of alternators, the syn- 
chronous reactance, is usually assumed as constant, and has 
been assumed so in the i)receding. 

In reality, however, this is not exactly, and frequently not 
even approximately correct, but the synchronous reactance is 
different in different positions of the armature with regard to the 
field. Since the relative position of the armature to the field 
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varies with the armature current, and with the phase angle of 
the armature current, the regulation curve of the alternator, and 
other characteristic curves, when calculated under the assump- 
tion of constant synchronous reactance, may differ considerably 
from the observed curves, in machines in which the synchronous 
reactance varies with the position of the armature. 

The two components of the synchronous reactance are the 
self-inductive reactance, and the effective reactance of armature 
reaction. The self-inductive reactance represents the e.m.f. 
generated in the armature by the local field produced in the 
armature by the armature cm-rent. The magnetic reluctance 
•of the self-inductive field of the armature coil, however, is, in 
general, different when this coil stands in front of a field-pole, 
and when it stands midway between two fiold-polos, and the 
self-inductive reactance so periodically varies, between two 
extreme values, representing r^pectively tlie positions of the 
armature coils in front of, and midway between the field-poles, 
that is, pulsates with double freciuency, between a value, /, 
corresponding to the position in front, and a value, x", corre- 
sponding to a position midway between the field-poles. Depend- 
ing upon the structure of the machine, as the angle' of the })ole 
arc, that is, the angle covered by the pole face, ('ither / or x" 
may be the larger one. 

The effective reactance of armature reaction, corresponds 
to the magnetic flux, which the arniature would produce' in the 
field-circuit. With the armature coil facing the' lield-jeeele', that 
is, in a nearly closeel magnetic fielel-circuit, .r, liici-e'fore is 
usually far greater than with the arniiiturc e-oil facing midway 
between the field-])olcs, in a more' ew le'ss ope'ii niagne'tic e-ire'uit. 
Hence, Xj also varies between twe) e'xtreine vedues, .r/ .and x", 
corresponding respectively to the position in line' with, iinel in 
(Quadrature with, the fielel-polcs. In this ciise, usually x,' is 
larger than x/'. 

Since Xj = a(?n, where (P = magnetic permcaincc, eP varies 
between CP', corresponding to the position of the* iirmaiiire' coil 
opposite the field-poles, and cP'', corresponding to the' position 
of the armature coil midway between the ficld-pok's. Usually 
9' is far larger. 

This means that the two components of the resultant m.m.f., 
SF, in line with, and 9" in quadrature with, the field-poles. 
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act upon magnetic circuits of very different permeance, (P' and 
(p", and the components of magnetic flux, due to SF' and SF" 
respectively, are 

= (PV 

<J,// = (p//gr/r. 

The two components of magnetic flux, and ^>", therefore, 
are in general, not proportional to their respective m.m.fs. SF' and 
SF", and the resultant flux, ^>, accordingly is not in hne with the 
resultant m.m.f., SF, but differs therefrom in direction, being 
usually nearer to the center line of the field-poles. That is, 
the resultant magnetic flux, O, is more nearly in line with the 
impressed m.m.f. of field excitation, SF^, than the resultant 
m.m.f., SF, is — or in other words — the magnetic flux is shifted 
by the armature reaction less than the resultant m.m.f. is 
shifted. 

236. To consider, in the investigation of the armature reactions 
of an alternator, the difference of the magnetic reluctance of the 
structure in the dift'erent directions with regard to the field, 
that is, the effect of the polar construction of the field, or the 
use of definite polar projections in the magnetic field, the reac- 
tions of. the machine must be resolved into two components, 
one in lino and the other in quadrature with the center line of 
the field-polos, or the direction of the impressed ni.m.f. or field- 
excitation, SF„. 

Denoting then the com))onents in line with the field-poles, 
or parallel with the field-excitation, JF^, by prime, as I', SF', etc., 
and the components facing midway between the field-poles, or 
in quadrature |)osition with the field-excitation, SF,,, by .second, 
as /", SF", tlie diagram of the alternator reactions is modified 
from that given in Fig. U<S. 

Choosing again, in Fig. 1 H), the impressed ni.m.f. or field- 
excitation, SF,„ as negativi' vertical vector OI<\„ the current, 01, 
consists of the component, 01', in line with SF,„ or vertical, and 
01" in (piadrature with SF„, or horizontal. The armature 
reaction, OF,, gives the conqxments, OF,' and OF", and_ the 
resultant m.m.f. therefore consists of two components, OF' = 
OF,- OF,', and OF" = OF". 
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Let now, 


(?' = permeance of the field magnetic circuit; (23) 



the components of the resultant inagnctic flux aix*, 

= 9'^', represented by OO'; and represented 

by 0$", 

and the resultant magnetic flux, by eoinljination of 0<t>' and 
04>", is 04>, and is not in line with OF, but difl'ers therefrom, 
being usually nearer to 0F„. 
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The virtual generated e.m.f. is 

= a^, 

and represented by OE^, 90 degrees behind 0^>. 

Let now 

s' = self-inductive reactance of the armature when facing 
the field-poles, and thus corresponding to the com- 
ponent, of the current, (25) 

and 

s" = self-inductive reactance of the armature when facing 
midway between the field-poles, and thus correspond- 
ing to the component, I", of the current. (26) 

Then 

= xfl' = e.m.f. consumed by the self-induction of the 
current component, I', 

and 

Ej' = s" I" = e.m.f. consumed by the self-induction of the 
current component, I". 

E/ is represented by vector OE^', 90 degrees ahead of 01', and 
E" is represented by vector OE^", 90 degrees ahead of 01". The 
resultant e.m.f. of self-induction then is given by the combina- 
tion of OEg and OE^", as OE^. It is not 90 degrees ahead of 01, 
but either more or less. In the former case, the self-induction 
consumes power, in the latter case, it produces power. That is, 
in such an armature revolving in the structure of non-uniform 
reluctance, the e.m.f. of self-induction is not wattless, but may 
represent consum])tion, or production of i)ower. 

Subtracting vectorially OE^ from the v irtua l generated e.m.f. 
gives the actual generated e.m.f., OE„ and subtracting 
therefrom the e.m.f. consumed by the armature resistance, 
OE^, in phase with the current, 01, gives the terminal vol- 
tage, OE. 

237. Here the diagram has been constructed graphically, by 
starting with the field -excitation, tF„, the armature current, /, 
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and the phase angle between the armature current, /, and the 
field-excitation, JF, — that is, the angle between the position in 
which the armature current reaches its maximum, and the 
direction of the field-poles. angle, however, is unknown. 

Usually the terminal voltage, OE, the current, 01, and the angle, 
BOI, between current and terminal voltage are given. From 
these latter quantities, however, the diagram cannot be con- 
structed, since the position of the field-excitation, and so the 



directions, in which the electric quantities have to be resolved 
into components, are still unknown, wlien starting the con- 
struction of the diagram. 

That is, as usually, the graphical representation affords an 
insight into the inner relations of the phenomena, but not a 
method for their numerical calculations, and for the latter pur- 
pose, the symbolic method is required. 
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Let 

= nominal generated e.m.f., or e.m.f. corresponding to the 
field-excitation, fF*, on a straight line continuation of the mag- 
netic characteristic from the actual value of the field onwards, — 
as shown by Fig. 150. 


The impressed m.m.f., or field excitation, is then ^ven by 

-/f*- (27) 

Let 

7 = 7' + /" = armature current, (28) 

where the component, 7', is in line, the component, 7", in quad- 

rature with : — fsf 0 - 

11 n = number of eflPective armature turns, the m.m.f. of the ar- 
mature current, 7, or the armature reaction, then is 

= nl, (29) 




(30) 


(31) 


with its components, in phase and in quadrature with the field; 

f / = nV, 

{F"= nl' 

and the components of the resultant m.m.f. then are 

5f' =-/JFo + n7',| 

£F" = nl"] J 

and the resultant 

SF = — jJfo + w7' + nl". (32) 

The components of the magnetic flux, in line and in quadrature 
with — jSF„, then arc 

<!>' = (P'sf' 

= (P' ( + w7'); (33) 

= (?"nl"] (34) 


hence, the resultant magnetic flux 
^ <E> = 

= (P'( — /JFo+ ^7') + (P"nl" 


(35) 
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The e.m.f. generated by this magnetic flux, <E>, or the virtual 
generated e.m.f. is 

= ja^ 

= acP' (fo + + ja(P"nr'. (36) 

The e.m.f. consumed by the self-inductive reactance, a/, of 
the current component, I', is, 

E,' = -jx'I/, (37) 

the e.m.f. consumed by the self-inductive reactance, af', of the 
current component, I”, is 

E''^'-ix!'I/', (38) 

and the total e.m.f. consumed by self-induction thus is 

=-j(x'/' + x"/"); (39) 

hence, the actual generated e.m.f. 

E = E —E 

■ri -Vz -Vs 

= acP'fo + jl' (cup'n -f- a/) + jl" (a(P"n + x")- (40 

The e.m.f. consumed by the resistance, r, is 
E, = rl 

= rl' + rl"; (41) 

hence, the terminal voltage of the machine is 
E = Ej-E^ 

= a(P'jF„-7'{r-j(aa>'n + x')} -I" Jr -j (a(P"n+x")}- (42) 

In this equation of the terminal voltage, 

x/ = cup'n + x', I 
x" = a9"n + x". 


( 43 ) 
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are effective reactances, corresponding to the two quadrature 
positions; that is 

= synchronous reactance corresponding to the position 
of the armature circuit parallel to the field circuit; (44a) 

= synchronous reactance corresponding to the position of 
the armature circuit in quadrature with the field circuit; (44fe) 

a(P'gFo is the e.m.f. which would be generated by the field 
excitation, SFo, with the permeance, (P', in the direction in which 
the field excitation, SF#, acts, that is 

Eg = aSf'lF^ = nommal generated e.m.f. (45) 

and it is: terminal voltage, 

E=E,-I/(r- jV) - I" {r - jx''). (46) 

That is, even with an heteroform structure, as a machine 
with definite polar projections, the armature reaction and 
armature self-induction can be combined by the introduction 
of the terms “nominal generated e.m.f.” and “synchronous 
reactance,” as defined above, except that in this case the syn- 
chronous reactance, x„, has two different values, x^ and x", 
corresponding respectively to the two main axes of the magnetic 
structure, in line and in quadrature with the field-poles. 

238. In the ecjuation (46), E, E„, I' and /" are complex 
quantities, and 

I/' is in phase with 

1/ is in quadrature behind A'„, and so behind I": 

hence, I' can be represented by 
1' = jtl", 

where t = ratio of numerical values of I" and I', that is 


( 47 ) 
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and 


d = angle of lag of current / behind nominal generated 
e.m.f., E^. Then 

I ^I' + I/' = I/' (1 + jt), (49) 


or 



and 




itj 

1+ it 


(50) 


Substituting these values (50) in equation (46) gives 

^ = ^0- ^ +iHr- M } . ( 51 ) 

In this equation, E^ leads I by angle 0. 

Hence, choosing the current / as zero vector, 

i = h (52) 


the e.m.f., E^, which leads i by angle d, can be represented by 

Eo = So (cos 0-j sin 0), (53) 

or, since by equation (48), 


sin 6 = ^ and cos 0 = ^ 




vTT? 

e„ 


Vi + 


vTTt^ 


(i-/<) - 


e ^Vl + 

’TT//" 


(54) 


(55) 


Substituting (52) and (55) in equation (51), gives 



^ e,Vl +f-i\{r- jx„") 1 jt{r - ,>/) } 

(56) 


1 + jt 

Let 


^ -K 

(57) 

where 


- = tan 0', 

Cl 

(58) 



ARMATURE REACTIONS OF ALTERNATORS. 


391 


and 

6' = angle of lag of current i behind terminal voltage E, (59) 
substituting (57) in (56) and transposing, 
eyiT? - (1 +/«) -i { {r-jx'') +/« (r -jx^) } =0, (60) 

or, expanded, 

(r+te/)} -j{te^-e^+i(tr-x^")} = (). 

( 61 ) 

As the left side is a complex quantity, and equals zero, the 
real part as well as the imaginary part must be zero, and equation 
(61) so resolves into the two equations 

Vl + f (r + tx') = 0, 

te^ — e^ + i (pr — a:/') = 0. 

From equation (63) follows 

t = . 

e, + n 

Substituting (64) in (62), and expanding, gives 
(e, + ri f + ( e, + x ^i) {e^ + x^'x) 

V(e, + riy + (e, + x''if 


(62) 

(63) 

(64) 

(65) 


That is, if 

Xj' = synchronous reactance in the direction of the field 
excitation, 

x"— syncliroiious reactance in quadrature with the 
field excitation, 
r= armature resistance, 


( 66 ) 


1= armature current, 

e^~je, = e (cmO' — j sin O') = terminal voltage, 
that is, 

tan (?'=- = angle of lag of current i behind terminal 

e. 

voltage e. 


( 07 ) 
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the nominal generated e.m.f. of the machine is 
(e, + n)^ + (Ca + x^'i) (e^ + x/'i) 

~ V{e, + rif + (e^ + x^'if 
[e cos + nf + (esin O' + x/^) (esin V + x”'i) 
V(e COS O' + rif + (« sin 6', + x^"if 


and the field excitation, /„, required to give terminal voltage, e, 
at current, i, and angle of lag. O', is, therefore 


f = 3l.=_?o10!_ 
a9'n 2 5r/n*cp' ’ 


(69) 


and the position angle, d, between the field-excitation, /#, and 
the armature current, i, that is, between the direction of the 
field-poles and the direction in which the armature current 
reaches its maximum, is 


Cj + n e cos w + n 
239. At non-inductive load. 


from (68), 


If 


ej = e and = 0 


— 

® V (fi + rif + 

T ^ — JT — V 

•*^0 *^0 *^ 0 ? 


(70) 

(71) 

(72) 

(73) 


that is, the synchronous reactance of tlio inacliine is coiistant in 
all positions of the armature, or in other words, the iniigiu'tic! 
permeance, (P, and the self-inductive reactance, .r, do not vary 
with the position of the armature in the field, e(iuation (tiS) 
assumes the form 


«o = ^(e, + nY + (c, 4 .r„iY, (74) 

and this is the absolute value of the o(iuation (22) 

+ (22) 

derived in § 234 for the case of uniform synchronous impedance. 
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Substituting in (22), 


I =i, and E = e^- je^, 


and expanding, gives 


■®o = («i -je*) + i (r -]\) 

= (fii + n) -j (gj + x^t); 

thus, the absolute value, 

= (e, + n7 + (e, + (74) 

240. At short-circuit, and approximately, near short-circuit, 

«! = 0 and Cj = 0, (75) 

equation (68) assumes the form 

• •' ™ 

or the short-circuit current, 

^ ( 77 ) 

Since a:/ and x^" usually are large, compared with r, r can be 
neglected in equation (77), and (77) so “assumes the form 


^0 / > 
Xq' 


that is, the short-circuit current of an alternator, 


depends only upon the synchronous reactance of the armature 
in the direction of the field excitation, x', but not upon the 
synchronous reactance of the armature in quadrature position 
to the field excitation, x/'. 
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Near open-circuit, that is, in the range where the manKin p 
regulates approximately for constant potential, and ix^ and 
especially ir are small compared with e, we have, for non- 
inductive load, from equation (72), 

^ _ (e + nf + 


= (e + n) 


1 , •*'0 *- 
(e + ny 


(e+n)® 

or, approximately, 

hence, expanded by the binomial series, 

and, dropping terms of higher order, 


e„=e + n + 




2e ' 


or. 


, x," {2x: 


e.-e + r. + - J— ' ' - (79) 

For x^ = x^' = x^, this equation (79) assunu's the usual form 


Co = e -I- n + 

2 e 


(« 0 ) 


In the range near open-circuit, for non-inductive load, the 
regulation of the machine accordingly deixmds not upoii the 
synchronous reactance, x,', nor uponx ", but upon the cciuivalent 
synchronous reactance. 


V"= A"(2x;-x"). 


(81) 
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That is, in an alternator with non-uniform synchronous re- 
actance, the short-circuit current and the regulation of the 
machine near short-circuit, depend upon the value of the syn- 
chronous reactance, corresponding to the position of the arma- 
ture coils parallel, or coaxial with the field-poles, x/, while the 
regulation of the machine for non-inductive load, in the range 
where the machine tends to regulate for approximately constant 
potential, that is, near open-circuit, depend upon the value of 
the synchronous reactance, x/" = V x/' (2 x/ — x^"), where x/ 
and x/' are the two quadrature components of the synchronous 
reactance. 

That is, the regulation of such an alternator of variable 
synchronous reactance cannot be calculated from open-circuit 
test and short-circuit test, or from the magnetic characteristic 
of the machine at open-circuit, or nominal generated e.m.f., 
and the synchronous reactance, as given by the machine at 
short-circuit. 

For instance, if 

x/ = 10 and x/' = 4, 

the effective synchronous reactance near short-circuit, 

< = 10 ; 

and the effective synchronous reactance near open-circuit, 

X = cS. 

•^0 

The regulation for non-inductive load thus is better than 
corresponds to the sliort-circuit impedance. 

From (Hjuation ((iS), by solving; for the tenninal voltage, e, the 
variation of the terminal voltage, c, with eliange of load,?, at 
constant field-c'xcitation, /„, and so constant nominal generated 
e.m.f., c,,, that is, the regulation curve of the machine, is calcu- 
lated. 

For instance, for non-inductive load, or 0' = 0, eciuation (GeS), 
solved for e, gives 


= 






■ ri. 


(82) 
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241. As illustrations are shown, in Fig. 151, the regulation 
curves, with the terminal voltage, e, as ordinates, and the cur- 
rent, i, as abscissas, at constant field-excitation, that is, constant 
nominal generated e.m.f., e„, for the constants 

= 2500 volts; V = 10 ohms; 

r = lohm; V' = 4 ohms; 

for non-inductive load E = e, (Curve I.) 

and for inductive load of 60 per cent power-factor, E = e (0.6 — 
0.8?.) _ (Curve II.) 



For comparison are plotted iii the saino figure, in dotted 
lines, the regulation curves for constant synchronous reactance 

X|, = 10 oliins, 

that is, for the same open-circuit voltage and same short-circuit 
current. 
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As seen from Fig. 151, the difference between the two regula- 
tion curves, for variable and for constant synchronous reactance, 
is quite considerable at non-inductive load, but practically 
negligible at highly inductive load. This is to be expected, 
since at inductive load the armature current reaches its maxi- 
mum nearly in opposition to the field-poles, and in this direction 
the synchronous reactance is the same, x/, as at short-circuit. 

In the preceding discussion of the alternator with variable 
synchronous reactance, e.m.f. and current are assumed as sine 
waves. The periodic variation of reactance produces, however, 
a distortion of wave-shape, consisting mainly of a third harmonic 
which superimposes on the fundamental, as discussed in 
Chapter XXVIII. The preceding, therefore, applies to the 
equivalent sine wave, which represents approximately the actual 
distorted wave. 

As the intensity, and the phase difference between the third 
harmonic and the fundamental changes with the load, in such 
an alternator of pulsating synchronous reactance, the wave- 
shape of the machine changes more or less with the load and 
the character of the load. 
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SYNCHRONIZING ALTERNATORS. 

242. All alternators, when brought to synchronism with 
each other, operate in parallel more or less satisfactorily. 
This is due to the reversibility of the alternating-current machine; 
that is, its ability to operate as synchronous motor. In con- 
sequence thereof, if the driving power of one of several parallel- 
operating generators is withdrawn, this generator will keep 
revolving in synchronism as a synchronous motor; and the 
power with which it tends to remain in synchronism is the maxi- 
mum power which it can furnish as synchronous motor under 
the conditions of running. 

243. The principal and foremost condition of parallel opera- 
tion of alternators is equality of frequency; that is, the trans- 
mission of power from the prime movers to the alternators must 
be such as to allow them to run at the same froiiiiency without 
slippage or excessive strains on the belts or transmission <l(>vices. 

Rigid mechanical connection of the alternators cannot he 
considered as synchronizing, since it allows no Ilexihility or 
phase adjustment between the alternators, hut inakc-s (hem 
essentially one machine. If connected in paralhd, a dil'IVrencc' 
in the field-excitation, and thus the gciK'rated e.m.r. of tlu; 
machines, must cau.se large cross-currc'iit; since it cannot he 
taken care of by phase adjustment of tlu' machines. 

Thus rigid mechanical csjunection is not d(*,sirahl(^ for parallel 
operation of alternators. 

244. The second important condition of paraihd npm-ation is 
uniformity of speed; that is, constancy of frc(|ucncv. If, for 
instance, two altcrnatoi-s are driven hv indcpmidcnt sin.r|(>- 
cylinder engines, and the cranks of the engines liappen t.rhe 
crossed, the one engine will pull, while the other is mmr the 
dead-point, and conversely. Conseipumtly, alternately the one 
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alternator will tend to speed up and the other slow down, then 
the other speed up and the first slow down. This effect, if not 
taken care of by fly wheel capacity, causes a hunting or pump- 
ing action; that is, a fluctuation of the voltage with the period 
of the engine revolution, due to the alternating transfer of the 
load from one engine to the other, which may even become so 
excessive as to throw the machines out of step, especially when 
by an approximate coincidence of the period of engine impulses 
(or a multiple thereof), with the natural period of oscillation 
of the revolving structure, the effect is made cumulative. This 
difficulty as a rule does not exist with turbine or water-wheel 
driving. 

246. In synchronizing alternators, we have to distinguish the 
phenomena taking place when throwing the machines in parallel 
or out of parallel, and the phenomena when running in syn- 
chronism. 

When connecting alternators in parallel, they are flrst brought 
approximately to the same frequency and same voltage; and 
then, at the moment of approximate equality of phase, as shown 
by a phase-lamp or other device, they are thrown in parallel. 

Equality of voltage is much less important with modern 
alternators than equality of frequency, and equality of phase 
is usually of importance only in avoiding an instantaneous 
flickering of the light of lamps connected to the system. When 
two alternators are thrown together, currents exist between the 
machines, which accelerate the one and retard the other machine 
until ecjual frecpieiuy and proper phase relation are reached. 

With modc'rn ironclad alternators, this interchange of mechani- 
cal power is usually, even without very careful adjustment before 
synchronizing, su(Ii(*iently liinitcMl not to endanger the machines 
mechanically, since the cross-currents, and thus the interchange 
of power, are liiniti'd by self-induction and armature reaction. 

In machines of very low armature-reaction, that is, machines 
of “very good constant-potential regulation,’’ much greater 
care has to be exerted in the adjustment to e(iuality of frefiueiicy, 
voltage, and i)has(% or the interchange of current may become 
so large as to destroy the machine by the mechani(*al shock; 
and sonietim(‘s the machines are so sensitive in this respect that 
it is difficult to operate them in parallel. The same applies 
in getting out of step. 
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246. When running in synchronism, nearly all types of 
machines will operate satisfactorily; a medium amount of 
armature reaction is preferable, however, such as is given 
by modem alternators — not too high to reduce the synchro- 
nizing power too much, nor too low to make the machine unsafe 
in case of accident, such as falling out of step, etc. 

If the armature reaction is very low, an accident, — such 
as a short-circuit, falling out of step, opening of the field- 
circuit, etc., — may destroy the machine. If the armature 
reaction is very high, the driving-power has to be adjusted 
very carefully to constancy; since the synchronizing power of 
the alternators is too weak to hold them in step, and carry 
them over irregularities of the driving-power. 

247. Series operation of alternators is possible only by ri gid 
mechanical connection, or by some means whereby the machines, 
with regard to their synchronizing power, act essentially in 
parallel; as, for instance, by the arrangement shown in Pig. 152, 
where the two alternators, A^, A,, are connected in series, but 



interlinked by the two coils of a transformer, 7’, of whir-h the 
one is connected across the terminals of one alU'riiator, and 
the other across the terminals of the other altc'rnator in such a 
way that, when operating in series, tlio coils of the transformer 
will be without current. In this case, by interchange' of j)ower 
through the transformers, the series connection will be main- 
tained stable. 
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248. In two parallel operating alternators, as shown in Fig. 
153, let the voltage at the common busbars be assumed as 
zero line, or real axis of coordinates of the complex representar- 
tion; and let 

e = difference of potential at the common busbars of the 
two alternators; 

Z = r — jx = impedance of the external circuit; 

Y = g + jb = admittance of the external circuit; 

hence, the current in the external circuit is 

I = — ■ = e(g + jb). 

r-jx 



Let 

-Bj = e, — je/ = Oj (cos — j sin <?,) = generated e.m.f.of first 
macliiue; 

^3 = ^2 — je./ = (cos 0^ — j sin 0^) == generated e.m.f. of sec- 
ond machine; 

/j = ij + J/’/ -= current of the first machine; 

/j = ^2 + ---- current of the second machine; 

Zj = Tj ~ = internal impedance, and == + jb^ == inter- 

nal admittance of the first machine; 

Zj = —j ^2 internal impedance, and j 62 = inter- 

nal admittance of the second machine. 
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Then, 

e/ + e « = a^] 
e/ + e " = o/; 

= e + lAorei -jV = (« + Vi + W -/ (Vi - Wi 

E, = e + I^„oTe, -jV = (e + + h%) -j (hx, 

I = /j 4- /j, orefiT + jeb = (i, + i^) + j (i/ + h'). 

This gives the equations, 

e^ = e + i/i + 

gj = e + Vj + 

g/ = t>, - i/ri; 

^2 ~ ^2^2 ^2 ^2^ 
ggr = + ij; 

gb = t/ + i/; 
g,» + g/=* = a,^; 
e/ + g/^ = a/; 

or eight equations with nine variables, g„ g/, g^, g./, /„ / /, ij, g. 
Combining these equations by twos, 

g,r, + g/j, = gr, + 

g/j + e/Xj = gr^ + ?2X./; 

substituting in 

i, + ^2 =- eg, 

we have 

+ e/b, + e,(/2 4 g,'b, = g (f/, -I ;/, I ;/); 
and analogously, 

^1^1 - - g (b^ 4 b,_, 4- b) : 

g + ffi 4- ff a ^ gigi + ^ 2^2 + -f ''..'b, _ 

b 4- bj 4- bj gjb, 4- e^b, — g/y, - g^V. ’ 


dividing. 
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substituting 

g = y cos a cos = Oj cos 

b = y sin a e/ = sin e/ = sin 

gives 

9 + 91 + 92 _ (^iVi cos («i - <^i) + ^2^2 cos - g^) 

6 + bj + bj a^yi sin (ccj - ^j) + sin (a^ - (?j) 

as the equation between the phase displacement angles, and 
6^, in parallel operation. 

The power supplied to the external circuit is 

P = 

of which that supplied by the first machine is, 

Pt = 

by the second machine, 

P 2 = ^2- 

The total electrical power of both machines is, 

P = Pi+P,, 

of which that of the first machine is. 

Pi = eib-e/b'; 
and that of the second machine, 

The difference of outjmt of the two macliines is, 

= e0\-g; 

denoting 

AP 

^ may be called the synchronizing power of the machines, 

or the power which is transferred from one machine to the other 
by a change of the relative phase angle. 
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249. Special Case. — Tm equal alternators of equal exciiation. 
a. = a, = a, 

z,. 

Substituting this in the eight initial equations, these assume 
the form, 

6^ = 6 + i/, + 

e^ = e + i/o + t/Xj, 

e/ = 

«/ = Vo - 

eg 

d> = i/ + i/, 

+ ^2^* = ei\ 

Combining these equations by twos, 

e^ + e^=-2e + e(r^ + xj>), 
el + e/ = e {x^ -rj>); 

substituting e^ = a cos 0^, 

el = a sin <?„ 

Cj = a cos (?j, 
el = a sin 0^, 

we have a (cos 6^ + cos 01) = e (2 + + x„b), 

a (sin 0, + sin 0,) =e(x^- rj,); 

expanding and substituting 

0, + <9, 


gives a cos e cos a = c ^1 + 

a sm £ cos a = e ■— • 


2 
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hence 


That is 


X XX 

tan fi = , , — - = constant. 

2 + + xj) 


01 + = constant; 


and cos S 


-‘a 4 




O COS 5 


^(l I I 


at no-phase displacement between the alternators, or, 


^ 1-^2 n 
? = 0 - 


we have e = 




From the eight initial equations we get, by combination ■ 
e^r, + e/a:„ = (r/ -h x^^), 

e/„ + e/x„ = e/o + % K + 

subtracted and expanded, 

r„ (e, - e,) + x„ (e/ - c/) , 


or, since 


— gj = a (cos 0^ — cos /?j) = — 2 o sin s sin <?; 
e/ — e/ = a (sin 0^ — sin < 92 )= 2 a cos s sin 


we have 


2 a sin i? , . , 

h-h=- , - {j:„cos £-roSin £} 

= 2 a?/o Hin 5 sin (a — e), 


tan a = — ' 


where 
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The difference of output of the two alternators is 

hence, substituting, 

2 ae sin ^ 


AP = 


; p 

{a^gCos £ — r^sin e}; 


substituting, 
e = 


acos^ 


sm e == 


cos e 


sj(l 

x^-rpb 

2 

1 I ^pg + ^0^ 

2 

^^1+ rpg + S^ J I f^«9-roh'j 


we have, 


AP 


2 a? sin d cos (l + - r,, 


V I + 


^o.v + v y 1 - r ,/A- 


expanding, 


or 


AP 


AP 


^ l' + +\h + \Z^ ' 

(J} 


Va + WJa + + //■ ’ 

2a=ms2f?p +7^ 


2/«' + ggp + + //- 
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Hence, the transfer of power between the alternators, PA, 
is a maximum, if (J = 45°; or 0^ — 6^ = 90 degrees; that is, 
when the alternators are in quadrature. 

AP . 

The synchromzing power, , is a maximum if 8 — 0; that is, 
the alternators are in phase with each other. 

260. As an instance, curves may be plotted for, 
a = 2500, 

= jx^ = 1 - 10 /; or Fo = s-o + = 0-01 + 0-1 h 

Q Q 

with the angle, 8 = ^ ^ , as abscissas, giving 

the value of terminal voltage, e; 
the value of current in the external circuit, i = ey; 
the value of interchange of current between the alternators 
1 % ) 

the value of interchange of power between the alternators, AP 
= P —P ■ 

AP 

the value of synchronizing power, • 

For the condition of external circuit, 


= 0, 

h = 0, 

2/ = 0, 

0.05, 

0, 

0.05, 

o.os, • 

0, 

0.08, 

0.03, 

+ 0.04, 

0.05, 

0.03, 

-0.04, 

0.05. 



CHAPTER XXIV. 

SYNCHRONOUS MOTOR. 


261 . In the chapter on synchronizing alternators we have 
seen that when an alternator running in synchronism is con- 
nected with a system of given e.m.f., the work done by the 
alternator can be either positive or negative. In the latter case 
the alternator consumes electrical, and consequently produces 
mechanical, power; that is, runs as a synchronous motor, so 
that the investigation of the synchronous motor is already con- 
tained essentially in the equations of parallel-running alter- 
nators. 

Since in the foregoing we have made use mostly of the sym- 
bolic method, we may in the following, as an example of the 
graphical method, treat the action of the syiichronous motor 
graphically. 

Let an alternator of the e.m.f., be connected as syn- 
chronous motor with a supply circuit of e.m.f., by a circuit 
of the impedance, Z. 

If is the e.m.f. impressed upon the motor torininals, Z 
is the impedance of the motor of generated e.m.f., If 
is the e.m.f. at the generator terminals, Z is the impedance of 
motor and line, including transformers and otluT int(‘rmediaie 
apparatus. If E^ is the generated e.m.f. of the gcMUTator, Z 
is the sum of the impedances of motor, line, and g(MU‘rator, and 
thus we have the problem, generator of g(*n('nii(‘d (‘.m.f. and 
motor of generated e.m.f. E^] or, more geiuM-al, two alt(‘rnators 
of generated e.m.fs., JS'j, connected togetlua* into a circuit of 
total impedance, Z, 

Since in this case several e.m.fs. are acting in circuit/ with tlu^ 
same current, it is convenient to use tlu^ curnait, /, as zcto line 
01 of the polar diagram. (Fig. 151.) 

If / = i = current, and Z = impedance', r (‘Hective' resist- 
ance, X = effective reactane'e, and ^ - \ r~f~r - absolute 
value of impedance, then the e.m.f. consume'd by the' resistane*e 
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is Ell = n, and is in phase with the current, hence represented by 
vector OEii, and the e.m.f. consumed by the reactance is E^, = 
od, and 90 degrees ahead of the current, hence the e.m.f . consumed 
by the impedance is = + (E^^, or = i \/p + y? = iz, 

X 

and ahead of the current by the angle, d, where tan d = - . 

r 

We have now acting in circuit the e.m.fs., E, Ei, or 
and E are components of E,,, that is, E^ is the diagonal of a 
parallelogram, with Ei and E as sides. 



Hiticc the o.in.fs. Ei, E,,, E, arc reprcsoiitod in the diagram, 
‘Fig. irA, by tin- V(>ctnrs O/i',, <)E„, OE, to got tlic parallelogram 
of El, E, w(‘ draw arcs of cirolos around 0 with 7^,,, and 
around E with E,. Tlioir point oi intersection gives the im- 
pressed e.m.f., OE„ E,„ and eoinpleting the parallelogram 
0EE„Ei we get, 0/ir\ = /'7,, the generated e.m.f. of the motor. 
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^ lOE^ is the difference of phase between current and im- 
pressed e.m.f., or generated e.m.f. of the generator. 

^ lOE^ is the difference of phase between current and 
generated e.m.f. of the motor. 

And the power is the current i time^he projection of the e.m.f. 

upon the current, or the zero line, 01. 

Hence, dropping perpendiculars, E^^^ and E^E^, from E^ 
and E^ upon 01, it is — 

= i x OE^ == power supplied by generator e.in.f. of gene- 
rator; 

P^ = i X OE^ = electric power transformed into mechanical 
power by the motor; 

P = i X OPjj = power consumed in the circuit by effective 
resistance. 

Obviously P^ = P^ + P. 

Since the circles drawn with E^ and P, around 0 and E, 
respectively, intersect twice, two diagrams exist. In general, 
in one of these diagrams shown in Fig. LW in full linos, current 
and e.m.f. are in the same direction, representing inochatiical 
work done by the machine as motor. In the other, sliown in 
dotted lines, current and e.m.f. are in opposite din'ction, repn*- 
senting mechanical work consunu'd l)y tlu' maehiiK' as gcMun-ator. 

Under certain conditions, however, l<J„ is in tlu' saiiK', l<], in 
opposite direction, with the current; that is, botli inacliines are 
generators. 

252. It is seen that in these diagrams the r'.ni.fs. are con- 
sidered from the point of view of the motor; that is, work done as 
synchronous motor is considered iis j)ositiv(', work doin' as 
generator is negative. In the chapter on synchronizing gi'iK'ra- 
tors we took the opposite view, from the gi'iu'rator side. 

In a single unit-power transmission, (hat is, one gi'iii'rator 
supplying one synchronous motor ov('r a Hik', tin' I'.m.f. con- 
sumed by the impedance, E = OE, Figs. I.').") to I.")?, consists 
three components; the e.m.f., OE,,' - E.„ consuiiK'd Iiy the 
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impedance of the motor, the = E^ consumed by 

the impedance of the line, and the e.m.f., E^^E = E^j consumed 
by the impedance of the generator. Hence, dividing the opposite 
side of the parallelogram, E^E^, in the same way, we have: 



OE^ = -= goiK'ratod (Mri.f. of the motor, OE^ = = e.m.f. 

at motor t(‘riniiials or at (mkI of line, OE^ = E^ = e.m.f. at 
generator ((‘rmiiials, or at beginning of line. OE^ = E^^ = 
generat(‘(l (‘.m.f. of g(MU‘rator. 

The phas(‘ relation of the ciirnait with the e.m.fs. E^, E^, 
depends upon th(‘ (*urr(Mit strength and the e.m.fs., and E^^. 

263. I dgs. IF)!) i.o IT)? show s(‘V(M*al such diagrams for different 
values of A’,, but tli(‘ same* valu(‘ of / and E^^. The motor 
diagram b(‘ing givcMi in drawn line, the generator diagram in 
dotted liiua 

As seem, for small values of E^ the potential drops in the 
alternator and in lludirua For the value of A', -= the potential 
rises in the geMU'rator, drops in the line, and risers again in the 
motor. For largcn* values of 7i\, the potential rises in the alter- 
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nator as well as in the line, so that the highest potential is the 
generated e.m.f. of the motor, the lowest potential the generated 
e.m.f. of the generator. 



It is of interest now to investigate how the values of these 
quantities change with a change of the constants. 

264. A. — Condant praised e.m.j. condant-current 

dremjtli I = iy variable motor err Hat ion li^. (Fig. 158.) 

If the (*urrent is constant, /; OA’, tlio (‘.m.f. consumed by 
the impedance^, and therefore point A’, are constant. Since the 
inteiKsity, but not the phase of is constant, lies on a circle 
with Eq as radius. From the parallelogram, OEE^^E^ fol- 
lows, since EJi^, parallel and = OE, that lies on a circle, 
congruent to the circle, e^y but with E^y the image of E, as center,- 
OEi^OE. 
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We can construct now the variation of the diagram with the 
variation of in the parallelogram, OEE^E^, 0, and E are 
fixed, and E^ and E^ move on the circles, e„ and e^, so that E^^ 
is parallel to OE. 

The smallest value of F^ consistent with current strength 
/ is Oil = Ej^, 01 = E^. In this case the power of the motor 
is Oli^ X 7, hence already considerable. Jlncreasing E^ to 02^, 
03^, etc., the impressed e.m.fs. move to 02, 03, etc., the power 
is 7 X 0^, 7 X 03iS etc., increases first, reaches the maximum 
at the point 3i, 3, the most extreme point at the right, with the 
impressed e.m.f. in phase with the current, and then decreases 
again, while the generated e.m.f. of the motor, E^, increases and 
becomes .= E^ at 4,, 4. At 5i, 5, the power becomes zero, and 
fiirther on negative: that is, the motor has changed to a dynamo, 
and produces electrical energy, while the impressed e.m.f., e„, 
still furnishes electrical energy — that is, both machines as 
generators feed into the line, until at Oj, 0, the j)ower of the 
impressed e.m.f., E^, becomes zero, and further on energy begins 
to flow back; that is, the motor is changed to a generator and the 
generator to a motor, and we are on the generator side of the 
diagram. At 7^, 7, the maximum value of /i',, coiisistent with 
the current, 7, has been reached, and passing still furtlu'r the 
e.m.f., Ej^ decreases again, while the power still increases up to 
the maximum at Sj, 8, and then decreases again, hut still E^ 
remaining generator, E„ motor, until at 11,, 11, tlu* i)o\ver of 
E^ becomes zero; that is, E^ changes again to a generator, and 
both machines are generators, up to 12,, 12, where tlu' powcT 
of Sj is zero, E^ changes from generator to motor, and we come 
again to the motor side of the diagram, and the pow('r of tlu' 
motor increases while still decreases, uidil I,, 1, is n'actied. 

Hence, there are two regions, for very large* E^ from f) to (i 
and for very small from 11 to 12, where both machines are 
generators; otherwise the one is geiu'rator, the other motor. 

For small values of the current is lagging, hegins, how- 
ever, at 2 to lead the generated e.m.f. of the* motor, A',, at 3 
the generated e.m.f. of the generator, /i’,,. 

It is of interest to note that at the smallest possihk* vahu' of 
E^, 1„ the power is already considerahle. Ih'nce, the* motor 
can run under these conditions only at a certain load. If this 
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An these lines, EW^, envelop a certain curve, e^, which can 
be considered as the characteristic curve of this problem, just 
as circle in the former problem. 

These curves are drawn in Figs. 159, 160, 161, for the three • 
cases: 1st, = E^] 2d, < Eg;3d, E^ > E„. 

In the first case, E^=E^ (Fig. 159), we see that at very small 
current, that is very small OE, the current, I, leads the im- 
pressed e.m.f., E^, by an angle, Efil = 6^ This lead decreases 
with increasing current, becomes zero, and afterwards for larger 
current, the current lags. Taking now any pair of correspond- 



ing points, E, E^, and producing EE^ until it intersects e„ in 
w e have ^ E^OE = 90°, £,= thus: ‘OA’, OE,=^ 

E^Ei] that is, EEi = 2 E^, That means the (*hara(‘teristic 
curve, e^, is the envelope of lines EE^j of constant lengths 2 E^, 
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•sliding between the legs of the right angle, hence, it is 

the sextic hypocycloid osculating circle, e„, which has the general 
equation, with e, ei as axes of coordinates, 

+ ^ = V^eJ. 

In the next case, E^^ < E^ (Fig. 160), we see first, that the 
current can never become zero like in the first case, E^ = E^, 
but has a minimum value corresponding to the minimum value 

of OE.: 1/ = — — and a maximum value; I'' = 

2 z 

Fluthermore, the current may never lead the impressed e.m.f., 

Eg, but always lags. The minimum lag is at the point H. 

The locus, e^, as envelope of the lines, EEg, is a finite sextic 



Kiel l()l. 

If E, < Eg, at Kinall Eg - E„ 11 can bo above the zero line, 
and a range of leading eiirrent exist between two ranges of 
lagging currents. 

In the ease, E, (Fig. 161), the eurrent cannot equal 
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zero either, but begins at a finite value, //, corresponding to the 
^ 

minimum value of OE^, // = — . At this value, however, 

z 

the alternator, E^, is still generator and changes to a motor, 
its power passing through zero, at the point corresponding 
to the vertical tangent, upon with a very large lead of the 
impressed e.m.f. against the current. At II the lead changes 
to lag. 

The minimum and maximum values of current in the three 
conditions are given by: 


Minimum Maximum 


1st. 

II 

o 

7 = 

2E, 

z 

2d. 

z ’ 

7 = 

Eo + E, . 

z 

3d. 

^ ^ J 

7 = 

E„ + E, . 


Since the current in the line at E^ = 0, tliat is, wIumi the motor 
E 

stands still, is we see that in such a synchronous motor- 

z 

plant, when running at synchronism, tlie (*urr(‘iil can ris(‘ far 
beyond the value it has at standstill of th(‘ motor, to t\vic(‘ this 
value at 1, somewhat less at 2, but mon' at o. 

266. C. Eq = consianlj E^ varied so lliaf (he (Ijinroru is a 
maximum for all currents. (Fig. 1()2). 

Since wc have seen that the output at a gi V (mi currcMit st r(*iigl h, 
that is, a given loss, is a maximum, and tlKa-i'foo' llu* (‘Hici(‘iicy 
a maximum, when llu' current is in pha^(‘ with tin* u.(‘ii(‘ral(‘d 
e.m.f., E^j of the generator, wo liav(‘ as tli(‘ locii^ of A’,, lli(‘ jioint, 
E^^, (Fig. 1()2), and wlum E w'ith incn'Msiiii;’ ciiii'cnl \;iri(‘s on r, 
must vary on the straiglil line, c,, jjarallcl to c. 

Hence, at no-l()a<l or zero curn'iil, I'J, /i'„, (lecrea^es willi 
increasing load, readies a inininiiiin at perpendicular to c,, 

and then increases again, rc'uclies once more A’, A'„ at 

and then increases beyond A’„. Tlie current is always ahead of 
the generated e.m.f.. A/,, ot the motor, and by its l(‘ad comjien- 
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sates for the self-induction of the system, making the total circuit 

non-inductive. 

The power is a maximum at where OE^ = E^E^ = 

w 

0.5 X OE^, and is then = 7 x . Hence, since Ir 

E E E ^ 

— ° 7 = ~ and P = 7 -^ , hence = the maximum power which, 

2 2r 4 r ^ ^ 



Vin 102 . 


over a non-indiicUvc liin^ of rosistan(‘o r can be transmitted, 
at 50 per ccMit (‘diciiMic.y, into a non-inductivcj circuit. 

In this cas(‘, 



In gXMicral, it is, tak('n from the diagram, at tlic condition of 
maximiun (‘lllcicmcy, 

\'(E^hr f-pp; 

Comparing lh(‘S(‘ results with those in Chapter XI on Induc- 
tive and Condemsive Reactance, wc see that the condition of 
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The four diagrams correspond to the values of power, or 
motor output, 


= 1,000, 

6,000, 

9 

1,000, 12, 

000 watts, 

and give; 


= 1,000 

46 

< 

Er 

< 

2,200, 

1 < 

I 

< 

49 

Fig. 

164. 

= 6,000 

340 

< 

E, 

< 

1,920, 

7 < 

I 

< 

43 

Fig. 

165. 

= 9,000 

540 

< 

E, 

< 

1,750, 

11.8 < 

I 

< 

38.2 

Fig. 

166. 

= 12,000 

920 

< 

E, 

< 

1,320, 

20 < 

I 

< 

30 

Fig. 

167. 



Fifi j(3r> 


As seen, the permissible value of eounter e.in.f., aiid of 
current /, becomes narrower witli inenaisiug <uit|)ut. 

In the diagrams, difTereiit points of are marked with 1, 
2, 3 . . . , when corresponding to leading current, with 2', 

. . . , when correstKiuding to lagging current. 

The values of counter e.m.f. A, and of current / are noted on 
the diagrams, opposite to the corresponding points 




Eo=lOOO 
P=9000 
640< Efueo 
11.8< l<38.2 



E„ 1000 
P 12000 
920 E, 1320 
20 I 30 



Fig. 1C(). 


720/1100 13/34.7 

020/820 16/30 

640 gl.2 



I 

2t.6 

21/2S.0 
20/ ;k) 

21/2\0 

21.5 


lt)7 



424 


alternating-current phenomena. 


In this condition it is interesting to plot the current as func- 
tion of the generated e.m.f. of the motor, for constant 
power Pj. Such curves are ^ven in Fig. 171 and explained in 
the following on page 430. 



268 . While the graphic method is very convenient to get a 
clear insight into the interdependence of the different quantities, 
for numerical calculation it is preferable to express the diagrams 
analytically. 

For this purpose, 

Let 3 = Vp + p = impedance of the circuit of (ecjuivalent) 
resistance, r, and (equivalent) reactance, .r == 2 jr/L, containing 
the impressed e.m.f., e„,* and the counter e.m.f., e^, of the .syn- 
chronous motor; that is, the e.m.f. generated in the motor arma- 
ture by its rotation through the (ro.suItant) magiu'tic field 

Let i = current in the circuit (effective values). 

The mechanical power delivered by the .synchronous motor 
(including friction and core loss) is the eh'ctric power con- 
sumed by the counter e.m.f., e,; hence 

p = fe, cos (f,c,); 

thus, 

cos (/, c,) -■= , 



sin (f, e,) - \/ 1 ^ ■ 

* If Go = e.m.f. lit motor terminals, z — int(‘rnal irnp(‘(lanc(‘ of the motor; 
if = terminal voltage of the generator, z = total iin[)(‘(lan(‘(‘ of lim* aiul 
motor; if == e.m.f. of generator, that is, e.in f. g(‘n(‘rat(‘(l in g(‘n(‘rator 
armature by its rotation through the magnetic field, z iiichid(‘s the gcuierator 
impedance also. 


( 1 ) 

( 2 ) 
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The displacement of phase between current i and e.m.f. 
e = d consumed by the impedance, z, is 


r 

cos (i, e) = - 
z 

(C 

sin (i, e) =- 
z 


{3) 


Since the three e.m.fs. acting in the closed circuit, 

= e.m.f. of generator, 

= counter e.m.f. of synchronous motor, 
e = zi = e.m.f. consumed by impedance, 

form a triangle, that is, Cj and e arc components of e,, it is 
(Figs. 168 and 169), 

= e/ + + 2 ecj cos (Cj, e), (4) 


hence, (!Os (c,, e) = - — ■ 


since, however, by diiigrain, 


cos (e„ c) = cos (i, e — i, e,) 

= cos (/, e) cos (i,e^) 4 sin (f, e) sin (i,e,) (6) 


substitution of (2), (3) and (.I) in ((>) gives, after some trans- 
position, 

c/ c,^ rP 2rp 2x\/Pr;^ - p\ (7) 


the jundiDucnld! (’(jiutlion o] llic sj/nrlironous niolor, rc'lating im- 
pressed e.m.r., eouiitcM’ (‘.m.f., e,; eurix'iit /; jiower, p, and 
resistanee, r; r(\‘i(daiie(‘, .r; impcMlariei', 

This (Mjiialion shows (lint, at f>;iv(‘u impress(‘(l e.m.f. and 
given irnpedanec' ^ [ .r, tlir(‘e variables are left, e^, i, p, 

of which two ar(' ind(‘|H‘nd(‘nt. I[(‘n(*(‘, ai given and z, the 
current, /, is not (hdcu-rniiuMl l)y the load, p, only, but also by the 
excitation, and tluis tlie same current, /, can represent widely 
different loads, according to the excitation; and with the 
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same load, the current, i, can be varied in a wide range, by 
varying the field excitation, Cj. 

The meaning of equation (7) is made more perspicuous by 
some transformations, which separate and i, as function of p 
and of an angular parameter, 

Substituting in (7) the new coordinates; 


we get 


a = 




■ 



) 


V2 

or, 

‘ V2 




V2 


V2 J 


e/ — a V2 — 2rp 






■^p^) 


substituting again, e/ = a 


hence, 


we get 


2zp = b 
r = sz, 

X = zy/l — 
2rp= eb, 


a-aV'2-sb = V'(l-e^)(2 - 


2fP-lr); 


( 8 ) 


( 9 ) 

( 10 ) 


( 11 ) 


and, squared, 

+ (1 - e^) /3^ - a V2 (a - eh) + ^ 


substituting 


(a ~ sh) V2 

ea — r, 

z e 

/?\/r iv, 



( 12 ) 


( 13 ) 


gives, after some transposition. 


= 


(1 - £=) 

— — a (a - 2 £ h), 


( 14 ) 
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hence, if 



it is (16) 

the equation of a circle with radius R. 

Substituting now backwards, we get, with some transposi- 
tions, 

{r® + 2 * 1 *) — 2 * {e^ -2r'p)\^ + [rx 2 * 1 “)}*^ 

(^0* - 4 rp) (17) 

the fundamental equation of the synchronous motor in a modified 
form. 

The separation of e^ and i can be effected by the introduction 
of a parameter, <f), by the equations 

r*(e,* + 2 *^*) — 2 * (Cu* — 2 rp) = xze„ Ve,,* — 4 rp cos <j> 
rx (e,* — 2 *i*) = xze^ Ve/ — 4 rp sin <j> 



These equations (IS), transposed, give 








I '/'j ~4 rp 



Tlie paratnelcr, 0, has no din'ct pliysical moaning, appar- 
ently. 

These e(iualions (I!)) an<l (20), hy giving tlie values of e, 
and '/ as functions of p and tlie parameter, <!>, enable us to con- 
struct the power churuderisLics of the motor, as the 
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curves relating and i, for a given power, p, by attributing to 
(p all different values. 

Since the variables, v and w, in the equation of the circle 
(16) are quadratic functions of e^ and ^, the power character- 
istics of the synchronous motor are quartic curves. 

They represent the action of the synchronous motor under 
all conditions of load and excitation, as an element of power 
tr ansmissi on even including the line, etc. 

Before discussing further these power characteristics, some 
special conditions may be considered. 

269. A. Maximum Output. 

Since the expression of e^ and i [equations (19) and (20)] 
contain the square root, — 4 rp, it is obvious that the maxi- 
mum value of p corresponds to the moment where this square 
root disappears by passing from real to imaginary; that is, 

e/ -4r/) = 0, 

or, (21) 

This is the same value which represents the maximum power 
transmissible by e.m.f., e„, over a non-inductivc' liiu' of resistance, 
r; or, more generally, the maximum power which can he trans- 
mitted over a line of impedance, 



into any circuit, shunted by a condenser of suitabh' capacity. 
Substituting (21) in (19) and (20), we g<>t. 



and the displacement of phase in the synchronous motor, 
cos (e„ t) =■ 

^e^ z 
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hence, 


tan (Cj, ^) 


X 

r’ 


(23) 


that is, the angle of internal displacement in the synchronous 
motor is equal, but opposite to, the angle of displacement of 
line impedance, 

(e^, i) =- {e, %), 


and consequently. 


(2, r), 

K = 0 ; 


(24) 

(25) 


that is, the current, i, is in phase with the impressed e.m.f., e,. 

If 2 < 2 r, that is, motor e.m.f. < generator e.m.f. 

If 2 = 2 r, e, = that is, motor e.m.f. = generator e.m.f. 

If 2 > 2 r, e, > e„; that is, motor e.m.f. > generator e.m.f. 


In either case, the current in the synchronous motor is leading. 


260. B. Running Light, p = 0. 


When running light, or for p = 0, we get, by substituting 
in (19) and (20), 




.r r . 

1 ' (*()S </) “ sill cA, 

z z 


X r 

I -f - cos 0* 

z z 


(26) 


Obviously tliis condition cannot well be fulfilled, since p 
must at least (‘(lual the power consunuHl by friction, etc.; and 
thus the true no-load curve merely approaches the curve p = 0, 
being, howewer, rounded off, where (*urve (2()) gives sharp corners. 

Substituting ]> = 0 into eciuation (7) gives, after sciuaring 
and transposing. 




+ 2rh-V- f 0. (27) 



430 


ALTERNA TING-CURRENT PHENOMENA . 


This quartic equation can be resolved into the product of two 
quadratic equations, 

— e^ + 2 ode, = 0. ) 

- e„' - 2 xie^ = 0. \ 

which are the equations of two ellipses, the one the image of 
the other, both inclined with their axes. 

The minimum value of counter e.ni.f., Cj, is =0 at i = — (29) 

z 

The minimum value of current, i, is -f = 0 at Cj = e^. (30) 

The m a ximum value of e.m.f., Cj, is given by equation (28), 
f = + ^0? — e^ ±2 xie^ = 0 ; 

by the condition, 

ds, _ df/di _ . „ , . ^ . 


di df/de^ 


= 0, as T Te, = 0, 


hence. 


X z 

if = y i (’jj *“ 

rz r 


The maximum value of current, 7, is givcm by oc^uation (28) 


c,, X 

r r 


If, as abscissas, and as ordinate's, zi\ an' clio.se'ii, IIk' a\(‘s 
of these ellipses pass through tlu' points of inaxiniiini powe'r 
given by equation (22). 

It is obvious thus, that in tlu' \"-shaj)(‘d (‘urv'(‘,s of .s\'n(*hronous 
motors running light, the two side's of the' curve'.s an' not straight 
lines, as usually assunieel, but arrs eif ellipse's, the one' of e'oii- 
cave, the other of ce)uvcx, curvature. 

These two ellipses are shown in Fig. 170, and divide' the' whole 
space into six parts — the twe) parts, A anel A', whose areas 
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contain the quartic curves (19) (20) of the synchronous motor, 
the two parts, B and B', whose areas contain the quartic curves 
of the generator, the interior space, C, and exterior space, D, 
whose points do not represent any actual condition of the alter- 
nator circuit, but make and i imaginary. Some of the 
quartic curves however may overlap into space C. 



ViG 170 . 


A and A' and the same B and 7i', are identical conditions of 
the altx'rnator ('ircnit, <linering merely by a simultaneous 
rev(‘rsal of (*urrent and e.m.f., that is, differing by the time of a 
lialf-j)eri()(l. 

Each of tlie si)a(‘es A and B contains one point of c(iuation 
(22), rt‘[)resenting the condition of maximum output as genera- 
tor, viz., synchronous motor. 
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261. C. Minimum Curreni at Given Power. 

The condition of minimum current, i, at given power, p, 
is determined by the absence of a phase displacement at the 
impressed e.m.f., 

(e«, = 0 . 

This gives from diagram Fig. 169, 

e^^ = c/ +i?^ - 2 ie,r, (33) 

or, transposed, 

gj = V (fip — iry + i^P. (34) 

This quadratic curve passes through the point of zero current 
and zero power, 

i = 0, = e„, 

through the point of maximum power (22), 


and through the point of maximum current and zero power. 



(35) 


and divides each of the quartic curve's or power eharaetcristics 
into two sections, one with leading, the otlu'r with lagging, 
current, which sections are separatee 1 ! )y the twe > poii i ( s of ('( [nation 
34, the one corresponding to niiniimiin, the oilu'r to inatiinum, 
current. 

It is interesting to note tliat at the latter point tlie current 
can be many times larger than tlu' current which would [)iiss 
through the motor while at n'st, which latter current is, 


while at no-load, the curn'iit can reach tlu' maximum value, 


(35) 


the same value as would exist in a non-inductiv(' circuit of the 
same resistance. 
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The inioiinuin value at counter e^, at which coincidence 
of phase (e^, i) = 0, can still be reached, is determined from 
equation (34) by, 


as 

^ = = (37) 

The curve of no-displacement, or of minimum current, is 
shown in Figs. 170 and 171 in dotted hnes.* 

262. B. Maximum Displacement of Phase. 

(Cq, i) = maximum. 

At a given power, p, the input is, 

Po = p 4- = e^i cos (e„, t); (38) 

hence, 

(39) 

At a given power, p, this value, as function of the current, i, 


is a maximum when 

d 

di^ 

/P + Pn 0, 

V / 


this gives, 


l> = I'r; 

(40) 

or, 



(41) 


* It IS intorostin^z; to noto th:it the (Miuiition (H4) is similar to the valuf', 
— \/(r„ — ir)‘^ — whioh r(*j)ros(‘nts th<‘ output ti*:iii^mitt(‘(l ovor an 

iiidiictivo lin(‘ of mip(‘(laii(*c‘, c - Vr^+ a;^ into a non-induotivc* ciivuit. 

Kcpiatiou (:U) IS idcMitical with tlio (Mjuation «!:ivin^tlu‘ maximum voltap% 
at ciirnmt, /, which can Ik* prodiic(‘d hy shuntnii^ tlu* n‘C(‘iciii^ circuit with 
a’coiuh'uscr; that is, tlu* condition of '' complete resonance ” of the line, s = 

X 

\/ with current, l. Hence, ref(*rrin‘^ to equation (35), 

maximum resonance voltage of the lino readied when closed by a condenser 

of reactance, — x. 
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That is, the displacement of phase, lead or lag, is a maximum, 
when the power of the motor equals the power consumed by the 
resistance; that is, at the electrical eflBciency of 50 per cent. 

Substituting (40) in equation (7) gives, after squaring and 
transposing, the quartic equation of maximum displacement, 
(e„^-ei*)*+tV(j?+8r®)+2t‘^ej*(5r2— 2 ?) — 2iV(z*+3 r*) = 0. (42) 



Fia. 171. 


The curve of maximum disjjlacement is shown in dash- 
dotted lines in Figs. 170 and 171. It passes tlirough the point 
of zero current — as singular or nodal ])oint — an<l Uiroughlhe 
point of maximum power, where the maximum displacement is 
zero, and it intersects the curve of zero displacement. 
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263. E, Constant Counter e.m.f. 

At constaut counter e.in.f., = constant, if, 





the current at no-load is not a minimum, and is lagging. With 
increasing load, the lag decreases, reaches a and 

then increases again, until the motor falls out of step, without 
ever coming into coincidence of phase. 


If 





— < e,<e 
z 


Of 


the current is lagging at no-load; with increasing load the lag 
decreases, the current conies into coincidence of phase with 
then becomes leading, reaches a maximum lead; then the lead 
decreases again, the current comes again into coinci- 
dence of phase, and becomes lagging, until the motor falls out 
of step. 

If < Cj, the current is leading at no-load, and the lead first 
increases, reaches a maximum, then decreases; and whether the 
current ever comes into coincidence of phase, and then becomes 
lagging, or whether tlie motor falls out of step while the current 
is still loading, deiiends, whether the counter e.m.f. at the point 
of maximum output is> or< Cy. 


264. F. Numerical Example. 

Figs. 170 and 171 sliow the characteristics of a 100-kiIowatt 
motor, su])plied frorti a 2r)()0-volt generator over a distance of 
5 miles, the line consisting of two wires, No. 2 B. & S., 18 
inches apart. 

In this ease wo liave, 


= 2500 volts constant at generator terminals , 
r = 10 ohms, including line and motor; 

X 20 ohms, including line and motor; ! 
hence z = 22.36 ohms. 


( 43 ) 
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Substituting these values, we get, 

2500* - - 500 1* - 20 p = 40 - f (7) 

{gj* + 500 i? - 31.25 X 10“ + 100 p}* + {2 e/ - 1000 i*}* = 
7.8125 X 10“ -5 + 10* p. (17) 

= 5590 X (19) 

V^l (1 _3.2 xl0"“p) + (.894cos <j>+ .447 sin^) VI —6.4 xl0~*p[. 
i = 2.50 x (20) 

{ (1 — 3.2 X 10““p) + (.894 cos (f> — .447 sin ^) Vl 6.4 x 10~"p } . 


Maximum output, 

p = 156.25 kilowatts 
at = 2,795 volts ) 

i = 125 amperes ) 

Eunning light, 

Cj* + 500 - 6.25 X 10‘ T 40 ?e, = 0 
= 20 i ± ^6.25 X 10“ - 100 P 


(21) 

( 22 ) 

(28) 


At the minimum value of counter e.m.f. , = 0 is ^ = 112 (29) 

At the minimum value of current, 0 is c, =2500 (30) 

Atthe maximum value of eounterc.in.f.jCj ^ .5.590 is i- 22.3.5 (31) 
At the maximum value of current, i -- 2,50is e, =5000. (32) 


Curve of zero displaceinent of phase', 

e, = 10 \/(25() /)- 1 1 P (34) 

= 10 n/T).^ X 10' ~ .5007’T”.5 r. 


Minimum counter e.m.f. point of this curve, 

i = .50, c, -= 2210. (35) 

Curve of maximum displacenu'iit of pluise, 

p = 10 P (40) 

(6.25 X 10* -e,*)* -t- .65 x 10“ P - 10'“ P = 0. (42) 



SYNCHRONOUS MOTOR, 


437 


Fig. 170 gives the two ellipses of zero power, in full lines, 
with the curves of zero displacement in dotted, the curves of 
maximum displacement in dash-dotted lines, and the pomts of 
maximum power as crosses. 

Fig. 171 gives the motor-power characteristics, for 10 kilo- 
watts; 50 kilowatts; p =- 100 kilowatts; p = 150 kilowatts, 
and p = 156.25 kilowatts, together with the curves of zero 
displacement, and of maximum displacement. 

266 . G-. Discussion of Results. 

The characteristic curves of the synchronous motor, as shown 
in Fig. 171, have been observed frequently, with their essential 
features, the V-shaped curve of no-load, with the point rounded 
off and the two legs slightly curved, the one concave, the other 
convex; the increased rounding off and contraction of the curves 
with increasing load; and the gradual shifting of the point of 
minimum current with increasing load, first towards lower, then 
towards higher, values of counter e.m.f., 

The upper parts of the curves, however, I have never been 
able to observe completely and consider it as probable that 
they correspond to a condition of synchronous motor-running, 
which is unstable. The experimental observations usually 
extend about over that part of the curves of Fig. 171 which is 
reproduced in Fig. 172, and in trying to extend the curves 
further to either side, the motor is thrown out of synchronism. 

It must be understood, however, that these power charac- 
teristics of the sync'hrouous motor in Fig. 171 can be considered 
as approximations only, since a mimbor of assumptions are made 
wliich are not, or only i)artly, fulfilled in ])ractice. The fore- 
most of these are : 

1. It is assumed that can be varied unrestrictedly, while 

in reality the possible increase of is limited by magnetic 
saturation. Thus in Fig. 171, at an iini)ressed e.m.f., = 

2,500 volts, Cj rises up to 5,590 volts, which may or may not be 
beyond that which can be produced by the motor, but certainly 
is beyond that which can be constantly given by the motor. 

2. The reactance, j, is assumed as constant. While the 
reactan(*c of the line is i)ractically constant, that of the motor 
is not, but varies more or less with the saturation, decreasing 
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for Tii gliftr values. This decrease of x increases the current, i, 
corresponding to higher values of Cj, and thereby bends the curves 
upwards at a lower value of than represented in Fig. 171. 

It must be understood that the motor reactance is not a 
simple quantity, but represents the combined effect of self- 
induction, that is, the e.m.f. generated in the armature con- 
ductor by the current therein and armature reaction, or the 
variation of the counter e.m.f. of the motor by the change of 
the resultant field, due to the superposition of the m.m.f. of 
the armature current upon the field excitation; that is, it is the 
“ sjmchronous reactance.” 



Fig. 171^ 

3. Furthermore, this synchronous r(‘actnn(*o usunlly is not a 
constant quantity even at constant indiicf'd (‘.ni.f., hui varies 
with the position of the armature with r(\i;ard to tli(‘ (i(‘ld, tliat 
is, varies with the current and its pliase an^le, as discussed in the 
chapter on the armature reactions of all(‘rnators. \Vhil(‘ in 
most cases the synchronous reactance can lx* assum(‘d as con- 
stant, with sufficient approximation, som(‘timi‘s a mon^ com- 
plete investigation is necessary, (*onsisting in a rc^solution of the 
synchronous impedance in two componcmls, in {)hase and in 
quadrature respectively with the fiekl-poles. 
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Especially is this the case at low power-factors. So by 
gradually decreasing the excitation and thereby the e.m.f., e, 
the curves may, especially at light load, occasionally be extended 
below zero, into negative values of 6, or onto the part of the 
curve, JS, in Fig. 170, while the power still remains constant 
and positive, as synchronous motor. In other words, the motor 
keeps in step even if the field excitation is reversed; the lagging 
component of the armature reaction magnetizes the field, in 
opposition to the demagnetizing action of the reversed field 
excitation. 

4. These curves in Fig. 171 represent the conditions of con- 
stant electric power of the motor, thus including the mechani- 
cal and the magnetic friction (core loss). While the mechanical 
friction can be considered as approximately constant, the mag- 
netic friction is not, but increases with the magnetic induction; 
that is, with and the same holds for the power consumed for 
field excitation. 

Hence the useful mechanical output of the motor will on the 
same curve, p = const., be larger at points of lower counter 
e.m.f., e^, than at points of higher e^; and if the curves are 
plotted for constant useful mechanical output, the whole system 
of curves will be shifted somewhat towards lower values of e^] 
hence the points of maximum output of the motor correspond 
to a lower e.m.f. also. 

It is obvious that the true mechanical power-characteristics 
of the synchronous motor can be determined only in the case of 
the particular conditions of the installation under consideration. 


266. H. Phase Characteristics of the Synchronous Motor. 

While an indu(*tion motor at constant iniprossod voltage is 
fully determiiK'd as regards to current, power-factor, efficiency, 
etc., ])y one indej)endent variable, tlie load or output, in the 
synchronous motor two independent varialdes exist, load and 
field excitation. That is, at constant iinju'csscd voltage the 
current, power-factor, etc., of a synchronous motor can at the 
same power outi)ut be varied over a wide range by varying 
the field excitation, that is, the counter e.m.f. or nominal gener- 
ated e.m.f.” Hence the synchronous motor can be utilized to 
fulfill two independent functions, to carry a certain load and to 
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produce a certain wattless current, lagging by under-excitation, 
leading by over-excitation. Synchronous motors are, therefore, 
to a considerable extent used to control the phase relation and 
thereby the voltage, in addition to producing mechanical power. 

The same applies to synchronous converters. 


I 



With given impressed o.m.f., fi(‘Id oxcitalion or nominal gener- 
ated e.m.f. corresponding thendo, and load, d(‘t('rinin(' all the 
quantities of the synchronous motor, as currtait, i)o\vc‘r-facl()r, 
etc. Thus if in diagram Fig. ITd, ON c (Mn.f. consimu^d by 
the counter e.m.f. or nominal g(Mierat(Ml (Mii.f. of tli(‘ syiiclironoiis 
motor, and if = output of motor ((‘X(*lusiv(‘ of friction and con' 
loss and, if the exciter is driven by th(‘ motor, j)o\v(‘r consuiiK'd 

P 

by the exciter), = — =- po\v(‘r compoiKMit of curnait, r(‘pr(‘- 

sented by 01^, and the current vector th(‘r(‘f()r(‘ mu.st b'rminate 
on a line, i, perpendicular to 0/,. If, tluai, r r(‘sistanc(‘ and 
X = reactance of the circuit b(‘tw(‘(‘n count(M* (Mn.f. (' and im- 
pressed e.m.f. 6(1, OAV ^ “ (Mu.f. consmiKMl by n‘sistanc(‘, 

OEx — i^x = e.m.f. consumed by r(‘actanc(‘ of th(‘ powaa* com- 
ponent of the current hence = e.m.f. consumed by 
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impedance of the power component of the current and the 
impedance voltage of the tota l current lies on the perpendicular 
e' on OE/. Producing OE^ = OE, and drawing an arc with 
the impressed e.m.f., e„, as radius and E^ as center, the point 
of intersection with e' gives the impedance voltage, OE', and 
corresponding thereto the current 01 = i; and completing the 
parallelogram, OEE^E', gives the impressed e.m.f., OE^. 

Hence, by impressed e.m.f. e^, counter e.m.f. e, and load P^, 
the polar diagram is determined, and thereby the vectors, 01 = 
current, OE„ = impressed e.m.f., OE = counter e.m.f., and 
their phase relation. 

Or, in symbohc representation, let 

-®o = ^0 + “ impressed e.m.f.; 

= Ve,'^ + er; 

E = ^ + je" = e.m.f. consumed by counter e.m.f.; 
e = Ve'" + e""; 

■ 7 = i = current, assumed as zero vector; 

Z =: r —jx = impedance of circuit between e, and e. 

Z is the synchronous impedance of the motor, if e„ is its ter- 
minal voltage. It is the impedance of transmission line with 
transformers and motor, if e, is terminal voltage of generator, and 
Z is synchronous impedance of motor and generator, plus impe- 
dance of line and transformers, if is the nominal generated 
e.m.f. of the generator (corresponding to its field excitation). 

It is, then, 

E,=- E + iZ, (3) 

or, 

^0 + Fo" -= e' + p" + i'T — jiX, (4) 

and, resolved, 

je„' -= c' + ir; (5) 

If," = _ ,x. (0) 

The power output of the motor (inclusive of friction and core 
loss, and if the exciter is driven by the motor, j)ower consumed 
by exciter) is current times power component of generated 
e.m.f., or 


( 1 ) 

( 2 ) 


P„ = e'L 


(7) 
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Hence, the calculation of the motor, from power output 
occurs by the equations; 

Chosen: i — current. 

P 1 

(5) ej = ^ + ir, 

(1) e "= ± I ® 

(6) e" - 6/' + ix 

(2) e == -f 


That is, at given power Pq, to every value of current i corre- 
spond two values of the counter e.m.f. e (and hence the field 
excitation). 

Solving equations (8) for % and that is, eliminating e', 
e/', e'', gives as the nominal generated e.m.f., 


- 2 t1\ ± 2 xi \/ - (^-j + ri^\ ( 9 ) 
and the power-factor of the motor is, 


eos 0 - 


c 



(10) 


The power-factor of tlu^ su))|)Iy is 


eos 0,, 




rr 


(111 


From equation (0), l)y solving for /, i can now 1)(‘ (‘xpn'ssf'd as 
function of and e, that is, of power ontpul and li(‘ld (‘\cilat ion. 


267. As illustration are ploihvl, in Fig. 17 1, eiirv<‘s giving tlic 
current i as function of tlie count(‘r or nominal gian'rated (\nif., 
e, at constant power Such curves arc call(Ml ‘‘jihiisc^ character- 
istics of the synchronous niotor.^' 
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They are ^ven for the values 

= 2,200 volts, 

Z = 1 — 4 / ohms, 

and 

Pi, = 20, 200, 400, 600, 800, 1000 kw. output. 



The five equations of the synchronous motor, 

(1) e/ = + er, 

( 2 ) ^ 

(7) ]\ = e'i, 

(5) (■: = e' + ir, 

((') = c" - ix, 

deterniino the five (luarititics, e/, e” , (f , a" , c, as functions of 
and i. 

The condition of zero phase disjdacenieut, or unity power- 
factor at the impressed e.m.f., e^, is 

C=0; 



444 


altebnatino-current phenomena. 


hence 

~ ^0) 

and 

(6) e" = ix, 

hence. 

(5) e' =e, -ir; 

e* = (Co - iry + Px?, 


( 12 ) 


a quadratic equation, the hyperbola of unity power-factor, 
shown as dotted line in Fig. 174. 

In this case, the power is found by substituting e' = — ir in 

P^ = (f i,2& 

Po-^i-Pr, (13) 


or. 





(14) 


The maximum output of the synchronous motor follows here- 
from, by the condition, 

s/TIiS.o 

^0 

as 

P. - (15) 

in above example 

Prn = 1,210 kw. at/ 1 ,100 anip. 


The curve of unity powcu-factor (12) <livi(l(‘.s th(' synchronous 
motor-phase characteristics into two s(‘ciions, oni', for low(‘r c, 
with lagging, the other witli leading currcait. 

The study of tliese phase charact(‘ristics,” Idg. 171, givt's the 
best insight into the behavior of the synchronous motor under 
conditions of steady operation. 


268. I. Load Curvets of SjjnchroNOHs jMofor. 

Of special interest are the “load curv(‘s” of ih(‘ synchronous 
motor, or curves giving, at constant ('xcilation, r constant, 
the current, power-factor, efficien(*y and appannit (‘fliciinicy as 
function of the load or output P -= - (friction } con^loss + 

excitation). Such load curves are represented in Figs. 175 to 
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179, for e = 1600, 2000, 2180, 2400, 2800 volts. They can 
be derived from Fig. 174 as the intersection of the curves 
Pg = constant with the vertical lines e = constant. 



Hence, while an induction motor lias oiu' load cuivc only, a 
synchronous motor has an infinite seric"! of load ciirvosj ilcpcnd- 
ing upon the value of e. 

For low values of e (e = 1,600, under (‘^citation. Fig. 175), 
the load curves are similar to those of an induction motor. 
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The current is lagging, the power-factor rises from a low initial 
value to a maximum, and then falls again. With increasing 
excitation (e = 2,000, Fig. 176) the power-factor curve rises to 
values beyond those available in induction motors, approaches 
and ultimately touches unity, and with stiR higher excitation 
(e = 2,180, Fig. 177) two points of unity power-factor exist, at 
P = 20 and P = 450 kw. output, which are separated by a 
range with leading current, while at very low and very high load 



the current is lagging. The firht point of unity power-factor 
moves towards P= O, and then disappears, that is, the current 
becomes leading already at no-load, and the second point of 
unity jiower-factor moves with increasing excitation toward 
higher loads, from P — 4f>0 kw. at e = 2,1(S0 in Fig. 177, to P = 
700 kw. at e = 2,400, Fig. 178, and 7-* = 900 kw. at e = 2,800, 
Fig. 179, while the power-factor and thereby the apparent 
efficiency decrease at light loads. The maximum output in- 
creases with the increase of excitation and almost proportionally 
thereto. 
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It is interesting that at e = 2,180, the power-factor is practi- 
cally unity over the whole range of load up to near the maxiinuin 
output. It is shown once more in Fig. 177 with increased scale 
of the ordinates. A synchronous motor at constant excita- 
tion can, therefore, give practically unity power-factor for all 
loads. 



The resistance, r = 1 ohm, Is assumed so as to represent a syn- 
chronous motor inclusive of transmission line, with about 9 per 
cent loss of energy in the line at 400 kw. output. 

The friction and core loss arc assumed as 20 kw., the excitation 
as 4 kw. at e = 2,000. 

Considering the intersections of a horizontal lino with the 
constant power curves of Fig. 174, gives the (4iaract(‘ristic curves 
of the synchronous motor when operating on constant current. 
Such curves are shown for i = 300 in Fig. 1<S0. They illustrate 
that at the same impressed voltage, with the same current input 
the power output of the synchronous motor can vary over a wide 
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range, and also that for each value of power output two points 
exist, one with lag^g, the other with leading current. 

As regards phase characteristics and load characteristics. 


inl 


ONSTANTl 




Fig ISO. 


the same applies to the synchronous converter as to the syn- 
chronous motor, except that in the former the continuous cur- 
rent output affords a means of automatically varying the 
excitation with the load. 
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269. The investigation of a variation of the armature reaction 
and the self-induction, that is, of the synchronous reactance, 
with the position of the armature in the magnetic field, and so the 
intensity and phase of the current in its effect on the characteris- 
tic curves of the synchronous motor, can be carried out in the 
same manner as done for the alternating-current generator in 
Chapter XXII. 

In the graphical and the symbolic investigations in Chapter 
XXII, the current, 1 = + jij, has been considered as the 

output current, and chosen of such phase as to differ less t.Tmn 
90° from the terminal voltage, E^e^ — je^, so representing 
power output. 

Choosing then the current vector OJ in opposite direction from 
that chosen in Figs. 148 and 149, and then constructing the 
diagram in the same manner as done in Chapter XXII, brings the 
output current, 01, more than 90° displaced from the ter minal 
voltage, OE. Then the current consumes power, that is, the 
machine is a synchronous motor. The graphical representation 
in Chapter XXII so applies ocpially well to altoniatiiig-current 
generator as to synchronous motor, and the former corresponds 
to the case ^EOI < 90°, the latter to the ease: ^EOI > 90°. 

In the same manner, in the symbolic represemtation of 
Chapter XXII, choosing the current as I - --//j, or, in 

the final equation, wliere tlie curnmt has bec'ii assumed as zero 
vector, I = —i, that is, reveming all tlu' signs of the current, 
gives the e(iuations of the synchronous motor. 

Choosing the same denotations as in Chapter and siil)- 

stituting —i for 4- i in (‘(|uation dill so gives tli(> general 
equation of the synchronous motor. 


_ (c, - n)- t- (c, .r,'i I (c, .r„'b ) 

\/(c, n)- 1 (c., 

and for non-inductive* load, 


e 


0 


ir rif 1 j'J'r 
/•/)' I -r,,""/” 


Or, by choosins; 01 in the .ij^raphic, and / /' 1 /" in the 

symbolic method, as the inj)ut curnuit, tlu* dia”;rain can be 
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constructed by combining the vectors in their proper directions, 
that is, where they are added in Chapter XXII, they are now 
subtracted, and inversely. For instance, 

jSj = + E^, E = E^ + E^i etc. 

The reversal of the sign of the current in the above equations, 
compared with the equations of Chapter XXII, shows that in the 
synchronous motor, the effect of lag and of lead of the input 
current are the opposite of the effect of lag and lead of the output 
current in the generator, as discussed before. 

It also follows herefrom, that the representation of the inter- 
nal reactions of the synchronous motor by an effective reactance, 
the “synchronous reactance,” is theoretically justified; but that, 
like in the alternating-current generator, this reactance may have 
to be resolved in two components, x/ and x ", parallel and at 
right angles respectively to the field-poles. 
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SURGING OF SYNCHRONOUS MOTORS. 

270 . In the preceding theory of the synchronous motor the 
assumption has been made that the mechanical output of the 
motor equals the power developed by it. This is the case only if 
the motor runs at constant speed. If, however, it accelerates, the 
power input is greater, if it decelerates, less than the power out- 
put, by the power stored in and returned by the momentum. 
Obviously, the motor can neither constantly accelerate nor 
decelerate, without breaking out of synchronism. 

If, for instance, at a certain moment the power produced by 
the motor exceeds the mechanical load (as in tlic moment of 
throwing off a part of the load), the excess })ower is consumed 
by the momentum as acceleration, causing an incTcase of speed. 
The result thereof is that the phase* of the (‘ounter c.m.f., e, 
is not constant, but the vector, c, (in Kig. 173) moves back- 
ward to earlier time, or counter-clockwise, at a rale* d(‘[)(‘n(ling 
upon the momentum. Thereby the* ciUT(‘nt (*hang{*s and the 
power developed changes and de*cr(‘as(‘s. As soon as the* power 
produced equals the load, the acceleration c(‘as('s, but tlu* V(‘t*tor 
c still being in motion, due to the* incr(‘a^(‘d sp(*(‘d, further 
reduces the power, causing a retardation and tli(*r(‘l)y a d(‘creasc 
of speed, at a rate depending upon tin* m<‘cliauic.Ml moiu(‘ntum. 
In this manner a periodic variation of IIk* pliasc^ n‘lati()u l)(‘tw(‘en 
eandCo, and corresponding variation of sp(*(‘d and currc'ut occurs, 
of an amplitude and period d(*p(*nding upon tlu* circuit con- 
ditions and the mechanical m()m(*ntum. 

If the amplitude of this jiulsation has a po^iliv(‘ d(‘cr(‘ment, 
that is, is decreasing, the motor a.ssum(‘h aft(‘r a whih* a constant 
position of e regarding c„, that i.s, its .sp(‘(‘d l)(*com('s uniform. 
If, however, the decreiiK'nt of tin* pulsation is lu'gativi*, an 
infinitely small pulsation will continuously incr(*a.N(‘ in amplitude, 
until the motor is thrown out of st(‘p, or tin* d(‘cr(*nient becomes 
zero, by the power consumed by forc(‘s opposing the pulsation, 
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as anti-sur^ng devices, or by the periodic pulsation of the syn- 
chronous reactance, § 269. If the decrement is zero, a pulsation 
started once will continue indefinitely at constant amphtude. 
This phenomenon, a surging by what may be called electro- 
mechanical resonance, must be taken into consideration in a 
complete theory of the synchronous motor. 

Let 

E^<= e^ = impressed e.m.f. assumed as zero vector. 

E = e (cos ^3 -h j sin /?) = e.m.f. consumed by counter e.m.f. 
of motor, where, 

/? = phase angle between E^ and E. 

Let 

Z = r —jx, 
and z = Vr* -h 

= impedance of circuit between 

E^ and E, and 

X 

tan a = - . 

r 

The current in the system is 

j _ - g(, - ~ ^ 

“ “ 2 r -jx 

= -{[e„c<)S« -ccos [a + fi)] + / Ksiii «-esiu (« -I- ,3)]}. (1) 

z 

The power develojXMl by tlu^ syiichroiious motor is 

= [AVJ‘ - - {[(‘OS p [c„ cos — c cos (cf + p)] f ^hi ? 
z 

[e„sina -t’siii (^v + /?)]} -= {«: - ji) - c «]{. (2) 

If, now, a jnilsiitiou of tho synchronous motor occius, lesulting 
in a change of the phase relation, /?, between the counter e.m.f., e, 
and the impressed e.m.f., e„ (the latter being of constant fre- 
quency, thus constant phase), by an angle, d, where 3 is a periodic 
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function of time, of a frequency very low compared with the 
impressed frequency, then the phase angle of the counter e.m.f. e 
is d + S; and the counter e.m.f. is ' ’ 

E = e {cos (/? + (?)+ 2 sin (/? + §) }, 
hence the current, 

/= -^{[ejcosa-ecos (a + + 5)] + j [e. sin a - e sin 

fi 


(a+^+^)]}=/o+^sin^|sin^a+/?+ ^-jcos 

( 3 ) 


the power, 


e , 

P =-|eoCOs(a-j8-5)-ecosa} 

j3 ,2 ee^ . d . / (h 

-P.+ 


( 4 ) 


Let now 


= mean velocity (linear, at radius of gyration) of syn- 
chronous machine; 

s = slip, or decrease of velocity, as fraction of v„, where s is a 
(periodic) function of time; hence 

^ = "o (1 — s) = actual velocity, at time t. 


During the time clement, cU, the i)osition of tlx' svnclironous 
motor armature regarding the imi)rcss(>d (>.m.f., c,„ and tliorol)y 
the phase angle /? + 5 of e, changes by 


where 

and 

Let 


d3= 2 njndl 
= sdO, 

0 = 2 Tzjt, 

f = frequency of iinj)ressod e.m.f., c„. 


G'i) 


Ml mass of revolving machine elements, and 

Mq = ^ mv^ = mean mechanical momentum, reduced to 
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joules or watt-seconds; then the momentum at time t and 
velocity v = (1 — s) is 

M = l mv^ (1 — sf, 

and the change of momentum during the time element, dt, is 


dM 

dt 


= —mv^ (1 ■ 


, ds 


hence, for small values of s, 
dt 


nv^^ — 


ds do 


dd dt 


since 


and from (5) 


it is 


= -2M, 


ds dd 
dd dt ’ 



dd 


ds cPd 
dO^M’ 


dM 

dt 


. ... 


( 6 ) 


(7) 


Sinco, as discussed, the change of moniontum equals the differ- 
ence between produced and consumed power, the excess ol 
power being converted into momentum, it is 





( 8 ) 


and, substituting (4) and (7) 


ec,, . o . 
— 5^sm -- sm 
z 2 




( 9 ) 
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Assuming 5 as a small angle, that is, considering only smgl] 
oscillations, it is 


sm— = — ’ 
2 2 




hence, substituted in (18), 

pp 

sin (a -^) + 4 = 0, (10) 


and, substituting, 

a 


it is 


ee^ sin (a — /?) 
4 


ao+~=0. 


This differential equation is integrated by 
d = Ae^, 

which, substituted in (22) gives 

. aAs^ + ACr-s^'^ = 0 , 

fl "b ~ (), 

a = ± 


( 11 ) 

( 12 ) 

(13) 


(14) 


271. (1) If a < 0, it is 


where 


m 




sin (/y — a) 


Since in this case, is continually increasing, the syn- 
chronous motor is unstable. That is, without oscillation it drops 
out of step, if >a. 
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(2) If a > 0, it is, denoting 


, /— 4 /ee„ sin (a —3) 

n = + Va = + y- ° -.. \ 

4 ;r/zMg 

5 = 

or, substituting for e and e the trigonometric functions 
= (Aj + Aj) cos n(9 + j (A^—A^) siand, 


or, d B cos (nd +y). 


(15) 


That is, the synchronous motor is in stable equilibrium, when 
oscillating with a constant amplitude B, depending upon the 
initial conditions of oscillation, and a period, which for aTnall 
oscillations gives the frequency of oscillation, 


/« = n/ = 



sin (a — /?) 
4 7:zM^ 


(16) 


In the example given in § 267 it is 

Co = 2,200 volts. Z — 1— A j ohms, or, z — 4.12; a = 76°. 


Let the machine, a 16-polar, 60-cycle, 400-kw., revolving- 
field, synchronous motor, have the radius of gyration of 20 in., 
a weight of the revolving part of 6,000 lb. 

The momentum then is M„ = 850,000 joules. 

Deriving the angles, ft, corresponding to given values of output 
P and excitation e, from the polar diagram, or from the symbolic 
representation, and substituting in (16), gives the frequency of 
oscillation, 

P= 0: 

e = 1600 volt.s; /9 = - 2": /„ =2.17 cycles, or 130 periods per min. 
2180 “ + 3" 2.50 “ 150 “ “ “ 

2800 “ + 5" 2.85 " 169 “ “ “ 

P= 400 kw. 

e =1600 volts; /? = 33"; /„ =1.90 cycles, or 114 periods per min. 
2180 ‘ 21" 2.31 “ 139 “ “ “ 

2800 “ 22" 2.61 ‘ 154 “ “ “ 
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As seen, the frequency of oscillation does not vary much with 
the load and with the excitation. It slightly decreases with 
increase of load, and it increases with increase of excitation. 

In this instance, only the momentum of the motor has been 
considered, as would be the case for instance in a synchronous 
converter. 

In a direct-connected motor-generator set, assuming the mo- 
mentum of the direct-current-generator armature equal to 60 per 
cent of the momentum of the synchronous motor, the total 
momentum is = 1,360,000 joules, hence, at no load, 

P = 0. 

e = 1,600 volts; = 1.72 cycles, or 103 periods per min. 

1.98 “ 119 “ “ “ 

1.23 “ 134 “ “ “ 

272. In the preceding discussion of the surging of synchronous 
machines, the assumption has been made that the mechanical 
power consumed by the load is constant, and that no damping 
or anti-surging devices were ased. 

The mechanical power consumed by the load varic's, however, 
more or less with the speed, approximately por{)()rtional to the 
speed if the motor directly drives nu’cliaiiical apparatus, as 
pumps, etc., and at a higher power of speed if driving direct- 
current generators, or as synchronous converter, especially 
when in parallel with other direct-curn'nt geiu'rators. Assum- 
ing, then, in the general case tlu' itiechanical power consiinK'd by 
the load to vary, within the narrow range of speed variation con- 
sidered during the oscillation, as the pth power of tiie speed, in 
the preceding equation instead of is to be substituted, I\ 
(l-sr = P„(l-p.sO. 

If anti-surging devices are used, and ('V(‘n without, these in 
machines in which eddy currents can be produced l)y 1h(‘ oscilla- 
tion of slip, in solid field-poles, etc., a tonpa' is produces! tnor(“ or 
less proportional to the deviation of s])ee(l from synciironism. 
This power assumes the form, I\ -- c-.s, wh(>re c is a function of 
the conductivity of the eddy-current circuit and the intensity of 
the magnetic field of the machine. c‘ is tlie powc'r which would 
be required to drive the magnetic field of the motor through the 
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circuits of the anti-surging device at full frequency, if the same 
relative proportions could be retained at full frequency as at the 
frequency of slip s. That is, is the power produced by the 
motor as induction machine at slip s. Instead of P, the power 
generated by the motor, in the preceding equations the value, 
P 4- Pj has to be substituted, then 
The equation (8) assumes the form. 


P + Pi-P„(l-2)s) 


dM 


dt 


or 


(P-P„)+ (P,+ pP,s) 


~ dt ’ 


(17) 


or, substituting (7) and (4), 

2 e J sin |sin [« -|3 - ^] + (c" -t- pP^) ~ + 47r/M, ^ = 0; (18) 

and, for small values of d, 


- _ KAfiy U/ V/ 


0 , 


ee^ sin (a — 
4 nfzM^ 


& 4- pP, 


(19) 

(20) 


Of these two terms h represents the consumption, a the oscilla- 
tion of energy by the pulsation of phase angle /?. h and a thus 
have a similar relation as resistance and reactance in alternating 
current circuits, or in the discharge of condensers, a is the 
same term as in § 270. 

Differential equation (19) is integrated by 

0 ^ = 


which, substituted in (19), gives 

a + 2 bCAe^^-h CPAe^^ = 0, 
a + 2 6C 4 r- = 0, 


(21) 
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which equation has the two roots 

0^ = -h + VW^, 

0 , h-\/V -a. ( 22 ) 

(1) If a< 0, or negative, that is, jS > a, is positive and 
Cj negative, and the term with is continuously increasing, 
that is, the synchronous motor is unstable, and, without oscilla^ 
tion, drifts out of step. 

(2) If 0< a< 6®, or a positive, and V larger than a (that 

is, the energy consuming term very large ), C, and are both 
negative, and, by substituting, + — a = gr, it is, 

0, = -(b-9), C,=^-{b + g); 

hence 

d = ( 23 ) 

That is, the motor steadies down to its mean position logarith- 
mically, or without any oscillation. 

b^< a, 

hence (c^ -1- pP„y ^ ee„ sin (a — (i) 

__ _ ^ 24 ) 

is the condition under which no oscillatif)n can occur. 

As seen, the left side of (24) contains only mechanical, the 
right side only electrical terms. 

(3) a> h\ 

In this case, — a is imaginary, and, substituting, 

9 = \ 0-1?; 
it is 

^2 -b in, 

hence 

and, substituting the trigonometric for the e.xponential functions, 
gives ultimately 


d = Be cos (^6 + y). 


(25) 
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That is, the motor steadies down with an oscillation of period, 

fo = 


Jfee^ sin (a - /?) {& + 


and decrement or attenuation constant 


h 


^ + pPp 

8^/ilfo 


(27) 


273 . It follows, however, that under the conditions considered, 
a cumulative surging, or an oscillation with continuously increas- 
ing amplitude, cannot occur, but that a synchronous motor, 
when displaced in phase from its mean position, returns thereto 
either aperiodically, if V > a, or with an oscillation of vanishing 
amplitude, if P< «. At the worst, it may oscillate with con- 
stant amplitude, if 6 = 0. 

Cumulative surging can, therefore, occur only if in the differ- 
ential equation (19) 


2 h 


dd 

do 


d?B „ 


(28) 


the coefficient h is negative. 

Since representing the induction motor torque of the damp- 
ing device, etc., is positive, and is also positive (p being 
the exponent of power variation with speed), this presupposes 

. . 

the existence of a third and negative term, g 


,.2 + ^ ^ 
8 


(29) 


This negative term represents a power, 

P^ = -h\ (30) 

that is, a retarding torque during slow speed, or increasing jS, and 
accelerating tonjue during high speed, or decreasing 
The source of this torque may be found external to the motor, 
or internal, in its magnetic circuit. 
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External sources of negative be, for instance, the 

magnetic field of a self-exciting, direct-current generator, driven 
by the synchronous motor. With decrease of speed, this field 
decreases, due to the decrease of generated voltage, and increases 
with increase of speed. This change of field strength, however, 
lags behind the exciting voltage and thus speed, that is, during 
decrease of speed the output is greater than during increase of 
speed. If this direct-current generator is the exciter of the 
synchronous motor, the effect may be intensified. 

The change of power input into the synchronous motor, with 
change of speed, may cause the governor to act on the prime 
mover driving the generator, which supplies power to the motor, 
and the lag of the governor behind the change of output gives a 
pulsation of the generator frequency, of which acts hke a nega- 
tive power, P3. The pulsation of impressed voltage, caused by 
the pulsation of /?, may give rise to a negative, also. 

An internal cause of a negative term, P^, is found in the lag of 
the synchronous motor field behind the resultant m.m.f. In the 
preceding discussion, e is the nominal gonoratod e.ni.f.” of the 
synchronous machine, corresponding to the field excitation. 
The actual magnetic flux of the machine, lunvever, does not cor- 
respond to e, and thus to the field excitation, but (‘orresponds to 
the resultant m.m.f. of field excitation and armature reaction, 
which latter varies in intensity and in ]>hase during the oscilla- 
tion of p. Hence, while e is constant, tlu' magnetic Ilux is not 
constant, but pulsates with tlie oscillations of the machine. 
This pulsation of the magnetic flux lags Ix'hind tlu* pulsation of 
m.m.f., and thereby gives rise to a t(‘nn in h in (MjUMtion (2S). If 
Pq, P, c, Cq, Z are such that a retardation of tlH‘ motor increases 
the magnetizing, or decreases the (l(‘magni‘ti//mg force of the 
armature reaction, a negative t(*rm, app(‘ars, otherwise a 
positive term. 

P2 in this case is the energy coiisuiikmI by tlu' magnetic cycle 
of the machine at full fre<iuency, assuming tln^ cych^ at full fre- 
quency as the same as at fre(|U(‘ncy of .slip, .s*. 

Or inversely, e may be said to pul.sat(‘, du(‘ to tlu' pulsation of 
armature reaction, with the sain(‘ fre(|U(‘ncy as p, but with a 
phase, which may either be lagging or h'ading. Lagging of the 
pulsation of e causes a negative, leading a positive P.^. 

P 2, therefore, represents the power due to the [pulsation of e 



SURGING OF SYNCHRONOUS MOTORS. 


463 


caused by the pulsation of the armature reaction, as discussed in 
§269. 

Any appliance increasing the area of the magnetic cycle of 
pulsation, as short-circuits around the field poles, therefore, 
increases the steadiness of a steady and increases the unsteadi- 
ness of an unsteady synchronous motor. 

In self-exciting synchronous converters, the pulsation of e is 
intensified by the pulsation of direct-current voltage caused 
thereby, and hence of excitation. 

Introducing now the term, Pj = — h^s, into the differential 
equations of § 272, gives the aditional cases 

6 < 0, or negative, that is. 


c? + pP^ — h* 
8nfM, 


(31) 


Hence, denoting 


¥-(?-pP^ 
8 rr/M 


gives 

(4) If bi>a, g = + Vb^—a, 


(32) 


(33) 


That is, without oscillation, the motor drifts out of step, in 
unstable equilibrium. 

(5) If a > ¥, g == Va — 6,^ , 

5 = Be cos + a). (34) 


That is, the motor oscillates, with pon.stantly increasing am- 
plitude, until it drops out of stop. This is the typical case of 
cumulative surging by electromechanical resonance. 

The problem of surging of synchronous machines, and its 
elimination, thus resolves into the investigation of the coefficient 

^ c?+pP„-h\ 


8 jt/Mj 


(35) 
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while the frequency of surging, where such exists, is given by 



sin (a — 


{<^ + pP^-h^y 
64 


(36) 


Case (4), steady drifting out of step, has only rarely been 
observed. 

The avoidance of surging thus requires 

(1) An elimination of the term t?, or reduction as far as pos- 
sible. 

(2) A sufficiently large term, (?, or 

(3) A sufficiently large term, pP^. 

(1) refers to the design of the synchronous machine and the 
system on which it operates. (2) leads to the use of electro- 
magnetic antisurging devices, as an induction motor winding in 
the field poles, short circuits between the poles, or around the 
poles, and (3) leads to flexible connection to a load or a mo- 
mentum, as flexible connection with a flywheel, or belt drive of 
the load. 

The conditions of steadiness are 




and if 


& + pP,- > 0, 

(c^+ pP^-h^y ee„ sin { a - /?) ^ 
16 nfMg z 


no oscillation at all occurs, otherwise an oscillation with decreas- 
ing amplitude. 



CHAPTER XXVI. 


ALTERNATING-CURRENT MOTORS IN GENERAL. 

274 . The starting point of the theory of the polyphase and 
single-phase induction motor usually is the general alternating- 
current transformer and from the equations of the general 
alternating-current transformer the induction motor equations 
have been developed in the preceding chapter. Coming, how- 
ever, to the commutator motors, this method becomes less 
suitable, and the following more general method preferable. 

In its general form the alternating-current motor consists of 
one or more stationary electric circuits magnetically related to one 
or more rotating electric circuits. These circuits can be excited 
by alternating currents, or some by alternating, others by direct 
current, or closed upon themselves, etc., and connection can be 
made to the rotating member either by collector rings — that is, 
to fixed points of the windings — or by commutator — that is, to 
fixed points in space. 

The alternating-current motors can be subdivided into two 
classes — those in which the electric and magnetic relations 
between stationary and moving members do not vary with their 
relative positions, and those in which they vary with the relative 
positions of stator and rotor. In the latter a cycle of rotation 
exists, and therefrom the tendency of the motor results to lock at 
a speed giving a definite ratio between the frequency of rotation 
and the frequency of impressed e.in.f. Such motors, therefore, 
are syn{‘hronous motors. 

The main types of synchronous motors are as follows: 

(1) One member supplied with alternating and the other with 
direct current — polyphase or single-phase synchronous motorSr 

(2) One member excited by alternating current, the other con- 
taining a single circuit closed upon itself — synchronous-induc- 
tion motors, as discussed in Chapter XIX. 

(3) One member excited by alternating current, the other of 
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different magnetic reluctance in different directions (as polar con- 
struction) — reaction motors (see Chapter XXVII). 

(4) One member excited by alternating current, the other by 
alternating current of different frequency or different direction of 
rotation — general alternating-current transformer or frequency 
converter and synchronous induction generator (see Chapters 
XVIII and XX). 

(1) is the synchronous motor of the electrical industry. 
(2) and (3) are used occasionally to produce synchronous rota- 
tion without direct-current excitation, and of very great steadi- 
ness of the rate of rotation, where weight efficiency and 
power-factor are of secondary importance. (4) is used to some 
extent as frequency converter or alternating current generator. 

(2) and (3) are occasionally observed in induction machines, 
and in the starting of synchronous motors, as a tendency to lock 
at some intermediate, occasionally low, si)eed. That is, in 
starting, the motor does not accelerate up to full si)eed, but the 
acceleration stops at some intermediate speed, fre(iu(‘ntly half- 
speed, and to carry the motor beyond this speed, the impressed 
voltage may have to be raised or ev(‘u (‘\tc‘rnal 1 )ow(t ai)})licd. 
The appearance of such “dead j)oints in the sp(‘(‘d (*urve is 
due to a mechanical defect —as ec(*(‘ntricity of th(‘ rotor — 
or faulty electrical design: an iinpropca- distribulion of primary 
and secondary windings causes a }K‘ri()di(* variation of the 
mutual inductive reactance and so of tli(‘ (‘rf(‘ctiv(‘ primary 
inductive reactance, (2) or tin* us(‘ of shar{)ly ([(‘(IikmI and 
improperly arranged t(‘(‘th in both (‘l(Mn(‘nt'^ caus(N a jxa-iodic 
magnetic lock (()|)eirmg and cloMiig of th(‘ magnc'tic circuit, (3) 
and so a tendency to synclironizc* at tht‘ sp('(‘(l corn‘sj)onding to 
this cycle. 

Synchronous machines hav(‘ Ikhui di.scus.s(Ml in th(‘ pi'(‘c(‘(rmg 
chapters. Here sliall l)e consid(‘r(Ml only tliat t\j)(‘ of motor in 
which the electric and niagn(‘tic relation^ b(‘t\\(‘(‘n t stator and 
rotor do not vary with th(‘ir relati\(‘ positi»)ns, and th(‘ toniue 
is, therefore, not limitcMl to a d(‘finit(‘ svnclironous sjxmmI. This 
requires that the rotor wIkmi conn(*(*t(‘d to th(‘ outsider circuit 
be connected througli a commutator, and wlnm cIosimI upon 
itself, several closed circuits exist, di^j)laccd in position from 
each other so as to offer a resultant close ‘d circuit in any 
direction. 
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The main types of these motors are: 

(1) One member supplied with polyphase or single-phase 
alternating voltage, the other containing several circuits closed 
upon themselves — polyphase and single-phase induction 
machines, as discussed in Chapter XIX. 

(2) One member supplied with pol 3 ^hase or single-phase 
alternating voltage, the other connected by a commutator to 
an alternating voltage — compensated induction motors, com- 
mutator motors with shunt-motor characteristic. 

(3) Both members connected, through a commutator, directly 
or inductively, in series with each other, to an alternating 
voltage — a,lternating-current motors with series-motor char- 
acteristic. 

Herefrom then follow three main classes of alternating-current 
motors: 

Synchronous Motors. 

Induction Motors. 

Commutator Motors. 

There are, however, numerous intermediate forms, which 
belong in several classes, as the synchronous induction motor, 
the compensated induction motor, etc. 

276. An alternating current, I, in an electric circuit produces 
a magnetic flux, "I*, interlinked with this circuit. Considering 
equivalent sine waves of 1 and <I>, <E> lags behind I by the angle 
of hysteretic lag, «. This magnetic flux,4>, generates an e.m.f., 
E = 2 7r/n,<4>, where / = frecjuency, n = number of turns of 
electric cii'cuit. This generated e.m.f., E, lags 90 time degrees 
behind the magnetic flux <I>, hence consumes an e.m.f. 90 time 
degrees aliea<l of O, or 90 — a degrees aheatl of 7. This may be 
resolved in a wattless component: E = 2 cos a — 2 -fLl 

= xl, the e.m.f. consumed by self-induction, and power com- 
ponent: E" = 2 7r/r?<i> sin a = 2 tt//// = r" 1 = e.m.f. consumed 
by hysteresis ((“‘Idy currents, etc.), and is, therefore, in vector 
representation denoted by 

E' = -jxl mdE" = r"I, 

where x = 2 nfL = reactance, 

and L = inductance, 

r" = effective hysteretic resistance. 
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The ohmic resistance of the circuit, r', consumes an e.m.f. //, 
in phase with the current, and the total or effective resistance of 
the circuit is, therefore, r = r' 4- r", and the total e.m.f. con- 
sumed by the circuit, or the impressed e.m.f., is 

where 

Z = r-'jx — impedance, in vector denotation, 

-h a? = impedance, in absolute terms. 


If an electric circuit is in inductive relation to another electric 
circuit, it is advisable to separate the inductance, L, of the 
circuit in two parts — the self-inductance, which refers to 
that part of the magnetic flux prodiKH^l l)y the current in 
one circuit which is interlinked only with this cinmit but not 
with the other circuit, and the mutual inductance, L,«, which 
refers to that part of the magnetic flux inhTlinked also with 
the second circuit. The desirability of this separation results 
from the different character of the two (‘ompoiuMits: The self- 
inductive reactance geiu‘rates a watth'ss (‘.m.f. and thereby 
causes a lag of the current, whil(‘ th(‘ mutual inductive reactance 
transfers power into the second circuit, h(‘nc(‘ gcuierally does 
the useful work of the apparatus. Thi^ l(‘a(ls to th(‘ distinction 
between the self-inductive imp(Mlanc(‘, and the 

mutual inductive impedance, Z r j.r. 

The same se{)aration of lh(‘ total inductive n‘actance into 
self-inductive reactance and r!iutual iinlucliv(‘ rcactaucca r(‘i)re- 
sented respectively by tli('s(‘lf-iii(lucti\ (‘or “ l(‘ak;u;(‘” imjx'daiice, 
and the mutual inductive or “(‘xciting ” imj)(Ml.Mnc(‘ has Ihm'Ii 
made in the theory of th(‘ transfornK*!* and t li(‘ induction mnehine. 
In those, the mutual inductiv(‘ r(‘actanc(‘ ha-^ b(‘(‘ii i’(‘pr(‘s(‘nt(‘d, 
not by the mutual inductive imp(‘danc(‘, Z, hut 1>\' its r(‘ci])rocal 


value, the exciting admittance: 1" 


It i'- th(‘ii : 



Tq is the coefficient of power consumption hy ohmic nsistance, 
hysteresis and eddy currents of the seir-iii(luctiv(‘ llu\ — effective 
resistance. 


Zq is the coelBBcieiit of e.m.f. consumed by the self-inductive or 
leakage flux — self-inductive reactance. 
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r is the coefficient of power consumption by hysteresis and eddy 
currents due to the mutual magnetic flux (hence contains no 
ohmic resistance component). 

X is the coefficient of e.m.f. consumed by the mutual magnetic 
flux. 

The e.m.f. consumed by the circuit is then 

E = Z,I + ZI. (1) 

If one of the circuits rotates relatively to the other, then in 
addition to the e.m.f. of self-inductive impedance: ZJ^ and the 
e.m.f. of mutual-inductive impedance or e.m.f. of alternation: ZI 
an e.m.f. is consumed by rotation. This e.m.f. is in phase with 
the flux through which the coil rotates — that is, the flux parallel 
to the plane of the coil — and proportional to the speed — that 
is, the frequency of rotation — while the e.m.f. of alternation is 
90 time degrees ahead of the flux alternating through the coil — 
that is, the flux parallel to the axis of the cod — and proportional 
to the frequency. If, therefore, Z' is the impedance correspond- 
ing to the former flux, the e.m.f. of rotation is jSZ'I, where S 
is the ratio of frequency of rotation to frequency of alternation, 
or the speed expressed in fractions of synchronous speed. The 
total e.m.f. consumed in the circuit is thus : 

E ^ ZJ+ ZI + jSZ'I. (2) 

Applying now these considerations to the alternating-current 
motor, we assume all circuits reduced to the same number of 
turns — that is, selecting one circuit, of n effective turns, as start- 
ing point, if n, = numljcr of effective turns of any other circuit, 
all the e.m.fs. of the latter circuit arc divided, the currents multi- 

7i 

plietl with the ratio, — , the impedances divided, the admittances 

7t 

71 

niulti])lied with — . This nHliietioii of the constants of all 
n 

circuits to th(‘ sam(‘ iiiiinber of effective turns is convenient by 
eliminating constant factors from the eipiations, and so per- 
mitting a direct comparison. When speaking, therefore, in the 
following of the iinpt‘dance, (dc., of the different circuits, we 
always refer to their reduced values, as it is customary in induc- 
tion-motor designing practice, and has been done in preceding 
theoretical investigations. 
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276. Let, then, in Fig. 181: 

E^, /(,, Z, = impressed voltage, current and self-inductive 
impedance respectively of a stationary circuit, 
jSj, /(, Zj = impressed voltage, current and self-inductive 
impedance respectively of a rotating circuit, 

T = space-angle between the axes of the two circuits, 

Z = mutual inductive, or exciting impedance in the direction 
of the axis of the stationary coil, 

Z' = mutual inductive, or exciting impedance in the direction 
of the axis of the rotating coil, 

Z" = mutual inductive or exciting impedance in the direction 
at right angles to the axis of the rotating coil, 

S = speed, as fraction of synchronism. 



It is then: 

E.m.f. consumed by self-inductive 
impedance, ZJ ^. 

E.m.f. consumed by mutual-inductive 
impedance, Z (I „ + I ^ cos t) since the 
m.m.f. acting in the direction of the 
axis of the stationary coil is the result- 
ant of both currents. Hence, 


■®o = 0 + ■^ (^0 + ( 1 ^)- (3) 

In the rotating circuit, it is, 

E.m.f. consumed by self-inductive impedance, Z,/,. 

E.m.f. consumed by mutual-inductive impedance or “ e.m.f. of 
alternation”: Z' (/, -f /ncos r). (4) 

E.m.f. of rotation, j'lS'Z''/^ sin r. (f)) 

Hence the impressed e.m.f., 

E^ = Z,7, + Z' (/j + /„cost) + jaZ" /,|Sin r. ((i) 


In a structure with uniformly distributed winding, as u.sed in 
induction motors, etc., Z' = Z" = Z, that is, the exciting 
impedance is the same in all directions. 
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Z is the reciprocal of the “ exciting admittance,” Y of the 
induction-motor theory. 

In the most general case, of a motor containing n circuits, of 
which some are revolving, some stationary, if: 

E,c, Ije, Zh = impressed e.m.f., current and self-inductive 
impedance respectively of any circuit, k. 

Z\ and Z^'^ = exciting impedance parallel and at right angles 
respectively to the axis of a circuit, i, 

space-angle between the axes of coils k and i, and 

S = speed, as fraction of synchronism, or “frequency of rota- 
tion.” 

It is then, in a coil, i, 

'Ei = Zil , + If. cos Tj* -t- jSZ'’^ ^ /j, sin (7) 

■ 1 1 ■ 

where 

ZJi == e.m.f. of self-inductive impedance; (8) 

n 

cos == e.m.f. of alternation; (9) 

I ^ sin = e.m.f. of rotation; (10) 

1 

which latter = 0 in a stationary coil, in which ;S = 0. 

Tho power output of the motor is the sum of the powers of all 
the e.m.fs. of rotation, hence, in vector denotation, ^ 

1 

( 11 ) 

1 1 

and h(‘r('from the toniue, in synchronous watts, 

^ § = fL[JZ“SIk^inrfU^y■ (12) 

O 1 1 


' See Chapter XV. 
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The power input, in vector denotation, is 


and therefore. 


1 1 

= P„' + jPoj ; 


( 13 ) 


P^= true power input; 

P/ = wattless volt-ampere input; 
j 2 2 

Pa^ = y + Pq = apparent, or volt- 
ampere input. 

= efficiency; 

•^0 
D 

= apparent efficiency; 


D . 

- ^ == tonjuo mmvnvy; 

^ 0 
D 


1 \ 


apparent tonpK' enicienev; 


P ' 

- p()\v(‘r-fa(*1or. 


From the circuits, ?’ = 1, 2 , . . ?/, thus n^sult n lin(‘ar (‘(jua- 
tions, with 2 n complex variables, // and P,. 

Hence n further conditions must \)v ^i»;iv(Mi to d(‘t(‘nnin(' the 
variables. These obviously an* the conditions of op(‘ration of 
the n circuits. 

Impressed c.ni.fs. may be givc'ii. 

Or circuits closed upon theniselv(‘.s /i, 0. 

Or circuits connected in parall(‘l c^P, ('i^Pk^ \vh(T(' and 
are the reduction factors of th(‘ cinmits to (Mpuil niimbi'i* of 
effective turns, as discussed bc'fore. 

Or circuits connected in series: - - ^ ^ ^ (‘tc. 
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When a rotating circuit is connected through a commutator, 
the frequency of the current in this circuit obviously is the same 
as the impressed frequency. Where, however, a rotating cir- 
cuit is permanently closed upon itself, its frequency may differ 
from the impressed frequency, as, for instance, in the polyphase 
induction motor it is the frequency of slip, s = 1 — /S, and the 
self-inductive reactance of the circuit, therefore, is sx; though in 
its reaction upon the stationary system the rotating system 
necessarily is always of full frequency. 

As an illustration of this method, its application to the theory 
of some motor types shall be considered, especially such motors 
as have either found an extended industrial application, or 
have at least been seriously considered. 

(1) Polyphase Induction Motor. 

277 . In the polyphase induction motor a number of primary 
circuits, displaced in position from each other, are excited by 
polyphase e.m.fs. displaced in time-phase from each other by a 
phase angle equal to the position angle of the coils. A number 
of secondary circuits are closed upon themselves. The primary 
usually is the stator, the secondary the rotor. 

In this case the secondary system always offers a resultant 
closed-circuit in the direction of the axis of each primary coil, 
irrespective of its position. 

Let us assume two i)rimaiy circuits in quadrature as simplest 
form, and the secondary system reduced to the same number of 
pliascs and the same nmiiber of turns })er })luise as the primary 
system. With three or inon^ primary i)hases the methotl 
of procedure and ilie rt\sultant eiiuations are essentially the 
same. 

Let, in the motor shown diagrammatically in Fig. 182, 

Eq and 7^, and -= impressed e.ni.f. currents and 

self-inductive iinpc‘danc(‘ nvspectively of the primary system. 

0, I ^ and j I impi'C‘hs(‘d e.m.f., currents and self-inductive 

impedance respcv'tivc'ly of the secondary system, reduced to the 
primary. Z = mutual-indiudive impedance between i)rimary 
and secondary, constant in all directions. 

>8 = speed; .v -- 1 — >8 ~ slip, as fraction of synchronism. 
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The equation of the primary circuit is th§n, by (7), 

The equation of the secondary circuit, 

0 = Z,I, + Z (1,-1,) + jSZ 

from (15) follows, 

^ j Z,(l-S) ^ Zs 

•'‘Z(l-S)+Z, -^Zs+z,’ 

and, substituted in (14) ; 

Primary current, 

T = F 

• “ ■^ZZ,s + ZZ, + ZJZ, ’ 


F'n’ 



-J Jlo^ 




Fig. 182 . Polyphase Induction Motor. 
Secondary current, 

I = F 

• ‘ ' 
Exciting current, 

E.ni.f. of rotation, 

E' ^jHZ(j I,-] I,) (/„-/,). 

= 

■ »2;z,s 

n ^ n ZZ, 

zz,, + zz^+ z^. 


(14) 

(15) 

(16) 


(17) 


(18) 

(19) 


( 20 ) 
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It is, at synchronism; s = 6; 

T = -^0 . 

•“ Z + Z,’ 

■( 00 “ -f oi 
£}' = EgZ ^ 


z + z^ 


>4 


At standstill s = 1; 


7 

lEo (^ + 

z 

t) . 

* 0 

1 

O 

+ ZZ, 

+ 


7 


EqZ 



1 

ZZ, 

+ ZZ, 

'+ 


7 





* 00 

o 

1 

+ ZZ, 

T 

^o^x’ 


= 0. 





Introducing as parameter the counter e.m.f., or e.m.f. of 


mutual induction, 


E = E, — Z,I„ 

(21) 

or. 


E(,= E + ZJ „ 

(22) 


it is, substituted, 

Counter e.m.f., 

/,. _ El . 

• • “ ZZ,s + ZZ, + Z^, ’ 

hence, 

Primary impressed e.m.f., 


E. = E 


ZZ + Zj + ZZjZj 

zz; ' 


(23) 


(24) 


E.m.f. of rotation, 

E' == E8 = E {I- s). 


(25) 
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And since, 

and 
it is, 


II _ ^-iir = — 


s s 

s 


- + r 


-p, 


Po = h"^i+ ho^r+P) + i (h\+ + iooX). (37) 

Where: 


ijVfl = primary resistance loss, 
tjV, = secondary resistance lo&s, 

= core loss (and eddy-current loss), 
P = output, 

~ primary reactive volt-amperes, 

= secondary reactive volt-amperes, 
— magnetizing volt-ampcros. 


279. Introducing into the e( (nations, (1(1), (17), (18), 
(23) the terms. 




-I, 


(19). 

(38) 


Where Aj, and Xj are small ((uantitio'., and: X — X„ + x, is the 
"characteristic constant” of the indmdion motor theory, it is. 
Primary current. 


I 


0 


/ .Si^O + f Z f 


Secondary current, 


(39) 


I ^ ^ ? ^ ^ 

Z Z 


( 40 ) 
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Exciting current, 

T _ Eq ^1 

• Z s>l„ + >1, + Vi 
E.m.f. of rotation, 


Eq 

Z ’ 


E' =^,5 


I 


S^o + 




sAj + 


Counter e.m.f., 


V _P _ rp 

S^o ■^1 "I" ^0^1 ' ** '^1 


(41) 


(42) 


(43) 



280. As an example are shown, in Fig. 183, with the speed as 
abscissas, the curves of a polyphase induction motor of the con- 
stants : 

= 320 volts, 

Z = 1 — 10 y ohms, 

Z^ = Z^ = 0.1 — 0.3 y ohms; 

= A, = 0.0307 + 0.0069 j. 


hence. 
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It is, 

320 {10.30 s + (s + 0.1) j} 

• “ “ (1.03+ 1.63 s) + i (.11 - 5.99 s) 

^ 2048 (1-s) , 

^ = (1.03+ 1.63 S)H (0.11 -5.99 s)- ' kw. 

P = (l-s)D 


tan(9" = 


0.11 - 5.99s 
1.03+ 1.63 s 


tan 0' 


s + 0.1 . 
10.3 s ' 


cos {O' — 0") = power-factor. 


Fig. 183 gives, with the speed S as abscissas : the current, I ; the 
power output, P; the torque, P; the power factor, p; the 
efficiency, ?. 

The curves show the well-known characteristics of the poly- 
phase induction motor; approximate constancy of speed at all 
loads, and good efficiency and power-factor within this narrow- 
speed range, but poor constants at all otlier speeds. 


(2) Single-plujLKe Induction Motor. 

281. In the single-phase induction motor one primary cir- 
cuit acts upon a system of closc'd .si'condary circuils which are 
displaced from each other in position on the sc'condary member. 



u 

Fia. 1S4. Sinf^Io-phuKo Induction Motor 


Let the secondary be assumed as two-jihase, that is, containing 
or reduced to two circuits closed upon thoniselv(‘s at right angles 
to each other. While it then offers a resultant closed secondary 
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circuit to the primary circuit in any position, the electrical dis- 
position of the secondary is not symmetrical, but the directions 
parallel with the primary circuit and at right angles thereto are 
to be distinguished. The former may be called the secondary 
'energy circuit, the latter the secondary magnetizing circuit, 
since in the former direction power is transferred from the 
primary to the secondary circuit, while in the latter direction the 
secondary circuit can act magnetizing only. 

Let, in the diagram Fig. 184, 

Eg, Ig, Zg = impressed e.m.f., current and self-inductive 
impedance, respectively, of the primary circuit, 

7j, = current and self-inductive impedance, respectively, 

of the secondary energy circuit, 

7j, Zj= current and self-inductive impedance, respectively, 
of the secondary magnetizing circuit, 

Z = mutual-inductive impedance, 

S = speed, 

and let s, = 1 — (S* (where Sg is not the slip). 


It is then, by equation (7) 
Primary circuit. 


F„=2„7„-t-Z(7„-7,). 

(44) 

Secondary energy circuit. 


0 =.^,7,-hZ(7,-7„) +y;8Z7,. 

(45) 

Secondary magnetizing circuit. 


Q=Z,I, + ZI, + iSZ{Ig-I,y, 

(46) 

hence, from (45) and (40) 


Z (Zsg + Z,) 

Z\ + 2ZZ^ + Z^' 

(47) 

T 

^^■^Z\ + 2ZZ, + 

(48) 


and, substituted in (44) : 
Primary current. 


Z\ + 2 ZZ^ + Zl 
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Secondary energy current, 

Z (ZSg + -^i) 


■E. 


K 


Secondary magnetizing current, 
ZZ, 


U = -m. 


K 


E.m.f. of rotation of secondary energy circuit, 

77 


jSZ (I, - /,) = jSE, — ; 


(50) 

(51) 

(52) 

(53) 

(54) 


E.m.f. of rotation of secondary magnetizing circuit, 
where, 

K = Z, (Z^s, + 2ZZ^+ Z^) + ZZ^ {Z + Z,). 

It is, at synchronism, 5 = 1, = 0: 

I =B . 

•* Z,C2Z +Z,) +ZiZ + Z,)’ 

j ^ 

Z,C2Z + Z,) + Z{Z + Z,)’ 

I = —jE ? 

^■^z,{2z + z;) + z{z + zy 

Hence, at synchronism, the secondary curront of tho single- 
phase induction motor docs not hocoinc zc'ro, as in the {)oly- 
phase motor, but both components of secomlary current become 
equal. 

At standstill, iS = 0, .s'„ = 1, it is: 

I = E ^ - ■ 

■^ZZ, + ZZ^ + ~Z/./ 




z 


/, = 0 . 





ALTERNATINO-CURRENT MOTORS IN OEXEBAL. 483 


That is, primary and secondary current corresponding thereto 
have the same values as in the pol 3 rphase induction motor, as 
was to be expected. 


282. Introducing as parameter the counter e.m.f., or e.m.f. 
of mutual induction, 

E^E,-Z,I„ 

and substituting for I ^ from (49), it is. 

Primary impressed e.m.f.. 


Z, + 2ZZ,+ + ZZ, (Z + Z,) 

• ZZ,{Z + Z,) 


Primary current. 


■ ZZ,(Z + Z,) 


Secondary energy circuit. 


7 =M +. 


• ‘ ~Z,{Z + Z,) Z, ' Z +Z, 

Z 


E,' = S^E 

Secondary magnetizing circuit, 

1. 


Z + Z, 


SE 

z + Z^ 


And 


iJ/= jSE. 


I -I 


(55) 

(56) 

(57) 

(58) 


(59) 

(60) 

(61) 


These equations differ from the equations of the polyphase 
induction motor by containing the term = (1 — instead of 

SE 


s = (1 — (S), anti l)y the appearance of the terms. 


Z +Z, 


and 


S^E 

z + z, 


, of frequency (1 + S), in the secondary circuit. 
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The power output of the motor is, 
P = [E, /J + [E„ /J 




{[ZZ„Zs, + Z,]-[Z,{Z + Z,), ZJ} 


[Kf ^ 1-^ L*-! -“iJ I 

[K\ ’ 

and the torque, in synchronous watts, 

P SkVr,is^-z,^ ) 

8 [/vP ■ 

From these equations it follows that at synchronism torque and 
power of the single-phase induction motor arc already negative. 
Torque and power become zero for, 

f> *> 

,s„r --z“ = o, 


S = \\ 


that is, very slightly below synchronism. 

Lets; = 10, = 0.310, it Ls, .S' -- imm. 

In the single-phase induction motor, tlu^ tonpio contains the 
speed S as factor, and thus l)(‘com(\s z(‘ro at standstill. 

Neglecting quantities of s(‘condary onhn-, it is, apj)ro\iniately: 


(o- 

E 

•"Z(Z,s., 1 

•j y. 

1 


(65) 


E ’ 

1 z, 
'd 1 

2Z„Z,’ 

(06) 

L- 

■ 

1 

z 

\ z 

■.) 1 ’ 

(67) 



zz, 



7i’, = 


y.:< 

1 2 Z„Z, 

(08) 



zz, 



A’.- 


y.l 

1 2;^„z. ’ 

(09) 

P = 

.S c„ r 

1- 

F 1 


(70) 

D = 

Nc,,Vr 




[Z (Zy,s‘y + Zj) 

1 0 
'+ 2 


(71) 
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This theory of the single-phase induction motor differs from 
that based on the transformer feature of the motor, Chapter XVI, 
in that it represents more exactly the phenomena t aking place 
at intermediate speeds, which are only approximated by the 
transformer theory of the single-phase induction motor. 

For studying the action of the motor at intermediate and at 
low speed, as for instance, when investigating the performance 
of a starting device, in bringing the motor up to speed, that is, 
during acceleration, this method so is more suited. An applica- 
tion to the “condenser motor,” that is, a single-phase induction 
motor using a condenser in a stationary tertiary circmt (under 
an angle, usually 60 degrees, with the primary circuit) is given 
in the paper on Alternating Current Motors, A. I. E. E. Transac- 
tions, 1904. 



Fig. 185. 


283. As example are shown, in Fig. 185, with the speed as 
abscissas, the curves of a single-phase induction motor, having 
the constants, 

e„ = 400 volts, 

Z = 1 - 10 j ohms, 

and = .Z, = 0.1 — 0.3 j ohms; 


486 


ALTERNATING-CURRENT PHENOMENA. 


hence, 


L = 400 ^ amp.; 

A. 

N ^ {So + 0 . 2 ) - / (10 .%+ 0.6 ~ 0.6 ; S ); . 

K = (0.1 - 0.3 +(1-10/) (0.1-/(0.3-0.3;S)); 

1616 Sso 


D = 


[Kf 


■ synchronous kw. 


Fig. 185 gives, with the speed, S, as abscissas: the current, /q, 
the power output, P, the tonjue, P, the power-factor, p, the 
elfficiency, rj. 


(3) Polyphase Shunt Motor, 

284. Since the characteristics of tlui polyphase motor do not 
depend upon the number of pliases, hens us in the preceding, a 
two-phase system may be assumed: a two-phase stator winding 
acting upon a two-phase rotor winding, that is, a closeul-coil rotor 
winding connected to the commutator in the same manner as in 
direct-current machines, but with two seds of brushes in (juad- 
rature position excited by a two-phase systcMu of iho same fre- 
quency. Mechanically the thre(‘-phase sy.st(‘in h(‘r(‘ has the 
advantage of requiring only three s(‘ts of t)ru>h(\s instead of 
four as with the two-phase sy.^tem, hut otherwise th(‘ general 
form of the equations and conclusioihs ar(‘ not dillenMit. 

Let Pyand /P,, = o.m.fs. iinj)r(‘SMMl upon th(‘ stator, P, and 
/P^ = e.m.fs. impressed upon lli(‘ rotor, pha.s(‘ angl(‘ be- 
tween e.m.f. Py and P,, and ()^ po-.itn>n nngl(^ I)(M\\(‘(mi the 
stator and rotor circuits. Th(‘ (‘.m.fs. P„ and yP„ |)r()diic(‘ the 
same rotating m.m.f. as two o.m.fs. of (Mjual int(‘nsity, but dis- 
placed in phase and in position by angl(‘ from P,, and /Py, 
and instead of considering a displac(‘in(‘nt ol plia^(‘ and a 
displacement of position 0^ betwesm .'-tator ami rotor circuits, 
we can, therefore, assume z(‘ro-phaM‘ displac(‘ni(‘nt and dis- 
placement injDosition by angl(‘ 1 ry, 0 , PhaM* displace- 
ment between stator and rotor (‘.m.fs. is, th(‘r(‘for(‘, (‘(juiv'ah'nt 
to a shift of brushes, henc(‘ givi‘s no additional f(‘atun‘ beyond 
those produced by a shift of the cuinmutahjr bru>hes. 
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Without losing in generality of the problem, we can, therefore, 
assume the stator e.m.fs. in phase with the rotor e.m.fs., and the 
polyphase shunt motor can thus be represented diagrammatically 
by Rg. 186. 

' 286. Let, in the pol 3 T)hase shimt motor, shown two-phase in 
diagram Fig. 186, 



jB^and jE^, 7# and jl impressed e.m.fs., currents and 
self-inductive impedance respectively of the stator circuits, 
cjSo and jcE^, and j7j, Z, = impressed e.m.fs., currents and 
self-inductive impedance respectively of the rotor circuits, 
reduced to the stator circuits by the ratio of effective turns, c, 


Z = mutual-inductive impedance, 

5 = speed; hence s = 1 — <8 = slip, 

6 = position angle between stator and rotor circuits, or 
“ brush angle.” 

It is then. 

Stator, E,^Z,I, + Z{l,-l,(^osO + iI,AnO). (72) 
Rotor, 

cE^ ZJ^ + Z {I ^ - I^cosO + ]SZ + io 

sin 0 — ^ cos 0). (73) 

Substituting, a = coBO+jBmO, 

d = COS 0 — j sin 0, 

it is, 


(74) 


crS = 1, 


and. 


(75) 

E, = ZJ, + Z{I,-dIJ, (76) 

cE, = ZJ, + Z (7,-«^/„) + jSZ (jI,-j<rU) 

= Z.7, + sZ(/,-<r/„). (77) 
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Herefrom follows, 


for c = 0 , this gives, 

i« = ?« 

I.i = 


(s 

+ dc) Z Z^ 

sZZ^ 

+ ZZ^ + ZqZj^ ^ 

(<TS 

-f- c) 2" + cZ^ 

sZZ^ 

+ ZZ^ 4- Z^Z^ 


sZ + Z^ 

sZZq 

+ zz,+z,z,’ 


sZ 


sZZ^ + ZZ, + 


( 78 ) 

(79) . 


that is, the polyphase induction-motor equations of page 474 et 

« 

seq., <r = cos (? + j sin = 1 ” representing the displacement of 
position between stator and rotor currents. 

This shows the polyphase induction motor as a special case of 
the polyphase shunt motor, for c = o. 

The e.m.fs. of rotation are. 


hence. 


B/ = jSZ (jl^ + I „ sin 0 -jl „ cos 0) 

^^^■'‘7zz, + zz: + zX: 


(80) 


The power output of the motor is 
Se ^ 

“ [sZZ^+ Zz[+ Z/.f ‘ 


which, suppressing terms of s(‘coii<larv order, givi>s, 
p _ { .sCr, +cf .r„,siii 0 - r„cos/d ) I r (/’, COS 0 1 r,siii/^ | 


-I- 


for Sc = 0 , this gives, 
P = 


(82) 


/SV,,- 2’.ST, 


[xZZ, + ZZ, + Z/.,t’ 
the same value as for the polyphase induction motor. 
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In general, the power output, as given by equation (82), be- 


comes zero, 
for the slip. 


P = o, 

r. cos 0 -I- a;, sin 5 — cr„ 

c — 2 . 

r^ + c {x^ sin ^ — r„ cos 6) 


(83) 


286. It follows herefrom, that the speed of the polyphase 
shunt motor is limited to a definite value, just as that of a direct- 
current shunt motor, or alternating-current induction motor. 
In other words, the polyphase shunt motor is a constant-speed 
motor, approaching with decreasing load, and reaching at no- 
load a de^te speed, 

-So = l-V (84) 


The no-load speed, S^, of the polyphase shunt motor is, how- 
ever, in general not synchronous speed, as that of the induc- 
tion motor, but depends upon the brush angle, 6, and the ratio, 
c, of rotor stator impressed voltage. 

At this no-load speed, S^, the armature current, Z,, of the 
polyphase shunt moW is in general not equal to zero, as it is 
in the polyphase induction motor. 

Two cases are therefore of special interest : 

(1) Armature current Zj = o at no-load, that is, at slip s^. 

(2) No-load speed equals synchronism, s„ = o. 

(1) The armature or rotor current (79), 

T =F - + ^i) 

-OfiZZ, + 'ZZ, + 

becomes zero, if, ^ 


or, since is small compared with Z, approximately, 

c = — cr.s = — .s (cos 0 + j sin 0 ) ; 
hence, resolved, 

c = — s cos Oj 

0 = s sin 0] 
hence, ^ 

^ 0 == Oy 


(85) 
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That is, the rotor current can become zero only if the brushes are 
set in line with the stator circuit or without shift, and in this case 
the rotor current, and therewith the output of the motor, becomes 
zero at the slip s — —c. 

Hence such a motor gives a characteristic curve very similgr to 
that of the polyphase induction motor, except that the stator 
tends not toward synchronism but toward a definite speed equal 
to (1 + c) times synchronism. 

The speed of such a polyphase motor with commutator can, 
therefore, be varied from synchronism by the insertion of an 
e.m.f. in the rotor circuit, and the percentage of variation is the 
same as the ratio of the impressed rotor e.m.f. to the impressed 
stator e.m.f. A rotor e.m.f., in opposition to the stator e.m.f. 
reduces, in phase with the stator e.m.f., increases the free running 
speed of the motor. In the former case the rotor impressed 
e.m.f. is in opposition to the rotor current, that is, the rotor 
returns power to the system in the proportion in which the speed 
is reduced, and the speed variation, therefore, occurs without 
loss of efficiency, and is similar in its character to the speed-con- 
trol of a direct-current shunt motor by varying the ratio between 
the e.m.f. impressed upon the armature and that impressed 
upon the field. 

Substituting in the equations, 


it is 


- 0 , 

s c = s, 

7 = A’ - 

•" ■" V ZZ^+ 

I 

• ^ .^ZZ„ 4 ZZ, I Z„Z. ’ 

5e„V.s, (r, crj 
[.sZZ„ 4 ZZ. Z„Z,r 


I (»i) 

(87) 

( 88 ) 
m 


These equations of Iq and 1 ^ are the sani(‘ as tho polypliase 
induction-motor equations, except that tti(‘ slip frornsynehronisin, 
s, of the induction motor, is, in the nunua-ator, r(‘pla(*(vl by the 
slip from the no-load speed, Sj. 

Insertion of voltages into the armature of an induction motor 
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in time-phase with the primary impressed voltages, and by a 
commutator, so gives a speed-control of the induction motor 
without sacrifice of efficiency, with a serious sacrifice, however, 
of the power-factor, as can be shown from equation (87). 


287. (2) The no-load speed of the polyphase shunt motor is 
in synchronism, that is, the no-load slip, = o, or the motor 
output becomes zero at synchronism, just as the ordinary 
induction motor, if, in equation (83), 


hence, 

or, substituting. 


r, cos ^ -I- ajj sin 5 — cr^ = o; 
^ _ r, cos 0 -f sin d _ 

T ^ 

‘ 0 

— = tan a,, 


(90) 

(91) 


where is the phase angle of the rotor impedance, it is, 


C = - cos (a, —d)i 
or, 

T 

COS (a. —0) == — c, 

or, 

z, (‘.os (a, — 0) 
c = ^ • 

T 
‘ 0 

Since r„ is usually very much smaller than z^, if c is not very 
large, it is, 

cos (a, —0) = o; 

hence, 

0 = 90° - (94) 

That is, if the brush angle, 0, is complementary to the phase 
angle of the self-inductive rotor impedance, a,, the motor tends 
toward approximate synchronism at no-load. 

Hence: 

At given brush angle 0, a value of secondary impressed e.m.f., 


(92) 

(93) 
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cE^, exists, which makes the motor tend to synchronize at no- 
load (93), and. 

At given rotor-impressed e.m.f., cE^, a brush angle, 6, exists, 
which makes the motor synchronize at no-load (92). 


288 . (3) In the general equations of the polyphase shunt 
motor, the stator current, equation (78) : 

sZ -f- -|- dcZ 

sZZ, + ZZ,^ Z^^^ 
can be resolved into a component, 

•“ sZZ, + ZZ, + Z^^’ 

which does not contain c, and is the same value as the primary 
current of the polyphase induction motor, and a component, 

^0 “ ^0 ,.7 7. _L y'z'lL V V ' (96) 


zz~^ z^z; 

Resolving I it assumes the form, 

E,bc{A, -t- ]A,) 

= c { Ai cos + A^dnO)—] {A^ sin 0 ~ A^ cos 0 ) } . (97) 

This second component of primary currents, f wliich is pro- 
duced by the insertion of the voltage, cE, into the socoii(lary 
circuit, so contains a power component, 

= c (A, cos 0 + sin 0), (98) 

and a wattless or reactive comi)onent, 

= — i'e (A , sin D — .4 , ci )s /■/ ) ; 


where. 


I " = i' u ;/ " 

. <) '() ' • 


The reactive component, is /.(to, if, 


hence. 


A^ sin 0 — A 3 cos U 


o: 


tan 0^ = + 


A., 


(90) 

(100) 

( 101 ) 

( 102 ) 


In this case, that is, with brush angle fl,, the secondary im- 
pressed voltage, cE, does not change the reactive current, but 
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adds or subtracts, depending on the sign of c, energy, and so 
raises or lowers the speed of the motor: case (1). 

The power component, i/, is zero, if 

cos 0 + Aj sin 5 = 0 , 
hence, . 

tan0, 4i- 

In this case, that is, with brush angle the secondary im- 
pressed voltage, cE, does not change power or speed, but pro- 
duces wattless lagging or leading current. That is, with the 
brush position, 6^, the polyphase shxmt motor can be made to 
produce lagging or leading currents, by varying the voltage 
impressed upon the secondary, cE, just as a synchronous motor 
can be made to produce lagging or leading currents by varymg 
its field excitation, and plotting the stator current, I of such a 
polyphase shunt motor, gives the same V-shaped phase charac- 
teristics as shown for the synchronous motor in Copter XXIV. 

These two phase angles or brush positions, and 6^, are in 
quadrature with each other. 

There result then two distinct phenomena from the insertion 
of a voltage by commutator, into an induction motor armature: 
a change of speed, in the brush position, 6^, and a change of phase 
angle, in the brush position, d^, at right angles to 0^. 

For any intermediate brush position, d, a change of speed so 
results corresponding to a voltage, 

cE cos {0^ — 0); 

and a change of phase angle corresponding to a voltage, 

cE cos ((?2 — 0), 

= cE sin {0^ — 0), 

and by choosing then such a position, 0, that the wattless current 
produced by the component in phase with 0^, is equal and 
opposite to the wattless lagging current of the motor proper, 1 /, 
the polyphase shunt motor can be made to operate at unity 
power-factor at all speeds (except very low speeds) and loads. 
This, however, requires shifting the brushes with every change 
of load or speed. 


( 103 ) 

( 104 ) 
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289. In the exact predetermination of the characteristics 
of such a motor, the effect of the short-circuit current un fie r the 
brushes has to be taken into consideration, however. When a 
commutator is used, by the passage of the brushes from segment 
to segment coUs are short-circuited. Therefore, in addition to the 
circuits considered above, a closed circuit on the rotor has to be 
introduced in the equations for every set of brushes. Reduced 
to the stator circuit by the ratio of turns, the self-inductive 
impedance of the short-circuit imder the brushes is very high, 
the current, therefore, small, but stUl suflBicient to noticeably 
affect the motor characteristics, at least at certain speeds. 
Since, however, this phenomenon wiU be considered in the 
chapters on the single-phase motors, it may be omitted here. 

(4) Polyphase Series Motor. 

290. If in a polyphase commutator motor the rotor circuits 
are connected in series to the stator circuits, entirely different 
characteristics result, and the motor no more tends to synchronize 



as the induction motor with short-circuited secondary, nor 
approaches a definite speed at no-load, as a shunt motor, but 
with decreasing load the speed increases indefinitely. In short, 
the motor has similar characteristics as the direct-current series 
motor. 

In this case we may assume the stator reduced to the rotor by 
the ratio of effective turus. 

Let then, in the motor shown diagrammatically in Fig. 187 ; 
and jE^, I „ and = impressed e.m.fs., currents ami 

self-inductive impedance of stator circuits, assumed as two- 
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phase, and reduced to the rotor circuits by the ratio of effective 
turns, c, 

and jE^, 1 1 , and impressed e.m.fs. currents and self- 

inductive impedance of rotor circuits, 

Z = mutual-inductance impedance, 

S = speed; and, 5 = 1—/“? = slip, 
d = brush angle, 

c = ratio of effective stator turas to rotor turns. 

If, then, 

E and jE = impressed e.m.fs., I and jl = currents of motor, it is. 


= h ( 112 ) 

= cl, (113) 

cE, + E,=E; (114) 

and, stator, by equation (7), 

-^o = -^olo + ^ ((o — -[i ^ + 1-fi (115) 

rotor, 

■S'! = . 1 A "b (ii ” i 0 (ill + 1,0 

sm 0 — jloGOsO)-, (116) 

and, e.m.f. of rotation, 

E^' = jSZ (117) 


Substituting (112), (113) in (11.")), ( 1 l()),i 1 17), and ( 1 1.")), (116) in 
(114) gives, 

{eZo + z,) +y7ii fV \ szu-<t \) ’ 

where, 

a- = cos 0 + i sill 0, (119) 

and 

E' = (rir - 1 ) __ 

(.c^Z^ + Z^ = Z (\ f (•"’ - ) ,HZ ((IT 1)’ 

and the power output, 

_ )Se^{c (r cos (9 -1- Tsin fl) — r-[ 

~ [((^Z, + Z^) + Z a + (^ -2c cos OT +~^Z {r<r^l)Y ' ’ 
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The characteristics of this motor entirely vary with a change of 
the brush angle, d. It is, for 5 = 0 : P = , hence very 

[^J 


)3^(xc t) 

small; while for d = 90° : P = — — — , hence considerable. 

[K^ 

Some brush angles give positive P: motor, others negative, P, 
generator. 

In such a motor, by choosing d and c appropriately, unity 
power-factor or leading current as well as lagging current can 
be produced. 

That is, by varying c and 6, the power output and therefore 
the speed, as well as the phase angle of the supply current or 



the power-factor can be varied, and the machine used to pro- 
duce lagging as well as leading current, similarly as the poly- 
phase shunt motor or the synchronous motor. Or, the motor 
can be operated at constant unity power factor at all loads 
and speeds (except very low speeds), but in this case requires 
changing the brush angle, 0 , and the ratio, c, with the change of 
load and speed. Such a change of the ratio, c, of rotor s- stator 
turns can be produced by feeding the rotor (or stator) through 
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a transformer of variable ratio of transformation, connected with 
its primary circuit in series to the stator (or rotor). 

291 . As example is shown in Fig. 188, with the speed as 
abscissas, and values from standstill to over double synchron- 
ous speed, the characteristic curves of a polyphase series motor 
of the constants, 

e = 640 volts, 

Z = 1 — 10 f ohms, 

=Z^ = O.l - 0.3 j ohms, 

c =1, 

8 = 37°; (sin 0 = 0.6; cos 0 = 0.8); 
hence, 

r 640 

• ~ (0.6 + 5.8 S) - j ‘(4.() - 2.6 S) 

4673 >8 

^ (0.6 + 5.8/8)“^ + (4.6 - 2.()<8? 

As seen, the motor characteristics are similar to those of the 
direct-current series motor: very higli toniue in starting and at 
low speed, and a speed which increases indefinitc^ly with the 
decrease of load. That is, the curves ar(‘ (uitin'ly different from 
those of the induction motors shown in the prc'ceding. The 
power-factor is very high, much higher than in induction motors, 
and becomes unity at the speed S = 1.77, or about one and 
three-quarter synchronous speed. 



CHAPTER XXVIL 


SINGLE-PHASE COMMUTATOR MOTORS. 

292 . The three main types of alternating-current motors 
in extended use are: 

(1) The synchronous motor. This is the alternating-current 
generator with direct-current field excitation, operating as 
motor. It is characterized by its absolute rigidity of speed, that 
is, the motor runs in step with the generator. There is nothing 
corresponding to the synchronous motor in the field of direct- 
current motors. 

(2) The polyphase induction motor, characterized by approxi- 
mately constant speed, and corresponding to the direct-current 
shunt motor. 

(3) The single-phase commutator motor, usually built so 
that its speed varies over a wide range with a variation of load, 
that is, increases with decrease of load, and so corresponding to 
the direct-current series motor. 

The single-phase commutator motor then consists of an arma- 
ture connected to a multisegmental commutator and brushes, 
in the same manner as in direct-current machines, and a field, 
which in tliis case must be well laminated, to carry an alternating 
magnetic flux. The fu'ld structure or stator contains a field 
exciting winding, corresponding to that of a direct-current 
machine, and usually a second winding at right angles thereto, 
which transfers power between stator and rotor by alternating 
magnetic induction, and compensates for armature reaction 
and self-induction. Both stator windings sometimes are com- 
bined as components of one single winding. Occasionally also, 
a second set of brushes, at right angles to the main brushes, is 
used on the armature for excitation. 

To investigate the action and performance of single-phase 
commutator motoi's, the method describotl in the j)receding 
chapter is best suited. 

In polyphase induction motors a distributed rotor and stator 
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winding is used, that is, a structure having uniform effective 
reluctance and thus exciting impedance in all directions; a 
polar construction of the stator winding results in lower power- 
factor, and thus is permissible only in very small motors — 
as fan motors, etc. In direct-current motors a polar construc- 
tion of the stator is almost exclusively used, that is, a construction 
in which the reluctance in the direction of the magnetic field, 
which produces the e.m.f. of rotation, is very much smaller than 
in the direction at right angles thereto. In single-phase alter- 
nating commutator motors (as series motors, repulsion motors, 
etc.) both stator constructions may be used, and in the most 
general case we must, therefore, assume the mutual induction 
and therewith the exciting impedance in the direction of the 
axis of the rotor circuit, -2/', as different from the exciting 
impedance, Z, at right angles to this axis. When different, the 
latter Z is frecjuently larger than the former, Z', since Z is in the 
direction of the magnetic flux which i)roduces the e.m.f. of rota- 
tion, that is, corresponds to tlie field ex(*itation, while in the 
direction of Z' energy transfer l)(‘twe(Mi stator and rotor, or com- 
pensation of rotor reaction takes ])lace, but magnoti(i flux in the 
direction, Z', does not jmxluce e.m.f. and therc'by ])ower l)y the 
rotation of the motor. 

The stator winding can, tli(‘r(‘fore, be c()iisid(‘r(‘d as consisting 
of two components, or may Ix^ (*onstruct(‘(l of two sc'parate cir- 
cuits, in the directions in line and at right nngl(‘s to tlie rotor 
winding, which circuits may lx‘ coim(‘ct(‘d in s(‘ri(‘s or (‘iK'rgized 
in any other manner, as, for in.stanc(‘, by (‘xcitmg oru^ by the 
impressed e.m.f., short-circuiting tin* oth(‘r uj)on it.s(‘lf, (‘tc. 

The stator winding at right angl(‘s to tli(‘ rotor winding, w^hich 
corresponds to the fi(‘l(l w'inding of th(‘ dinx-t-curnMit machiiu', 
is called field cod DV-irlNdimj, cxrdnuj inndifuf, iitdin icindiiuj, (dc., 
the stator winding i)arall(‘l witli, or in hn(‘ with tli(‘ armature 
winding, is called tlu‘ cross-i'od ov-iri/idi n(}, Inuisjonnor tmidinij 
primary winding, jxnrcr-lnnisJcrruHf inndnuj, or nnn pcnmlimj, 
winding. With a coinpkdcdy distribut(Ml wiiHliiigand an angle 0 
between the axes of the stator and th(‘ rotor circuits (th(‘ angle 
of brush position), the exciting or magiudizing compomuit of the 
stator winding is sin 0, the compcuisating or jx)W'(‘r transh'rring 
component cos 0, if = stator current, as shown in diagram 
Fig. 189. When using separate circuits for th(‘ tw'o stator com- 
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ponents, they can even magnetically be arranged differently, 
and usually are so, and a unitooth or polar arrangement chosen 
for the field-exciting circuit, a dis- 
tributed winding for the compensat- 
ing circuit. In this case obviously, 
when reducing all circuits to each 
other by the ratio of effective turns, 
the resultant vector of the distrib- 
uted winding has to be used. 

As limit case, with zero compen- 
sating winding, appears the plain, 
uncompensated series motor, consist- 
ing of a polar-field exciting circuit and an armature with 
brushes at the neutral or at right angles to the field, as shown 
in Fig. 190; as a further limit case may be considered a motor 
with zero field exciting winding on the stator and excitation of 





the rotor by a sec'ond system of brushes at right angles to the 
main or i)()wer brushes, as shown diagrammatioally in Fig. 191, 
and dev(‘l()p(‘d by Winter and Eichberg and Latour. 

293. Ill alternating-eiiiTent cominiitator motors, the short- 
circuit (uirn'iit in the coils under the Inushes during commuta- 
tion lias to he taken into consideration. While with numerous 
coniniutator segments, carbon l)rushes and possibly an additional 
resistance in tlu' commutator leads, as occasionally used in such 
motors, tliese short-circuit currents may be moderate, they still 
an^ siiffici('nt noticeably to afle(*t the constants of the motor, 
especially at high speeds, where the main current is small, and 
at standstill, where the main magnetic flux is veiy large. 
Furthermore, the character of the commutation of the motor, 
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and therefore its operativencsK, essentially depends upon the 
value and the phase of the short-circuit currents under the com- 
mutator brushes. An excessive short-circuit current gives 
destructive sparking by high-current density under the brushes 
and arcing at the edge of the brushes due to the great and 
sudden change of current in the armature coil when leaving the 
brush. But even with a moderate short-circuit current, the 
sparking at the commutator may be destructive and the motor 
therefore inoperative, if the phase of the short-circuit current 
greatly differs from that of the current in the armature coil 
after it leaves the brush, and .so a considerable and sudden change 
of current must take place at the moment when the armature 
coil leaves the brush. That is, perfect commutation occurs, if 
the short-circuit current in the armature coil under the com- 
mutator brush at the moment when the coil leaves the brush 
has the same value and the same phase as the main-armature 
current in the coil after leaving tlu' brush. The commutation 
of such a motor therefore is eNsenlially characterized by the 
difference between the main-armature cummt aftc'r, and the 
short-circuit current before leaving the brush. The investi- 
gation of the .short-circuit curnsil under (Ik* commutator 
brushes therefore is of fundaiiKmtal im])orliinc(' in the study of 
the alternating-current commutafor motor, jind the control of 
this short-circuit current the main problem of alternating- 
current commutator motor design. 

294. In its mo.st general form, th(‘ .siiigle-ph.-ise eommiitator 
motor, as represent (sl hy Fig. Itrj, comprise^ two jirmature 
or rotor circuits in (|uadratun“ with e;i('h othis’, tla* iikiih, or 
energy, and the exriling circuit of the jirmalure, which by a 
multisegnicntal commutator are contii‘cle(l to two sols o| brushes 
in quadrature po.sition with ciich other, .aiid ai\(s- rise to tw'o 
short circuits, also in (|uadratnre j)osilioii wuh e;ich other and 
caused re.spcctivcly by th(‘ main and by the exciting brushes, 
and two .stator circuits, the field, or exciting, and tlii' cross, 
or compensating circuit, also in (|uadralure with each other, 
and in line respectively with the ('xciting and the main arma- 
ture circuit. 

Thc.se circuits may he .separate, or may be parts or components 
of the same circuit. They may be massed togethc'r in a single 
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slot of the magnetic structure, as frequently the case with the 
field circuit, and shown so in Fig. 190, or may be distributed 
over the whole periphery, as frequently done with the arma- 
ture windings, and then as their effective number of turns must 
be considered their vector resultant, that is, 

2 , 
n = - n , 


where n' = actual number of turns in series between the arma- 
ture brushes, and distributed over the whole periphery, that is, 
an arc of 180 degrees electrical. Or the windings of the circuit 
may be distributed only over an arc of the periphery of angle w. 



as freciuently the case with the compensating winding dis- 
tributed in the pole-face of pole-arc, co; or with fractional pitch 
armature windings of pitch co. In this case, the effective 
number of turns is, 

sin CO 

n = n , 

O) 

where n' with ii fractional i)itch armature winding iis the number 
of series turns in the pitch angle, coj that is, 

/ // 

??'- n , 

7C 

n" being the number of turns in series between the brushes, 
since in the si)ace (tt — co) outside of the i)itch angle the arma- 
ture conductors neutralize each other, that is, conductors 
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carry ing current in opposite direction are superposed upon each 
other. See fractional pitch windings, chapter “Commutating 
Machine,” Theoretical Elements of Electrical Engineering. 

These four main circuits of the single-phase commutator 
motor may be energized in many different ways: connected in 
series, or in parallel with each other, or connected to different 
e.m.fs., or some short-circuited and so energized by induction 
from others, etc., or some of the circuits may be absent, as fre- 
quently the annature exciting circuit is, to avoid the use of 
two sets of brushes. 

296. Let: 

E^, = impressed e.m.f., current and self-inductive 

impedance of the magnetizing or exciter circuit of stator (field 
coUs), reduced to the rotor energy circuit by the ratio of effective 
turns, Cqj 

j&j, Z^ = impressed e.m.f., current and sedf-inductive im- 
pedance of the rotor energy circuit (or circuit at right angles 
to lo), 

E^, /j, = impressed e.m.f., current and self-inductive 

impedance of the stator compensating circuit (or circuit parallel 
to Jjj the “cross-coil” of the Eickenu'yer motor), r(‘duc('d to the 
rotor circuit by the ratio of effective* turns, 

J& 3 , /j, Z, = impressed e.m.f., current and self-inductive im- 
pedance of the e.xciting circuit of the rotor, or circuit parallel 
to I,, 

I^j == current and .self-inductivc' iini)(‘danc(' of tlie Miort- 
circuit under the bruhlics, r(‘(lu(*(‘d to tlu* rotor circuit, 

/g, Zg = current and self-induclivc iinp(Mhinc(* of th(‘ hliort- 
circuit under the brushes, r(‘duced to tlu* rotor circuit, 

Z = mutual impedance of field excitation, that i^, in the* direc- 
tion of /o, /g, 

Z'= mutual impedance of arniatiir(‘ r(‘actioii, that is, in the 
direction of 

Z' usually either equals Z, or is sinalk'r than Z. 
and /g are very small, and very lar^'i' (iuantiti(\s. 

Let S = speed, as fraction of synclironi.sin. 

Using then the general eiiuations (7) (diapt(‘r XXVI, which 
apply to any alternating-current circuit revolving with speed S 



8IN0LE-PHASE COMMUTATOR MOTORS. 


505 


through a magnetic field energized by alternating-current cir- 
cuits, gives for the six circuits of the general single-phase com- 
mutator motor the six equations; 

-®o ~ 0 + ^ ((o + is ~ { 4 )) ( 1 ) 

E, = ZJ_,+ Z' {I, + 1,- /,) + jSZ (7„ + 1^- /J, ( 2 ) 

(is ~ ii~ is)) (3) 

i's = •^lis + ^ (is + i 0 ~ i 4 ) + (i 2 — i 1 — is)) (4) 

0 = -^sis + ■^ (i4 “ io — is) + (ii + is— is)) (5) 

0 = •^’sis + (is + ii — is) + jSZ (/^ + I j — J J. (6) 

These 6 equations contain 10 variables, 

io) i 1) i a) i 3) .i 4 ) i s) i'o) ■?!) i^a) •®3) 

and so leave 4 independent variables, that is, 4 conditions, which 
may be chosen. 

Properly choosing these 4 conditions, and substituting them 
into the 6 equations (1) to (6), so determines all 10 variables. 
That is, the equations of practically all single-phase commutator 
motors are contained as special cases in above equations, and 
derived therefrom, by substituting the 4 conditions, which 
characterize the motor. 

Let then, in the following, the reduction factors to the arma- 
ture circuit, or the ratio of effective turas of a circuit i to the 
effective turns of the armature circuit, be represented by q. 
That is, 

number of effective turns of circuit i 
‘ number of ('ffective turns of armature circuit’ 

and if a;, l^, are voltage, current and impedance of circuit f, 
reduced to tlic armature circuit, then the actual voltage, current 
and impedance of circuit i are, 

ciEi, ^,c,^Zi, 

as discussed in preceding chapters. 
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296. The different forms of single-phase commutator motors 
which have been considered for railway work, are, as shown 
diagrammatically in Fig. 193: 



(1) Series Motor: 


e = cJS, + E^- I„ = f„/,; ^ 0; /, = 0. 

(2) Conductively-compensatod series motor (lOiekeineyer 
motor) : 


+ ^ 2^21 \<3 ~ <' 0 '( 1 ) h ~ ^ 2 ^. 1 ' ■( 3 
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(3) Inductively-coinpensarted series motor (Eiekemeyer 
motor) : 

e = + B,; E, = 0; 7„ = c,I,; = 0. 

(4) Inverted repulsion motor, or series motor with secondary 
excitation : 

e = CqEq + c^E^ = 0; c^I ^ Zg = 0. 

(5) Repulsion motor (Thomson motor) : 

^ ^2^2J ~ ^2^0 ~ ^0-^2^ ^3 ~ 0* 

(6) Repulsion motor with secondary excitation: 

e = C 2 E 2 , CqEq + E^ =0; Z^ = c^Z^; Zg = 0. 

(7) Series repulsion motor with secondary excitation: 

Cj = CqEq + E^: = E^; Iq = c^Z^; Zg = 0. 

(8) Series repulsion motor with primary excitation: 

= j&ii Cg = CqEq 4- cJE^] c^Iq = h = 0. 

(9) Compensated repulsion motor (Winter and Eichberg 
motor) : 

e - c^E 2 c^E^; = 0; Z^=0; = ^ 2 ( 3 * 

(10) Rotor-excited series motor with conductive compen- 
sation : 

e = E^ + C2E2 + Cg/i/g; 1 2 c^I Zg = CgZ^; Z^ = 0 . 

(11) Rotor-excited series motor with inductive compen- 
sation : 

6 = Zi/j 4" c^E^) E^ ~0; Zjj = 0) /3 = Cg/j. 

Numerous other combinations can be made and have been 
proposed. 

All of these motoi-s have series characteristics, that is, a 
speed increasing with decrease of load. 

(1) to ((S) (‘ontain only one set of brushes on the armature; 
(9) to (11) two sets of brushes in quadrature. 

Motors witli sliunt characteristic, that is, a speed which does 
not vary greatly with tlie load, and reac'lies such a definite 
limiting value at no load that the motor can be considered a 
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constant-speed motor, can also be derived from above equa- 
tions. For instance : 

Compensated Shunt Motor (Fig. 194.): 

= 0 ; ^ 2 ^ 2 = ^0 = 0 . 

In general, a series characteristic results, if the field-exciting 
circuit and the armature energy circuit are connected in series 
with each other directly or inductively, or related to each other 
so that the currents in the two circuits are more or less pro- 
portional to each other. Shunt characteristic results, if the 

voltage impressed upon the armature 
energy circuit, and the fiel<I excita- 
tion, or rather the magnetic field- 
Hux, whether produced or induced 
l:>y the internal reactions of the motor, 
are constant, or, more generally, pro- 
jjortional to each otlu^r. 

It is not possil)l(' hero to discuss the 
different types of motors in detail; this must he left to the 
student. However, as illustrative of lliem(‘thod of treatment 
the repulsion motor, and the series rc^pulsion motor, which latter 
includes as limit cases the induct iv(»ly-comp(‘nsat(‘(l s(‘ri(‘s motor, 
and the repulsion motor with s(‘C()ndary (‘Kcitation, may be 
investigated. 

.1. Rvpulsioti Molor. 

297. The repulsion motor in som(‘ n^^pects is an induction 
motor or transformer motor; that is, a motor in which tlu* main 
current enters the primary nuanlKa* or li(‘l(l only, while in the 
secondary member, or arniatuns a curnmt is j)roduc(‘(l, and the 
action may be said to bcMliie to tlu* r(‘j)ul.siv(‘ tliru.st b(‘tw(‘(‘n this 
current and the magnetism wdiich caus(‘.s it, and lliis h'aturo 
gave the motor its iianu'. 

As stated under the heading of induction motors, a multiple- 
circuit armature is recjuired for th(» j)ur{)os(‘ of having always 
secondary circuits in inductive relation to th(‘ primary during 
the rotation. If with a singh'-coil fi(‘ld, th(\s(' s(‘condary cir- 
cuits are constantly closed upon th(‘ins(dv(‘s as in an induction 
motor, the primary circuit docs not (‘\(‘rt a rotary etlect on the 
armature while at rest, since in half of the armature coils the 
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current is in such a direction as to give a rotary effort in the one 
direction, and in the other half the current is so directed as to 
give a rotary effort in the opposite direction, as shown by the 
arrows in Fig. 195. 

In the induction .motor a second magnetic field is used to act 
upon the currents produced by the first, or inducing magnetic 
field, and thereby cause a rotation. That means, the motor 



consists of a j)rimary energy cireuii, producing in the armature 
the secondary cui‘i*('nts, and a primary magnetizing circuit pro- 
ducing the magnetism to act upon those secondary currents. 

In the polyphase induction motor both functions of the 
primary circuit are usually combined in the same coils: that 
is, eacli primary coil produces secondary currents, and pro- 
duces magnetic flux acting upon secondary currents due to 
another primary coil. 
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In the single-phase induction motor the primary coil pro- 
duces currents in the armature winding, and the magnetic 
flux, which acts upon these currents to produce the torque of the 
motor, is set up by the armature reactions at speed, and has to be 
established by some starting device at standstill. 

In the repulsion motor the difficulty due to the equal and 
opposite rotary efforts, eausetl by the secondary currents when 



acted upon by the inducing magnetic licdd, is ov'crcomc by 
having the annatun' coils closc'd upon llicmsc'lves, cither short- 
circuited or through .resistance', in tliat position where the 
secondary currents give a rotary ('Ifort in tlu' right direction, 
while the armature coils arc open-circuiU'd in the' position where 
the rotary effort of the secondary currents would be in op])osition 
to the de.sircd rotation. This rerjuires nu'ans tf) opc'ii or close 
the circuit of the armature coils and thereby introduces the 
commutator. 
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Thus the general construction of the repulsion motor is as 
shown in Figs. 196 and 197 diagrammaticaUy as bipolar motor. 
The stator construction is similar to that of a single-phase induc- 
tion motor, F, the rotor, Aj shown diagrammaticaUy as ring- 
wound, consists of a number of coils connected to a segmental 
commutator, C, in general in the same way as in continuous- 
current machines. Brushes standing under an angle with the 



direction of the magnetic fi(‘l(l sliort-eirouit either a part of the 
armature coils as shown in Fig. 19(), or the whole armature 
by a connection from brush to brush as shown in Fig. 197. The 
latter arrangement is usually employed, since it utilizes the whole 
armature winding and with a distributed field-winding, as 
mostly used, gives a better mutual induction. 

As primary winding in the repulsion motor usually a more or 
less completely distributed winding is employed, to get good 
mutual induction between primary and secondary. 
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Since primary and secondary current are approximately 
opposite to each other and of approximately equal m.m.f., it 
follows that these currents are in the same direction, and so add 
in some parts of the periphery of the motor, an arc, F, equal to 
twice the angle between the axes of stator and rotor circuit, as 
shown in Fig. 198 for a motor with full pitch, and in Fig. 199 
for a motor with fractional pitch armature winding, while in the 
supplementary arc, C, of the periphery, the two currents are 
in opposition to each other, and so neutralize each other. 

The primary turns in the arc, F, thus act a»s magnetizing or 
field-exciting winding, and represent the circuit, in the pre- 
ceding equations, while the turns in the arc, C, act as eom- 



Fki. 199. 


900. 




pensating and power tran.sf(‘rring winding, tlu' circuit, 7^, of the 
preceding general eejuations. 

Frequently sei)arate windings or circuils arc ii,s{‘d for 7'’aiid C, 
and the winding, F, massed in a single slot or intca-polar ,s|)ace, 
while the winding, C, is distributtd in lli(> pole-fac(‘, as .sliown 
diagrammatically in Fig. 200. 

298. Amongst the singli’-pliase comnnitator motors, the 
repulsion motor takes a s('j)arat(' and dislincliM' position by the 
characteristics of its magnetic field, wliicli exert an important 
influence on the commutation. 

In the uncompensated series motor, tlu' magiu'tic field at right 
angles with the main field, F, or the crossfii'ld in tlu' direction, 
Zj, is in phase with the main field, and the magnetic field of 
the armature reaction is approximately jirojiortional to the 
armature current. In the perfectly compensated series motor 
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this crossfield disappears, and practically disappears in the induc- 
tively compensated series motor (in which the compensation is 
practically complete). In an undercompensated motor, a part 
of this crossfield of armature reaction remains, while in an 
over-compensated motor it is reversed, but in either case it is 
still in phase with the main field. 

In the repulsion motor, however, in the direction of the 
armature axis, 1 power is transferred from stator to rotor, and 
so a transformer field exists, due to the resultant m.m.f. of pri- 
mary and secondary current, hence, as in any transformer, 
approximately in quadrature with the current, while the main 
field is in phase with the current. 

The two components of the magnetic field of the repulsion 
motor, the main field in direction F, and the crossfield C, in 
quadrature position thereto, in space, so are in quadrature 
with each other in time phase, hence produce by their com- 
bination a rotating field, which revolves with uniform intensity 
and velocity at that speed, where the two components are equals. 

The main field, <>;, is approximately proportional and in 
phase with the current, hence decreases with increasing speed, 
while the crossfield, is approximately proportional to the 
impressed voltage — since it generates the e.m.f. which con- 
sumes this voltage — and in quadrature thereto. 

299. In the short-circuited armature of the repulsion motor, 
an e.m.f., E, is generated by the alternation of the crossfield 
through it, which e.m.f. is proportional to the frequency, /, 
and to the intensity of the crossfield, <!>''(,, and in quadrature 
therewith, hence, 

F = -iWc, 

where 6 is a constant. 

A second e.m.f., E', is generated by the rotation of the arma- 
ture through the main field, and is proportional to the speed of 
the motor, or fre(iueney of rotation, /„, and to the intensity of the 
main field, <!>;, anil in phase therewith, hence, 

A" = 

Neglecting then the voltage consumed by the self-inductive 
impedance of the armature circuit, these two voltages, E and 
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E', must be equal and opposite, since the armature is short- 
circuited. Thus it is, 

= 4 - //<!>'„ 


or, 




fo 

f 


That is, the two quadrature components, in space, of the 
repulsion motor, in the direction of the main field, and in the 
direction of the armature circuit, are in quatlrature with each 

other in time-phase, and have the ratio — — , that is, are 

synchromsm ' 

equal, and the motor field a uniformly rotating field at synchron- 
ism, while below synclironism the main field, above synchronism 
the crossfield or transformer field is stronger. 

If now into the armature circuit an e.in.f., E”, is inserted, in 
opposition to W, by impres.sing it upon the armature terminal's. 


it is. 

E + E'-E" == 0; 

hence. 

+ hf„^,-E" = 0 

or. 

II 

for. 

1 

II 


That is, impressing an o.m.f., E", upon tlic annalnn' circuit of 
the repulsion motor, in o[)posilion to I hut generated by the 
rotation of the armature — that is, ajjproximati'ly of llie ])lia.sc 
of the impressed c.m.f. of a serii's motor raid's tli(' speed at 
which the motor field l)(‘eomes a uniformly rotating, or poly- 
phase field, while an o])i)osite c.m.f. lowers this sjasMl. 

The invcisc result takes i)laee by inserting an c.m.f. in phase 
with E, that is, an o.m.f. a])pro\iiuately in (luadratiire with the 
imprassed e.in.f. of the motor. This, however, requires a poly- 
phase power supply, and .so leads to the polypluuse commutator 
motor. 
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300 . Assuming in the following the armature of the repulsion 
motor as short-circuited upon itself, and applying to the motor 
the equations (1) to (6), the four conditions characteristic of the 
repulsion motor are : 

(1) Armature short-circuited upon itself. Hence, 

= 0 . 

(2) Field circuit and cross circuit in series with each other 
connected to a source of impressed voltage, e. Hence, asRiiTning 
the compensating circuit or cross circuit of the same number of 
effective turns as the rotor circuit, or, Cj = 1, 

Herefrom follows, 

(3) 7, = c„7,. 

(4) No armature excitation used, but only one set of com- 
mutator brushes; hence, 

^3 = 0 , 

and therefore, 7=0 


Substituting these four conditions in the six equations (1) 
to (6), gives the three repulsion motor equations : 

Primary circuit, 

2 + (ia ■“ -(i) + (<^01 a “ ~ C^) 

Secondary circuit, 

+ + jSZ 7,) = 0; (8) 

Brush short-cir(;uit, 

^.(4 + ((t - (a) = 0; (9) 

Substituting now the abbreviations, 

+ c/ {z, + z) = Z3, 

Z' 


Z 

Z' 

2, + 


( 10 ) 

( 11 ) 


( 12 ) 

(13) 


where and X^, especially the former, are small quantities. 
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From (9) then follows, 

from (8) follows, by substituting (14) and rearranging. 




1 + 


and, substituting (15) in (14), gives, 

(c,+jSA) ii + X-X^!?)-jSA-S^c, + XJS (M-iO 

or, canceling terms of secondary order in the numerator. 

Equation (7) gives, substituting (10) and rearranging, 

I,{Z,+Z’)~l//-I,r/. ^e. (11 


Substituting (15) and (lO) herein, and rearranging, gives: 
Primary Current, 


. c (1 + I, 

ZK 


(18) 

where, 

K = (Aj + j*Scj) + Aj (Aj + A ) — ((S’Aj — 

*S'=r„ + c- -t y,S'c„), 

(19) 

and, 

A ='^"- 
* ’ 


(20) 

or, since approximately, 

Al, = 


(21) 

it is, 

if = (Aj H- jSc^) + Ai (c/ + A) 

- (Cy + jS). 

(22) 
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Substituting (18), (19), (20) in (15) and (16), gives; 
Secondary Current, 





Brush Short-Circuit Current, 

yc, (1-8^) 

ZK ' 


(23) 


(24) 


As seen, for S = 1, or at synchronism, I i = 0, that is, the 
short-circuit current under the commutator brushes of the 
repulsion motor disappears at synchronism, as was to be expected, 
since the armature coils revolve synchronously in a rotating field. 

301. The e.m.f. of rotation, that is, the e.m.f. generated in the 
rotor by its rotation through the magnetic field, which e.m.f., 
with the current in the respective circuit, produces the torque 
and so gives the power developed by the motor, is. 

Main circuit, 

E,' =jSZic„I, -I,). (25) 

Brush short circuit, 

(/,-/,). (26) 

Substituting (18), (23), (24) into (25) and (26), and rearrang- 
ing, gives: 

Main Circuit e.m.f. of Rotation, 

7^,' (27) 


Brush Short-circuit e.m.f. of Rotation^ 


or, neglecting smaller terms, 




f 


4 


K 


(29) 
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The Potoer produced by the main armature circuit is, 

P^ = i JS 

hence, substituting (22) and (27), 

= + A _J Ally (30) 

Let 

m = [ZK] (31) 

be the absolute value of the complex product, ZK, and, 

1 , • /, 1 

~ — ]a 

it is, substituting (31), (32) in (30), and c\i)an(ling; 

Sir 

P. = K® (1 - + ( 1 - f-'- - ^/) 

-r- (^ " + k - ^/) + (k" + ^/')] 

-X (^,W - A;,SV.,<," f ^/'.SV„a') h r (1/iVy 
+ ^/',SVv»")j, (33) 

after canceling terms of secondary ordt'r. 

As first approximation follows licrerrom: 


H(\rx 


-.SVv/' ^,S'c„n' 

-.SV,.(a- I y 


j l-,SV„(^a" I ^ o' 


c„(l 1 aS’-) 

hence a maximum for the speed aS', p;iv(‘n by 
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or, -So = \/l + ^ a' y - cja" + ^ (35) 

and equal to 

p.” I s/l + c.’(«" + J + V) I . ( 36 ) 

The complete expression of the power of the main circuit is, 
from (33): 

P. - ^ j [l 6^ j. (37) 

where b^, b^, 6, are functions of -1/, I/', 1/, 1/', as derived 
by rearranging (33). 

The Power produced in the brush short-circuit is, 

p, = [E/, i:r, 


hence, substituting (24) and (28), 


r S^c,e A,cCoa-^^) T 

IK’ ZK J 

(38) 

77r ^ 


hence positive, or assisting, below syii(‘hronisin, retarding above 
synchronism. 

The total Power ^ or Output of tlio motor then is, 


P - i\ \ P. 

or 

Power Output: 
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or, approximately, 


hence, 

Torque: 


(1 + S^) ' 


(40) 

(41) 


^ven in synchronous watts. 

The power input into the motor, and the volt-ampere input, 
are, if 


= '// 4 

and. 

(42) 

given by, 

Power Inputj 

P - ri ' 

(43) 

Volt-ampere Input, 

(44) 

Power-Factor, 

1,' 
i] ’ 

(45) 

E^cienc;/, 

r 

^ p-' 

0 

(4C) 

Apparent Efficiency, 

P 

P'l =73-> 

-1 n 

(47) 


etc. 


0 
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302 . While excessive values of the short-circuit current under 
the commutator brushes, I give bad commutation, due to 
excessive current densities under the brushes, the best com- 
mutation corresponds not to the minimum value of I ^ — as 
the zero value at synchronism in the repulsion motor — but 
to that value of 7^ for which the sudden change of current 
in the armature coil is a minimum, at the moment where the coil 
leaves the commutator brush. 

7^ is the short-current in the armature coil during commuta- 
tion, reduced to the armature circuit, by the ratio of effec- 
tive turns, 

_ shoit-circuited turns under brushes 
total effective armature turns 


The actual current in the short-circuited cods during com- 
mutation then, is • 

7 ' =li 


or, if we denote. 




where‘j4.4 is a fairly large quantity, and substitute (24), it is, 

A,ec, ( 1 -^) 


// = 


ZK 


(49) 

(50) 

(51) 


Before an armature coil passes under the commutator brushes, 
it carries the current, — 7 , ; while under the brushes, it carries the 
current, I/; and after leaving the brushes, it carries the current, 

+ -(i- 

While i>assing under tlio commutator brushes, the current in 
the armature coils must change from, — 7j, to 7/, or by, 

7/ ’ + ir (52) 

In the moment of leaving the commutator brushes, the current 
in the armature coils must change from, 7/ to -t- 7j, or by, 

lo-L-W- ( 53 ) 

The value, //, or the eurrent change in the armature coils 
while entering coniinutation, is of less importance, since during 
this change the armature coils are short-circuited by the brushes. 
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Of fundamental importance for the commutation is the value 
Ig, of the current change in the armature coils while leaving the 
commutator brushes, since tliis change has to be brought about 
by the resistance of the brush contact while the coil approaches 
the edge of the brush, and if considerable, cannot be completed 
thereby, but the current, Ig, passes as arc beyond the edge of the 
brushes. 

Essential for good commutation, therefore, is that the current 
Ig, should be zero or a minimum, and the study of the commu- 
tation of the single-phase commutator thus resolves itself largely 
into an investigation of the Commutation Current, Ig, or its 
absolute value, ig. 

The ratio of the commutation current, i,,, to the main armature 
current, \, can be called the Commutation Comtant, 


For good commutation, this ratio should be small or zero. 

The product of the commutation eurrenl, ig, and the speed, S, 

is proportional to the voltage induct'd by tlit' break of this 

current, or the voltage which maintains the arc at the edge of 

the commutator brushes, if sufficiently high, and may be called 

the commutation voltaqe, „ . 

c, - Hig. (55) 


In the repulsion motor, it is, substituting (2.‘!) and (51 ) in (53), 
and dropping the term with as of secondary order, 

Commviation Current, 


h, 




ZK 


Gommutatioil Gonslantj 
ijL 

'u 


ig [ A 


1 


= i_ 


d 

yXr. 


(5(1) 


(57) 
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Or, denoting, 

A, = a/ -ja"; 

substituting (32) and expanding, 

e\l-e, [Sa" + {1-S^) a/] + jc, [(1 - ;SI=) a " - Sa'] }' 
h ZD 

I. ell-c„ [Sa" + (1 - + jc, [(1 -S‘)a/' 

{1 - Scy') - jSc^a' 


(58) 


(59) 


and, absolute. 


L = - V{1 -c„ [;§«"■■+ (1 --S-'*) + a/' -Sa'j^ 

m „ > 

(60) 



Perfect commutation, or Ig = 0, would require from equation 
(58), 

l_eJ.Sa- + (!-,?»)«, 0 = 0, 

(l-^)«"-<Sa' - 0; t 


or. 


< = 


(i-sr 


Sa' 

1 -S‘ 


= 1 — a. 


(63) 


This condition can usually not be fulfilled. 

The cointnulation is best for that speed, S, when the commu- 
tation current, ig, is a inininiuin, that is, 



hence. 


(64) 


{ (1 -c„ [Sa " + (1 -s^-) «;])Hc„x(i = 0 


dS 


This gives a cubic equation in S, of which one root, 0 < /S, < 1, 
represents a minimum. 

The relative commutation, that is, relative to the current 
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consumed by the motor, is best for the value of speed, S^, where 
the commutation factor A is a minimum, that is, 



(65) 


303. The power output of the repulsion motor becomes zero 
at the approximate speed given by substituting P = 0 in the 
approximate equation (40), as. 


-S„ = 


Co («" + -aO 


( 66 ) 


and above this speed, the power, P, is negative, that is, the 
repulsion motor consumes power, acting as brake. 

This value, S,, however, is coiwidcrably reduced by using the 
complete equations (39), that is, considering the effect of the 
short-circuit current under the brushes, etc. 

For S < 0, P < 0; that is, the power is negative, and the 
machine a generator, when driven backwards, or, what amounts 
to the same electrically, when reversing either the field-circuit, 
/j, or the primary energy circuit, I ^ In this case, the machine 
then is a repulsion generator. 

The equations of the repulsion generator an* (l('ri\'cd from tlio.se 
of the repulsion motor, givisi h(‘retoforc, hv reversing the sign 
of S. 

The power, I\, of tlu' short-eireuit. current under th(‘ brashes 
reverses at synehronisin, an<l Is'ennies negativ'e above synchron- 
ism. The explanation is: Tliis short-eireuit eurnait, I ,, and 
a corresponding component of the main eiirrent, /,, are two cur- 
rents produced in ((uadrature in an armature or secondary, 
short-circuited in two directions at right angl<‘s with each 
other, and so offering a short-einmite<l secondary to tlie single- 
phase primary, in any direction, that is, constituting a single- 
phase induction motor. Th(‘ sliort-eireuit current und('r the 
brushes so supcrimposc's in tlie n'pulsion motor, upon the 
repulsion-motor tonpie, a singl(>-phase induction-motor toniuc, 
which is positive below synelironism, zero at synchronism, and 
negative above synchronism, iis induction generat.or tonpic. It 
thereby lowers the speed, at which the total tonpic vanishes, 
and reduces the power-factor and efficiency. 
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304. As an example are shown in Fig. 201 the characteristic 
curves of a repulsion motor, with the speed, S, as abscissas, for 
the constants; 

Impressed voltage :e =500 volts. 

Exciting impedance, main field :.Z =0.25 — 3 j ohms. 

cross field : Z' = 0.25 - 2.5 j ohms. 
Self-inductive impedance, main field :Z^=0.1 — 0.3 j ohms. 

cross field : Z^ = 0.025 — 0.075 j ohms, 
armature ; Zj = 0.025 — 0.075 j ohms, 
brush short-circuit :Z^=7.5 — 10 j ohms. 

Eeduetion factor, main field: c„ =0.4 
brush short-circuit ;c^ =0.04. 

Hence: 

Zj = 0.08 — 0.60 j ohms. 

A = 0.835 + 0.014 j. 

J = «' - ja" = 1.20 - 0.02 j. 

0.031 + 0.007/. ■ 

1,= 0.179 -0.087/. 

A,= 4.475 -2.175/. 

^ 3 = 0.202 + 0 . 010 /. 

Then, suhstituting in tin' [jn'ceding equations, 

K = (0.204 - 0.0.35,8) + / (0.031 + 0.328,8), 

ZK = (0.1 44 + .975 ,8) - / (0.G04 - .187 S). 

Primary or Supply (lurn'iit, 

_ .500 { ( 1 .0.3 1 0. 1 79 ,8*^) + / (0.007 + 0.087 S '-) } 

■ ■ ZK~ 


Secondary or Armature (Hirrent, 
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consumed by the motor, is best for the value of speed, S^, where 
the commutation factor A is a minimum, that is, 



(65) 


303. The power output of the repulsion motor becomes zero 
at the approximate speed given by substituting P = 0 in the 
approximate equation (40), as. 


/S„ = 


c, (a" + -«0 


( 66 ) 


and above this speed, the power, P, is negative, that is, the 
repulsion motor consumes power, acting as brake. 

This value, however, is considerably reduced by using the 
complete equations (39), that is, considering the effect of the 
short-circuit current under the brushes, etc. 

For >S < 0, P < 0; that is, the i)ower is negative, and the 
machine a generator, when driven backwards, or, what amounts 
to the same electrically, when reversing either the field-circuit, 
7 q, or the primary energy circuit, I In this (*aso, the machine 
then is a repulsion generator. 

The equations of the repulsion gemrator an' derivc'd from those 
of the repulsion motors given lu'n'tofon', bv r(‘V(‘rsing the sign 
of S. 

The power, P^, of tlie short-circuit curr(*nt un(l(T the brushes 
reverses at synchronism, and b(‘com(‘s n(‘gativ(‘ aboV(‘ synchron- 
ism. The explanation is: This short-circuit curnmt, /^, and 
a corresponding component of tluMuain curnmt, / ,, ar(‘ two cur- 
rents produced in ({uadratun' in an arinatun' or s(‘condary, 
short-circuited in two din'ctions at rigid angl(‘s with (‘ach 
other, and so offering a short -circuit(‘(l s(M*ondarv to tlu^ single- 
phase primary, in any direction, that is, constituting a single- 
phase induction motor. Th(‘ short-circuit curnmt und(‘r the 
brushes so superimposes in th(‘ n'pulsion motor, upon the 
repulsion-motor tonpie, a single-|)has(‘ imluct ion-motor tor(j[ue, 
which is positive below synchronism, z(‘ro at synchronism, and 
negative above synchronism, as induction g(m(‘rator tonpie. It 
thereby lowers the speed, at which th(‘ total tonpu' vanishes, 
and reduces the power-factor and efficiency. 
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304. As an example are shown in Fig. 201 the characteristic 
curves of a repulsion motor, with the speed, S, as abscissas, for 
the constants: ’ 

Impressed voltage : e =500 volts. 

Exciting impedance, main field: 2 =0.25 -3 j ohms. 

cross field: =0.25 -2.5 j ohms. 
Self-inductive impedance, main field :Z^=0.1 — 0.3 / ohms. 

cross field : = 0.025 - 0.075 j ohms, 

armature ; = 0.025 - 0.075 j ohms, 

brush short-circuit -.Z^^l.b — 10 j ohms. 

Reduction factor, main field: c„ =0.4 
brush short-circuit :c^ =0.04. 

Hence: 

Zg = 0.08 — 0.60 j ohms. 

A = 0.835 + 0.014 J. 

J = a' -ja" = 1.20- 0.02 J. 

/>!= 0.031 + 0.007 J. ■ 

1,= 0.179 - 0.087 f. 

A,= 4.475 - 2.175 J. 

A,,= 0.202 + 0.010 J. 

Then, substituting in tlu' |)rocoding equations, 

K - (0.201 - 0.0;i5*S’) + j (0.031 + 0.328,8), 

ZK = (0. 111-1 .975 ,8) - j (0.604 - .187 S). 

Primary or Sui)i)ly (lurrent, 

, .500 { ( 1 .03 1 0. 1 79 + j (0.007 -f 0.087 S -) } 

1 . - 

Sccondiiry or Armatiin' (!urrent, 

_ .500 { ( 1 -h 0.048 *8 - 0. 179 ,8^) - j 0.4 ,8 - 0.087 8^) | 


ZK 
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Brush Short-Circuit Current, 

500 (1-<SP) (0.072 - 0.035 J-) 




and absolute, 


ZK 


. 40(1-<S=) 


m 


Commutation Factor, 


./ (1.508 - 0.673)* -f (0.718 - 0.4 /S' - 0.704 

* “ ^ (0.697 -H 0.4 ;S - 0.014)=* 

Main e.m.f. of Rotation, 

500 (4.052 + 0.792 j) 

“ ZK 

Commutation e.m.f. of Rotation, 

500 5^(0.4-4.8;) 

ZK 

Power of Main Armature Circuit, 

Pj = (4.052 — .122 <8 — .657 S~), in kw. 


Power of Brush Short-C'ircuit; 


/ 


> 

4 


4<).2 ,S'=* ( 1 - K-) 
> 11 ^ 


in kw. 


Total Power Oiitpul, 

250 S 

P = — r- (1.052 + 0.075 .S' - ().6.')7 .s’* - 0. 1<)7 .S'=‘). 
iiir 

Torque ; 

250 

P = — r (4.0.'')2 -t- 0.075 S - 0.6.57 S' - 0. 107 S') , 
vt ’ ’ 

etc. 

These curves arc derived by culculiiliiif!; inimericul values in 
tabular form, forS = 0, 0.2, 6.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 
2.0, 2.2, 2.4. 
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As seen from Fig. 201, the power-factor p rises rapidly, reach- 
ing fairly high values at comparatively low speeds, and remains 
near its maximum of 90 per cent over a wide range of speed. 
The efficiency tj follows a similar curve, with 90 per cent maxi- 
mum near s 3 mchronism. The power P reaches a TnaTimum of 
192 kw. at 60 per cent of synchronism — 450 revolutions with 
a 4-pole 25-cycle motor — is 143 kw. at synchronism, and 
vanishes, together with the torque D, at double-synchronism. 
The torque at synchronism corresponds to 143 kw., the starting 
torque to 657 synchronous kw. 

The commutation factor k starts with 1.18 at standstill, the 



SPEED 

Fig. 201. 

same value wlii(‘h the same motor would have as series motor, 
but rai)idly (le(*reases, and reaches a minimum of 0.23 at 70 
per cent of syiu'lironism, and then rises again to 1.00 at syn- 
chronism, and V(‘ry higli values above synchronism. That is, 
the commutation of the repulsion is fair already at very low 
speeds, beconu's V(‘ry good sonu'what lielow synchronism, but 
poor at speeds (‘onsidcn-ably above synchronism* this agrees with 
the cx])crience on such motors. 

In the study of the commutation, the short-circuit current 
under the commutator brushes has been assumed as secondary 
alternating curremt. This is completely the case only at stand- 
still, but at speed, due to the limited duration of the short- 
circuit current in each armature coil — the time of passage of 
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the coil under the brush — an exponential term superimposes 
upon the alternating, and so modifies the short-circuit current 
and thereby the commutation factor, the more, the higher the 
speed, and greater thereby the exponential term is. The deter- 
mination of this exponential term is beyond the scope of the 
present work, but requires the methods of evaluation of tran- 
sient or momentary electric phenomena, as discussed in “Theory 
and Calculation of Transient Electric Phenomena and OsciUar 
tions.” 

B. Series Repulsion Motor. 

306. As further illustration of the application of these funda- 
mental equations of the single-phase commutator motor, (1) 
to (6), a motor may be investigated, in which the four inde- 
pendent constants are chosen as follows: 

(1) Armature and field connected in series with each other. 
That is: 

+ ^0 -^o “ ~ • (67) 

where 

c, = reduction factor of field winding to armature; that is, 
field turns 

ratio of effective - • 

armature turns 

It follows herefrom, 

(68) 

(2) The e.m.f. impressed upon lli(‘ conipensatin^z; winding is 
given, and is in phase with the (Mii.f. wliich is impressed 
upon field plus armature, 

e,. (G9) 


That is, is supplied by tlie same* traiisfoniuT or eompensator 
as 6^, in series or in sliunt therewith. 

(3) No rotor-cxciting circuit is used, 

/, = 0, (70) 

and therefore: 

(4) No rotor-exciting bruslu's, or hruslK‘s in (piadrature 
position with the main-arinatur(‘ l)rushes, are us(‘d, and so 

1. - 0, (71) 

that is, the armature carries only one set of brushes, which give 
the short-circuit current, 1^. 
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Since the compensating circuit, e^, is an independent circuit, 
it can be assumed as of the same number of effective turns as the 
armature, that is, is the e.m.f. impressed upon the compensat- 
ing circuit, reduced to the armature circuit. (The actual e.m.f. 
impressed upon the compensating circuit thus would be: c^e^, 

, , . „ compensating turns \ 

where c, = ratio effective — ; ^ ) 

armature turns. / 

306 . Substituting (68) into (1), (2), (3), and (5), and (1) and 
(2) into (67), gives the three motor equations: 

e, =Z,I,+ Z'{I, - /,) jSZ {c,I, - 7,)1 

+ c,^Z,I, + c^(c,I,-IX j 

e, = Z,I,+Z'(I,-IJ, (73) 

0 = ZJ, + Z(I,- c,I,) -F jSZ' (I,- /,). (74) 


Substituting now: 


F' = = quadrature, or transformer exciting 

admittance, 

I? - - V + ji". 

^ = A ^ a' + ja" = impedance ratio of the 
^ two ciuadraturc fluxes. 


F, + (F., + Z)= Z„ 

-3 - + /“a" 


^> = A 
F ’ 


and 


e = CjL + 

t - -• 


(75) 


( 76 ) 
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Adding (72) and (73), and rearranging, gives 

e = Z,I, + I, {Z, + jSc,Z) -1,Z (c„+ i&y, 
or 

I = + 7, (A, + j&J - 7, (c„ + jS). (77) 


From (73) follows 

e,F'= 7,(1 + ^,)-7„ 
or 

7, = 7,(1 + X^-etY', 
and 

7, = 7,(1-!,) +etY'. 

From (74) follows 


0 = I,{Z + Z,)-I, U\,Z-jHZ') -jSZ'I, 


(78) 


(79) 


Since 7^ is a small c.iirreiit, small terms, as 1,, can bo neglected 
in its evaluation. That is, when substituting (7S) in (79), 1, 
can be dropped; 

7,= /, -etV\ 1 

or 1 a|)j)r()Xiniat(‘ly. (80) 

/., = /, f e/} '. I 

Hence, (80) substituted in (70) gives, 


Q ^ I^iZ I- Z,) ^ jSrt, 


or. 

0 ^ L . (. j 

jSrt 




Z ' 


Hence, 

4 ~ *^4 1 ^0^ 1 

^ 1 '!- 

(81) 


and actual value of short-circuit curn'iit, 
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where 

Q 

6 = — , a fairly large quantity, and 

= reduction factor of brush short-circuit 
to armature circuit. 


(83) 


The commutation current then is 


jSetb):^ 

c^Z 


Substituting (81) and (80) into (77), gives, 

_ £ 1 -b jStA^ (Cj) jS) — i!lj 

7 


Z A^+ jSc, - (Co + jS) + IjA ’ 


or, denoting, 

K = A^ + iSc„ - Vo (Co + /-S) + ^2^, 

it is, 

e { 1 + jSa, (c„ + j5) - U 2 I 


It is, approximately. 


2^, 


hence. 


A = — = c * 

= 0 , 


K = c„ (1 — c„V (^ 0 + J'S), 

cji +y>s^(co + ?^)} 
•' CoZ(l-CoV(Co + J'S) 


c/ (1 


^ r 1 — \ ■ 

- ( Co + J(S S 


(84) 


(85) 


( 86 ) 

(87) 


( 88 ) 
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Substituting now (85) respectively (87), (88) into (78), (81) (84), 
and into 

E'=j8Z{c,I,-IX ] 

E/=iSZ'(I,-I,), I 

gives the 

Eqaaiions of the Series Repulsion Motor: 

Z — Ag + J<SC„ — Xf.f, (Cg + fS) + IgA, 

approximately, (90) 

K = Co (1 - (^0 + f'S'). 


Inducing, or Compenmtor Current : 

e{l + jStX^ (c„ + fS) - (1 + /) Aj} et{l- X^ 
ZK Z' 

approximately, 

T _ c jStX^c le 

•*"c/ (l-CoAj (c„ +y.S') 

Armature, or Secondarij ('^lareut: 

7 — ^ {<\) + ]S) 


approximately, 


r _ - \ ^ , .u. f 

CoZ(l-r„A,) Ir/fy.S' 


Brush Short-Circuit ('urrent: 


Z(X~cM 




approximately, 

7 = ^^4 


j j ,7^s’ + 
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CommvMion Current: 

+ bX^ (l-c„)] I , 

approximately, 


J _ e ( 1-^5 

c,Z(l-c,X,) 


Main e.m.f. of Rotation: 


jSe ( 1 — A, 


jEJ ' = 

Ic^+jS 




approximately, 


jSe (1 - 

(1 - Co^) (c<, + jS) ' 


Quadrature e.m.f- of Rotation: 

E/^ --jSte. 


(94) 


(95) 


(96) 


307. Since in calculating motor curves from the constants, 
the speed, S, is usually chosen as an independent variable, and 
also for the investigations of the effects caused by a variation of 
speed, S, it is convenient to arrange the equations (90) to (96) 
by orders of S, that is, in the form, 

Jp = _1! 1 ;; , 

c, + c\s + c,s^ . . . 

or, after separating the two components of the complex terms, 

p __ (^^) t d- . . .) + j (f)J + h/ S + . . .) ^ 

(c^^ f c\jS + . . .) + J (c/ + c/B -{- • • •) 

These eciuations (90) to (90) contain two terms, one with, and 

one without t = — , and so, for the purpose of investigating 
e 
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the effect of the distribution of voltage, e, between the circuits 
e, and e^, can be arranged in the form ’ 

ii’ = + tK^. 


In first approximation, neglecting even the effect of the short- 
circuit current under the brushes, that is, assuming 


^4=0, 


these equations (90) to (96) assume the form 
K = 

^0 (^'0 " f " 1 ^) J 


Cq (Cq + ]S) Z 


I = — + 

ZK Z'^ 


e 


r, fr„ 1 jS)Z ' 


LI / 

-7^ 

jSr 


(97) 


That is, tho coinponsator (*urr(‘nt, / ,, tli(‘arrnMtiir(M*iirr(Mii, / ,, 
and the c.ni.f. of rotation, /(/,', as fins! approximation (l(‘j)(‘n(l only 
upon the sum of tho two inipr(‘.s.s(‘(l (*.nifs., r o, 1 r,, and 
current, toixiuc, power, etc., th(*r(‘ior(‘ nmiain appro\iinat(‘ly the 
same, regardless ol the di.strihution of tli(‘ volta^(‘ r l)(‘tu(‘en 
the two circuits, and c.^. 

The character of the magnetic fu^ld, how(‘V(M’, that is, tlu' r(‘la- 
tion between its two quadrature eoniponents, and tlu^ndore the 
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speed, S, at which the field is a uniformly revolving field, and 
thus the change of the character of the commutation with the 
speed, depend upon the ratio of and e^, or upon 



From above equations follow: 

Power Output; 

P = P,+P, 

= [E/, / + [E/, 7 J. 

Power Input; 

Po = [«x, 

VoU-ampere Input; 

P = Cjtj + 

= el(l-t)i^ + t\\, 

where the small letters, and denote the absolute values of 
the currents, /, and I ^ 

When 'i^ and are derived from the same compensator or 
transfornuT (or are in shunt with each other, as branches of the 
same circuit, if - Cj), as usually the case, in the primary 
circuit the curnsit corresponds not to the sum, J(1 — if)?, + ti^\ 
of the secondary currents, but to their resultant, [(1 tl 

and if the currents, / , and I ,, are out of phase with each other, 
as is more' or less tlu' cas(‘, th(' absolute value of their resultant 
is less than tlu' sum of th(> absolutx' values of the components. 
The volt-ampere input, reduced to the primary source of power, 
tlu'ii is, 

' 1(1 ( 99 ) 

aiul 

P < P 

‘ "o ^ 

p 

From these e<juations then follows the torque: D=-^, 

p 

the power-factor, p = etc. 



0 
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For t = 0, 

that is, all the voltage impressed upon the armature circuit, and 
the compensating circuit short-circuited, these equations are 
those of the inductively-compensated series motor. 

For ^ = 1) 

that is, all the voltage impressed upon the compensating or 
inducing circuit, and the armature circuit closed in short-circuit, 
that is, the armature energizing the field, the equations are those 
of the repulsion motor mth secondary excitation. 

For t > 1 

a reverse voltage is impressed upon the armature circuit. 

Study of Commutation. 

308. The commutation of the altcrnating-curront commutator 
motor mainly depends upon: 

(a) the short-circuit current uikUt the commutator brush, 

which has the actual value : I f - High short-circuit current 

causes arcing under the l)rush(\s, and glowing, by high current 
density; 

(f?) the commutation current, that is, th(‘ (‘urnnit change in 
the armature coil in the moment of l(‘aving th(‘ bru.sh short- 
circuit, Ig=^ I ^ — 1', This curnmt, ami the (Mn.i*. |)roduc(‘(l by 
it, Slfj, produce sjiarking at th(' (‘dge of th(' (‘oininutator brushes, 
and is destructive, if considerabk*. 


{a) Sliort-rirniif Current under lirushes. 

Using the approximate (‘({nation lh(‘ actual valiK* of the 
short-circuit current under th(‘ bruslu‘s is 






1 



( 100 ) 
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where 

c 1 

6 = - , or - =reductioiifactor of short-circuit under brushes, 
c^ 0 

to field circuit, that is, 


number of field turns 
number of effective short-circuit turns ’ 


( 101 ) 


hence a large quantity. 

The absolute value of the short-circuit current, therefore, is 


eVb Vco^ -|-£P (l-«(c,^ 

hence a minimum for that value of t, where 

/ = c/ -b <8* (1 — f (c/ + S^)Y = minimum, or 
= 1 — i (c/ -b <S^) = 0, hence. 


(102) 


and. 


That is, t = -- 

c 

rent at s]) 0 (‘(l, tS’, 


1 


S = 

1 

+ c 



- gives minimum short-circuit cur- 
0 


and inversely, speed, S = 



Co, gives 


ininiinuin sliort-ein’uit current at voltage ratio t. 

For / = 1, or the repulsion motor with secondary exci tation, 

the short-circuit current is iiiinimuin at speed S = Vl — c/. 


C € . . 

or sonu'what below synchronism, and is i/ = wMle in 

the repulsion motor with primary excitation, the short-circuit 
current is a minimum, and ecjuals zero, at synchronism 5' = 1. 

Th(' lower tlu' voltage' ratio, t = \ the higher is the speed, S, 

at which the short-circuit current reaches a minimum. 

The short-circuit current, / /, however, is of far less importance 
than the commutation current, Ig. 
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(6) Commutation Current. 


309 . While the value, or the current change in 

the armature coils while entering commutation, is of minor 
importance, of foremost importance for good commutation is 
that the current change in the armature coils, when leaving the 
short-circuit under the brushes. 


(103) 

is zero or a minimum. 

Using the approximate e(iuation of the commutation current 
(94), it is. 


e ( 1 — Xj) 
c^Z (1 — CfllJ ( Cg -f jS 



e 

c^(l-CgA,) (Co + jS) 


{1 - Xjj-p'S («„ + jS) tXJ >} ; (104) 


and, denoting 






~jx 


tr 
4 i 


it is, expanded. 


c/ (1 - c„l,) fr„ 


hence, absolute, 


c„V')T 

+ /[I, "6 - .S77 fr„ I- N x;') I } ; (1 05) 


V[l- X'b+m I \x''l, -Sih ir„// | .S’//' I?; ( !()(;) 


whore [ 1 — (lonot(‘s ili(‘ valu(‘ of (1 

The ooniiuutaiioii curi^Mit is z(‘ro, if {‘itlua* N r, tluai is, 
infinite speed, whieli is obvious but of no jiracticMl inb'nvst, or 
the parenthesis in (lOo) vanislu's. 

Since this ])arentli(‘sis is eoinpl(‘\, it vanisln's wIkmi both of 
its terms vanisli. This ^’ivt's llu* two (‘(juatioiis 

-rj'') 0,^ 

X,"b-Stb {('X + -0. i 


(107) 
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From these two equations are calculated the two values, the 
speed, S, and the voltage ratio, t, as, ’ 


hence. 


^ _c„(6V-V) 
xl' 


t. = 


" - x:) ’ 


St 


For instance, if, 

Z = 0.25- 3 j, 

Z^ = 5 -2.5/: 

hence, 

-^4 = = 0.307- .248/ = X'-jX/', 



^0 

■= 0.4, 


<-4 

= 0.04; 

hcncc, 

h 

10; 

and horofrom, 


- 2.02, 



- .107, 


(108) 


tliat is, at about double' syncliroiiisiu, for = le = 0.197e, or 
about 20 iH'r ccTit of c, tlu' coiumulatiou curront vanishes. 

In gc'iu'ral, tli('r(' is llius in (lie series repulsion motor only one 
speed, jS'„, at which, if the voltage ratio has the proper value, t„, 
th(' eonunuiation current, i’„ vanislu's, and the commutation is 
p('rf('ct. At any otlu'r sjx'ed .some commutation current is left, 
regardless of tlu' value' eef the veeltage ratie), /. 

With the' twee veeltages, e, anel c.,, in i)h!i,se with each other, the 
e'eemmutatie)!! emrrent cannot he maelc to vanish at any desired 
speed, S. 
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310 . It remains to be seen, therefore, whether by a phase 
displacement between Cj and that is, if is chosen out of 
phase with the total voltage, e, the commutation current can be 
made to vanish at any speed, S, by properly choosing the value of 
the voltage ratio, and the pha.se difference. 

Assuming, then, out of phase with the total voltage, e, hence 
denoting it by 

= Cj (cos 0 .^ + j sin 0 ^), (109) 

the voltage ratio, t, now also Is a complex quantity, and expressed 
by 

T = ^^ = t (cos 0, + j sin (),) = I' + jt". (110) 
& 


Substituting (110) in (105), and rearranging, gives 


r !_ 

• ^ (1 - c„-l,) {c„ + /A') 


-{[1 - v/^ + .srMA'V~c„V') 


+ st"h (c,x' + .S'!/')] f j [x:'b - m (c„v + sxi') 

+ ( 111 ) 

and this expression vanishes, if 

l_A/6+m0S'V -'-oV') I I 0, 

V'6-<sr5(r„/i/ I ,S'V') I r,,/,") ():) 

and herefrom follows: 


+ cjr I ) ,s’// rjri 

r,;-’) r- \ ShX~ 

ShX'^ (.S'-* + r,,-) <■,; I i ,S’ 


( 112 ) 


or approximately. 


r = .r 


1 

r„- 4 »S'-’ 


S (r,; 4 ,S'-’) 


( 113 ) 
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t" = 0 substituted in equation (112) gives S = S^, the value 
recorded in equation (108). 

It follows herefrom, that with increasing speed, S, t' and still 
more t", decrease rapidly. For S = 0,1/ and t" become infinite. 
That is, at standstill, it is not possible by this method to pro- 
duce zero commutation current. 

The phase angle, 0^, of the voltage ratio, is given by 


tan 0^ 

rearranged, this gives, 




(114) 


Co sin (5^ + (S cos _ bA/ — A/ _ 
Co cos ^2 — >S sin ~ A/' ’ 

and, denoting, 

— = tan 

c„ 


(115) 

(116) 


where <y may be called the “speed angle,” it is, substituted in (115), 

bJ * — j ' 

tan(^/2 + ^) =A7A. (117) 

= constant; 


hence, 

and, 


+ <T = 7 , 


bA/ - A/ 


^<2 = 7 - O’. 

IS a large ({uantity, hence 7 near 90°. 


(118) 

(119) 


(7 is also near 90° for all spc'ods & except very slow speeds, since 
in (IKi) Co is a small (luantity. 

Hence iVj is near zero lor all except very low speeds. 

For very low speeds, <r is small, and 0.^ thus large and positive. 

That is, the voltag(‘, K,, im[)rcsHcd upon the compensating 
circuit to get negligible commutation current, must be approxi- 
tnately in phase with e for all c.xeept low speeds. At low speeds, 
it must lag, the more, the lower tlie speed. Its absolute value 
is very large at low speeds, but decreases rapidly with increasing 
speetl, t(i very low values. 
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For instance, let, as before, 

A, = 0.304 - 0.248 j, 
c„ = 0.4, 

6 = 10 ; 

tan (0^ + <r) = 5.05, 

0, + <T= 79°; 

hence, q _ ygo _ 


= 0 for <r = 79°; hence, by (116), = 2.02, or double 

synchronism. Above this speed, 0.^ is loading, but very small, 
since the maximum leading value, for infinite speed, <8 = oo, 
is given by o’ = 90°, as, = — 11°. Below the speed, /S„, iJ^is 
positive, or lagging; 

for (8 = 1, it is o- = 68°, iVj = +11°, hence still approximately 
in phavse; 

fori8 = 0.4, it is a- = 45°, D.^ - 31°; hence E.^ is still nearer in 
phase than in (jua<lrature to c. 

The corresponding values of 7’ t' I an*, from (112), 

S = 2.02, (?., •= 0, 7’ 0.197, / - 0.197, 

8 = 1, (l2=+ll°, T 0.717 1 0.1 lOy, / -0.760, 

8 = .4, = 34°, 7’ -: !.()() 1- 2 00 j, I -3.61. 

311 . The introduction of a phase displaceimait Ix-tween the 
compensating voltage, K, and tlie total voltage, e, in ginieral is 
more complicated, and since for all hut tlie lowest speeds the 
required phase displacement, il,, is small, it is iisu.ally sufficient 
to employ a coinjaaisating volta,ge, c... in pliu'-t' with e. 

In this case, no value of / exists, which makes tlu' commuta- 
tion current vanish entirely, excejit at tlu' s|)(‘ed, ,S'„. 

The problem then is, to determine for any speed, 8, that value 
of the voltage ratio, /, which makes the commutation current, 
ig, a minimum. This value is given by 



where ig is given by equation (106). 


( 120 ) 
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Since equation (106) contains t only under the square root, 
the minimum value of ig is ^ven also by, 


dK 

dt 


= 0 , 


where 

X = [1 - bx/ + Sth {SX' -C„V0P + [bx," -Sib (c„A/ + SX/')-^. 
Carrying out this differentiation, and expanding, gives. 


t = 


SbX^^-SX/ + c,X/' _ 1 I 

SbX,^ + S^) 


SbX,^ 


This is the same value as the real component t' of the complex 
voltage ratio, T,, which caused the commutation current to 
vanish entirely, and was given by equation ( 112 ). 

It is, approximately, 

^ + S^' 

Substituting (121) into (105) ^ves the value of the minimum 
commutation current, 

Since the expression is somewhat complicated, it is preferable 
to introduce trigonometric functions, that is, substitute, 

i&nd^-fp, (123) 

where H is the phase angle of 1 ^, and therefore, 

X" = I 4 sin d, ^ 
cos d, ) 

and also to introduce, as before, the speed angle (116), 


(124) 


S 

tan <r = - , 
c„ 


hence. 


S = q sin <t, 
= q cos <T. 


(125) 


( 126 ) 
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Substituting these trigonometric values into the expression 
(121) of the voltage ratio for minimum commutation current, 
it is, 

1 sin — 

Substituting (117) into (106) and expanding gives a relatively 
simple value, since most terms eliminate : 


e {[cos® (o--(5) + bx (sin <r sin (<r — 5) — cos (J)] 

+/ [sin (a- — S) cos (<r — g) — bX ^ (sin c cos (cr—d) — sin (?)]} 

(1 (^0 "h 1 **^) 

(128) 

and the absolute value 

e (co s ((r-8)- hX ^ pos a -) 
c„z[l Vr/ + -S'® 
or, resubstituting for a- and (J, 

e{SX/' --e„(X,V> -1/)} 


<vU - o-„- + *S'*) 


From (129) and (130) follows, that i.,^^ ^ 0, or the commutation 
current vanishes, if 

cos (o- -<!)- hX, cos o- - 0, (131) 

or, 

-V) 0. 

This gives, substituting, X/' - \'X/ - X/\ and (‘X|)anding, 

V = t "'V ■ 

6* + O 

cos (o- -<1) ^ - . 

^ -S'® ) 

From (131) follows 

(*()S — d) = cos O'. 

Since cos {o‘ — d) must be less than one, this means 

bX^ cos <7 < 1, 
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or, 

, 1 
^<r , 

OCOSO- 

or, inversely, 

S>c^ Wv-1- 

That is : 

The commutation current, ig, can be made to vanish at any 
speed, S, at given impedance factor, by choosing the phase 
angle of the impedance of the short-circuited coil, d, or the resist- 
ance component, X', provided that is sufficiently small, or the 
speed, S, sufficiently high, to conform with equations (133). 

From (132) follows as the minimum value of speed S, at which 
the commutation current can be made to vanish, at given X^, 


and. 


hence. 


S,=CgVbW-l, 

r=i- 



For high values of .sptiod S, it is, approximately. 


hence. 


cos (cr — (j) = 0, 

<7 - = 90°, 

tan a- — — : 
^0 

a - 9(r 
V = ^4. 


That is, the short-ciiruiU'd coil under the brush contains no 
inductive reactance, hence: 

At low and medium s[)eeds, some inductive reactance in the 
short-circuited coils is advantageous, but for high speeds it is 
objectionable for good commutation. 
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312 . As an example are shown, in Figs. 202 to 205, the charac- 
teristic curves of series-repulsion motors, for the constants: 


Impressed voltage: 

e = 

500 volts. 

Exciting impedance, main field : 

Z = 

0.25- 

- 3 j ohms. 

Exciting impedance, cross field : 

Z' = 

0.25- 

- 2.5 i ohms. 

Self-inductive impedance, main 




field: 

^0 = 

0.1- 

0.3 j ohms. 

Self-inductive impedance, cross- 



field: 

z,= 

0.025 

— 0.075 j ohms. 

Self-inductive impedance arma- 




ture: 

^x = 

0.025 

— 0.075 j ohms. 

Self-inductive impedance, brush 




short-circuit: 

^4 = 

7.5- 

10 j ohms. 

Reduction factor, main field : 

= 

0.4, 

brush shoi’t-circuit. 

(‘4 = 

0.01; 




700 
650 
COO 
550 
500 
150 w 
400 
JGOS 
lOO"^ 
250 
200 
150 
100 
50 


that is, the sanu* constaiiis as usimI m iIk* k pulsion motor, 
§ 304, Fig. 201. 

Curves are ploti(‘<l foi I Ik* vollai;!* lalio'^ 

i = 0: inductively comixuisatiKl s(‘ii(‘s-m()t()r, r'ii> 202, 
t ~ 0.2 series u^pulsion iiinioi, liigli sp(‘ed, 1 lu 203, 
t = 0.5: series repulsion motor, iiK'diuin spi'ixl, 201, 

^ = 1.0: repulsion motor with siroiulaiy excitation, low speed, 
Fig. 205. 
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It is, from above constants; 


Zg = (Z^ + Z) = 0.08 —0.60 f. 



Q +z. 


b 



= 0.202 + 0.010 j . 
= 0.835 + 0.014 j. 
= 0.031 + 0.007 j. 
= 0.179 - 0.087 j. 
= 10 



Ileiico, hubsiilutiti}; into the prcmliug equations: 

(90) ZK - Z^+ - X,(JZ (q, + j,8) + 

- ( 0 . 1 (.() + 0 97r> A') - J (O.oOO - 0.1S7 8 ), 

( 92 ) 1 , - ~ "^ 2 ! 

= Jl- + — { ( - 0.031 + 0.035 <S - 0 179 8') 
ZK ZK ‘ ^ 

+ J ( — 0.007 + 0.072 8 + 0.087 S ^) } , 


KILOWATTS 


548 


ALTERNATING-CURRENT PHENOMENA. 


(91) = I.i (0.969 - 0.007 j) + et (0.010 + 0.096 j), 

(93) 

, e (0.072 -0.035j) +-Se/{(0.016 -0.072 aS) +/0.045 + 0.035 S)) 

ZK 

etc. 


313. As seen, these four curws are vei-y similar to each other 
and to those of the repulsion motor, with the exception of the 

commutation current, , and commutation factor, & = . 

The commutation factor of the compensated series motor, 



C50 

GOO 

cso 

GOO 

450 

400g 



250 

200 

150 

lOO 

50 


that is, the ratio of (*iirr(‘nt clianuf* in tli(‘ .‘irnialiin‘ ('oil while 
leaving the hnislK'S, to total annatiin' ciirrcnl, is con'-lanl in the 
series motor, at all sj)(‘(m1s. In th(‘ '-(‘r*i(‘s K'pul-ion motors, the 
commutation factor, h\ .starts with tin* sinu' \alu(‘ at .standstill, 
as the series motor, hut (l(‘(*r(*a'-(‘s with incri'a'-ini!, tini.s giv- 

ing asuperior commutation to that ot the -(‘rio- motor, ivaehe.s 
a minimum, and tlaai iner(‘as(‘s aaam. Hcyond tin* mmimuin 
commutation facdor, tin' (dlicnaicv, power-rad or, tonjiu' and 
output of the motor first slowly, tlnai rapidly iner(‘as(‘, due to 
the rapid increase of the commutation lo.s^(‘.s. ddi(‘.s(‘ higher 

values, however, are of little practical value, since thc‘ commu- 
tation is bad. 
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The higher the voltage ratio, t, that is, the more voltage is 
impressed upon the compensating circuit, and the less upon the 
armature circuit, the lower is the speed at which the commuta- 
tion factor is a minimum, and the commutation so good or 
perfect. That is, with i = 1, or the repulsion motor with 
secondary excitation, the commutation is best at 70 per cent of 
synchronism, and gets poor above synchronism. With t = 0.5, 
or a series repulsion motor with half the voltage on the com- 
pensating, half oil the armature circuit, the commutation is best 
just above synchronism, with the motor constants chosen in this 
instance, and gets poor at speeds above 150 per cent of syn- 
chronism. With t = 0.2, or only 20 per cent of the voltage on 



SPEED 


Fig. 205. — Repiilbiou Motor, Secondary Excitation. 


the eoinpoii, Silling circuit, the commutation gets perfect at double 
synchronism. 

Rest commutation thus is secured by shifting the supply vol- 
tage with incr(‘asing spe{‘<l from the compensating to the arma- 
tur(‘ circuit. 

/ > 1, or a r(‘V(M*s(' voltage c, impressed upon the armature 
cinmit, so still furtlua- improves the commutation at very low 
speeds. 

P^or high value's of /, liowevea*, the power-factor of the motor 
falls off somewhat. 

The impedance of the short-circuited armature coils, chosen 
in the preceding example, 

Z, = 7.5 - 10 j, 
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corresponds to fairly high resistance and inductive reactance in 
the commutator leads, as frequently used in such motors. 

314. As a further example are shown in Fig. 206 and Fig. 207 
curves of a motor with low-resistance and low-reactance com- 
mutator leads, and high number of armature turns, that is, 
low reduction factor of field to armature circuit, of the constants 

-2j; 

hence, ^4 = 0.373 — 0.267 j, 

and c„ = 0.3, 

- 0.03, 

the other constants being the same sis before. 



SF lLU 


Fh,. L'OO 


Fig. 206 shows, with tho speed alNe*Nvas, Ihr cm read, ionpie, 
power output, jxnvca’-factor, (‘fficicaicv and comniutatioii current 
under such a condition of operation, that at low sp(‘(‘ds / -].0, 
that is, the motor is a repulsion motor with ^(‘coiidary (‘\citation, 
and above the sjieed at \vhi<*h / 1 0 gi\(‘s Ix^.st commutation 

(90 per cent of synchronism in this (‘xaniph*), / is gradually 
decreased, so as to inaiutaiii ig a niiiiiniuni, that is, to maintain 
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best commutation. The values of t required heretofore are 
plotted in dotted lines. 

As seen, at 10 per cent above synchronism, ig drops below i, 
that is, the commutation of the motor becomes superior to that 
of a good direct-current motor. 



Pig. 207. 

Fig. 207 ihon shows the commutation factors. A; =-?, of the 

n I 

different motors, all under the assumption of the same constants: 

-0.2.5 -.3 3, 

0.2,') 2..') f, 

0.1 - 0 . 3 ,-, 

Z, 0.()2.') -0.07.') 3, 

Z; 0.02.5 0 07.5 /, 

I -‘-ij, 
e„ -0.3, 

I, 0 03. 

(’urve T gives the eoininutation factor of the motor as induc- 
tively eompeiisaU'd series motor (/ = 0), as constant, k = 3.82, 
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that is, the current change at leaving the brushes is 3.82 times 
the main current. Such condition, under continued operation 
would give destructive sparking. ' 

Curve II shows the seric-s repulsion motor, with 20 per cent of 
the voltage on the comi^ensating winding, i = 0.2; and 

Curve III with half the voltage on the compensating winding 
t = 0.5. 

Curve IV corresponds to t = 1, or all the voltage on the com- 
pensating winding, and the annature circuit closed upon itself: 
repulsion motor with .secondary excitation. 

Curve V corresponds to t = 2, or full voltage in reverse direction 
impressed upon tlu; armatures double voltage on the compen- 
sating winding. 

Curve VI gives the minimum commutation factor, as derived 
by varying t with the .speesl, in the mamu'r disciKsed before. 

For further comparison are given, for the same motor con- 
stants : 

Curve VII, the ])lain re])ulsion motor, sliowing its good com- 
mutation below synchronism, and poor commutation above 
synchronism, and: 

Curve VIII, an overcompens.‘it(*d .series motor, tlijit is, con- 
ductivoly compensated series motor, in whicli tlu' compc'n.sating 
winding contains 20 p('r i-ent more ;un]iere-t urns limn IIk' arma- 
ture, so giving 20 per cent overconijicnsilion. 

As seen, overcompeiisation iloe.- not nppreci.nbly improve 
commutation at low speed?., and sjtoil'- it ::1 iiiahcr spei*d.s. 

Fig. 2()( also givi's the two component- o| the compensating 
e.m.f., A',, which arc rc(|uire(l to mvc pcrrcct commutation, or 
zero (•oniiiuitation current , 

^0 = ^ - (*()iiij)()ii(‘iit in plia^n willi t, L!,i\in'j; « jiiadral iir(‘ 

flux; 

^ ^ = (‘oinpoiiciit in ( jiiadiat nrt* with <, ^l\ln,L!; llu\ in 
phase with c. 

315. In (liro(*t-(*urreni motors, ovf'rcompiMisation ^ix'atly 
improves eouinnitation, and .so i.s ihcmI in tlu* lorm of **1 com- 
pensating winding, coinnmtatiii”; pol(‘ or mtcrjioh^. In such 
direct-current motors, the revi‘r.so fiedd of tlie int(‘rpol(‘ produces 
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a current in the short-circuited armature coil, by its rotation, in 
the same direction as the armature current in the coil after 
leaving the brushes, and by proper proportioning of the com- 
mutating field, the commutation current, ig, thus can be made 
to vanish, that is, perfect commutation produced. 

In alternating-current motors, to make the commutation 
current vanish and so produce perfect commutation, the current 
in the short-circuited coil must not only be equal to the arma- 
ture current in intensity, but also in phase, that is, the commu- 
tating field must not only have the proper intensity, but also 
the proper phase. 

In paragraph 310 we have seen that the commutating field 
has the proper phase to make ig vanish, if produced by a 
voltage impressed upon the compensating winding 

E, = Te, 

which for all except very low speeds is very nearly in phase with 
e. The magnetic flux produced by this voltage, or the com- 
mutating flux, so is nearly in quadrature with e, and therefore 
approximately in quadrature with the current in the motor, 
at such speeds whore the current, i, is nearly in phase with e. 
The commutating flux produced by conductive overcompensa- 
tion, however, is in phase with the current, i, hence is of a 
wrong jdiase properly to commutate. 

That is, in (lu' allc'rnating-current commutator motor, the 
(!ommutating flux slioidd be approximately in quadrature with 
the main flux or main current, and so cannot be produced by 
the main current by overcom|)ensation, but is produced by the 
combined magnetizing action of the main current and a second- 
ary current products! thereby, since in a transformer the result- 
ant flux lags aitproximately 90 degrc-es behind the primary 
current. 

The saiiK' results we can get dirt'ctly by investigating the com- 
mutation curnnit. of tlu' overcoiu|)eusated series motor. This 
motor is characterized by 

(1) C /ir’i + C„A',| f- 

wh('n' c„ - 1 + <] = reduction factor of compensating circuit 
to armature. 

( 2 ) Ig- c.,I, I, = c,l, = I. 
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Substituting into the fundamental equations of the single- 
phase commutator motoi gives the results, 


1 = 


ZK 


where, 


' ZK 


ZK = {Z^ H- Zr-jHc,Z)-jHX^ (c/j + jSqZ'). 
To make Ig vanish, it must thert‘fore })e, 
c {X'' ./, 

v)i' 

or approximately, 


• ^0 
^ ;S' 


or, with the iiuinorical vuluos of llio iin'cfMlino; instan(‘e, 

O.Oh) [-0,290/ 

< 1 -- ^ •• 


That is, the ovfTf'oniiKMiN'itin*; <‘<>ni]M)ii(‘nl , (f, nm^l l)(‘ ;i|)|)r()\i- 
mately in (luadnitun* with th(‘ curn*!!!, /, iicncr cnmioi lx* jiro- 
(lu(* 0 (l by this (*urr(*iit un(l<‘r tlio condil ioii> (‘oii'-idcrcxl li(‘r(‘,;iiid 
ovoiToniiK'iisalion, whil(‘ it may imdt‘r cri-tam (■oiiditioii'* improve' 
the ooinniiitation, can a.s a rule' not i^ixo pcrlVct commutation 
in a serif's alt(‘niatiii”’-<Mii*n‘nt motor. 

A discussion and comj)ariM)n of the dilh'nMil Ixjx'^ of a^vn- 
ehronoiis alle'rnatin^-cnrn'iit mot«)r'- i- ai^nii m I iitiM’iiational 
Electrical Con^n'ss, St. bom> 'rran-action^, I!)i)l 


316 . The pre'ce'din.!!, study of comniutniion i> ba-e'd on the 
assumption of tin' short-circuit curn'ut under tin* l)ru^h as 
alternating* curre'iit. Thi.s, liowe'ver, i'> strictly th(‘ ca-(‘ only at 
standstill, as alre'ady discu.sse'd in tbe* jiaraarajihs on the* n'jiul- 
sion motor. At speed, an (‘xpoiuaitial t(‘rm, due' to tlu' abrupt 
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change of current in the armature coil when passing under the 
brush, superimposes upon the e.m.f. generated in the short- 
circuited coil, and so on the short-circuit current under the 
brush, and modifies it the more, the higher the speed, that is, 
the quicker the current change. This exponential term of e.m.f. 
generated in the armature coil short-circuited by the commutator 
brush, is the so-called “e.m.f . of self-induction of commutation. ” 
It exists in direct-current motors as well as in alternating-current 
motors, and is controlled by overcompensation, that is, by a 
commutating field in phase with the main field, and approxi- 
mately proportional to the armature current. 

The investigation of the exponential term of generated e.m.f. 
and of short-circuit current, the change of the commutation 
current and commutation factor brought about thereby and 
the study of the commutating field required to control this 
exponential term leads into the theory of transient phenomena, 
that is, phenomena temporarily occurring during and immedi- 
ately after a change of circuit condition.* 

The general conclusions are: 

The control of the e.m.f. of self-induction of commutation of 
the single-phase commutator motor requires a commutating 
field, that is, a field in quadrature position in space to the main 
field, approximately ])i-oportional to the armature current and 
in phase with the armature current, hence approximately in 
phase wilh the main field. 

Since the commutating field required to control, in the arma- 
ture coil under lh(> commulator brush, the e.m.f. of alternation 
of the main field, is approximately in (piadrature behind the 
main field -and usually larger than the field controlling the 
e.m.f. of self-induction of commutation — it follows that 
the total commutating fk'ld, or the ([uadrature flux required 
to giv(' l)cst commutation, must he ahead of the values derived 
in paragra])hs ffOt) to .‘>11. 

As th(' field r(>(iuir<'d by the e.m.f. of alternation in the short- 
circuit(‘d coil was found to lag for speeds below the speed of best 
commutation, and to lead atrove this speed, from the po.sition 
in ([uadratun' l)ehind the main field, the total commutating 


* See “• Tliciii-y iind Calculations of Transient Electric Phenomena and 
CKscilUitiuiis/' Soctioiis I and II. 



556 


ALTERNATlNG-<JURIiENT PHENOMENA, 


field must lead this field (‘ontrolliiig the e.m.f. of alternation, 
and it follows: 

Choosing the e.m.f., impressed upon the compensating 
winding in phase with, and its magnetic flux, therefore in quad- 
rature (approximately), behind the main field, gives a com- 
mutation in the repulsion and tlie series repulsion motor which 
is better than that calculated from j)aragraphs 309 to 311, for all 
speeds up to the speed of best commutation, but becomes 
inferior for speeds above this. Hence the commutation of the 
repulsion motor and of the series repulsion motor, when con- 
sidering the self-induction of commutation, is superior to the 
calculated values below, inferior above the criti(‘al sj)ee(l, that 
is, the speed of minimum commutation currc‘nt. The com- 
mutation of the overcomponsated series motor is superior to the 
values calculated in tlie i)rec('ding, tliough not of tlie same 
magnitude as in the motoi-s with (luadrature commutating flux. 

It also follows that an in(*rease of th(‘ in<luctiv(‘ r(‘actance of the 
armature coil increases tlie expon(*ntial aii<l (l(‘cr(‘as(‘s tlui alter- 
nating term of e.m.f and tlu^n'witli tli(‘ curn'iit in the short- 
circuited coil, and tlier(‘fore re(|uir(‘s a commutating (lux earlier 
in phase than that n‘(juir(‘d by an annatiin* coil of low(‘r reac- 
tance, hence iinproV(‘s th(^ commutation of tli(‘ s<‘n(‘s n*j)ulsion 
and the repulsion motor at low spc^cnls, ami spoils it at high 
speeds, as s('eii from th(‘ pha.s(‘ angl(*s of th(‘ commutating (lux 
calculated in ])aragraphs ‘KM) to 31 1. 

Causing the annatur(‘ curnmt to lag, hy in'>(‘rting (‘\t(a*nal 
inductive r('actanc(' into th(‘ armature circuit, has th(‘ sam(‘ 
effect as heading commutating (hi \ : it iinprox'c^ commutation at 
low, impairs it at high sp(‘(*(ls. In con^(Mjuonce Ikm-coF tli(‘ com- 
mutation of the r(‘|)ulsion motor with s(‘condary (‘xcitation - 
in which the inductive^ r(‘actanc(‘ of th(‘ main (icld circuit is in 
the armature' circuit — is usually sup(‘rioi’, at modcratt* spi'c'ds, 
to that of the n'pulsion motor with j)nmary (‘xcitation, (‘\c(‘pt 
at very low s^ieeds, wlu're the angle* of lag of tin* armature* cur- 
rent is very large. 
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REACTION MACHINES. 

317. In the chapters on Alternating-Current Generators 
and on Induction Motors, the assumption has been made that 
the reactance, x, of the machine is a constant. While this is 
more or less approximately the case in many alternators, in 
others, especially in machines of large armature reaction, the 
reactance, x, is variable, and is different in the different positions 
of the armature coils in the magnetic circuit. This variation of 
the reactance causes phenomena which do not find their expla- 
nation by the theoretical calculations made under the assump- 
tion of constant reactance. 

It is known tliat synchronous motors of large and variable 
reactance keep in synchronism, and are able to do a consider- 
able amount of work, and even cany under circumstances full 
load, if the ficld-c'xciting circuit is broken, and thereby the 
counter c.m.f., reduced to zero, and sometimes even if 
the field circuit is reversed and the counter e.m.f., made 
negative. 

Invers(‘ly, und(‘r c(‘rtain conditions of load, the current and 
the e.m.f. of a g(Mi(*rator do not disapj)ear if the generator field 
circuit is brokcMi, or (‘V(‘n nwersed to a small negative value, in 
which lait(‘r case' llu' curnuit is against the e.m.f., E^, of the 
generator. 

PurtluM-more, a shuttle' armature without any winding vdll 
in an altc'rnating magiu'tic field revolve when once brought up 
to synchronism, and do consid('ral)le work as a motor. 

Tlu'se ])h('nom('na are not due to remanent magnetism nor 
to the magri(*tizing (‘rf(*(‘t of Foucault currents, because they 
exist also in machiiu's with laminated fields, and exist if the 
altc'rnator is brought up to synchronism by external means and 
the remanent magiu'tism of the field poles destroyed before- 
hand by application of an alternating current. 
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318. These phenomena cannot be explained under the assump- 
tion of a constant synchronous reactance; becaaso iu this case 
at no-field excitation, the e.ni.f. or counter e.m.f. of the machine 
is zero, and the only e.m.f. existing in the alternator is the e.m.f. 
of self-induction; that is, the e.m.f. induced by the alternating 
current upon itself. If, however, the synchronous reactance is 
constant, the counter e.m.f. of self-induction is in quadrature 
with the current aiul wattless; that is, can neither produce nor 
consume energy. 

In the synchronous motor running without field excitation 
always a large lag of the current behind the impressed e.m.f. 
exists; and an alternating generator will yield an e.m.f. without 
field excitation only when closed by an (‘xtc'rnal circuit of large 
negative reactance; that is, a circuit in which the current leads 
the e.m.f., as a condenser, or an over-(‘xci(ed synchronous motor 
etc. 

Self-excitation of the alternator by annul ore rc'uction can 
be explained by the fact that (he (■ouii(<‘r (‘.m.f. of self-induction 
is not wattless or in (luadralun' with IIk' curn'iit, hut contains 
an energy component; that is, that (lie n'actance is of (he form 
X = h —jx, where .r is the wattle, -s coniixinent of naictance 
and h the energy component of nan-tance, ami li is |)osili\'(‘ if the 
reactance consunu's jxiwer — in which ca^e the ('ouii(('r (‘.m.f. 
of self-induction lags mon' than '.)()' heliiml the cniTent — 
while h is lu'gative if tlu' reactance iiroditce-- jiowi'i- in which 
case the counter e.m.f. of self-imlnclion lau- Ic--. limn i)0" l)(‘lun(l 
the current. 

319. A of this natur(‘ ha"^ alr(‘a(l\' in tho 

chapt(T oil IIyst(M'(‘his, I’nnn a dilha'ciit point ol \i(‘\v. TIum’c 
the effeet of nia.i^iKdic liy.st(‘n‘«-i^ wa- louml to tli-t»)rt tli(‘ cur- 
rent wave in siK'li a way that th(‘ juiwnloiit -iiit' \\a\(‘, that is^ 
the sine wave ol iMjual (‘ll(‘ctiv(* stn*n!j;th aiid (‘ijumI pow(‘r with 
the distorted wav(‘, is in ad\'anc(* oi th(‘ waxt* (»1 inai^iK'tKin hy 
what is called the an^l(‘ ol hy-'tcrcti(* advaiict* of pha^^f* n. Sin(*c 
the e.ni.l. ^(Mierat(‘(l by tin* inai;n(‘ti''iii, or counter e in f. of s(‘lf- 
induction la^s 1)0° Ix^hind th(‘ ina<;’n(‘ti-ni, it I <\ Ix'liiiul 

the eurroiit; that is, tli(‘ s(‘lt-indiiction in a eii*euit containing 
iron is not in (|uadratiir(‘ with th(‘ curnait and ther(‘l)V wat.tk'ss, 
but lags more than 9U° and theri'by eon.Nuni(‘s powin*, so that 
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the reactance has to be represented by ^ ^ — jx, where h is 

what has been called the “ effective hysteretic resistance.” 

A similar phenomenon takes place in alternators of variable 
reactance, or, what is the same, variable magnetic reluctance. 

320 . Obviously, if the reactance or reluctance is variable, 
it will perform a complete cycle during the time the armature 
coil moves from one field pole to the next field pole, that is, 
during one-half wave of the main current. That is, in other words, 
the reluctance and reactance vary with twice the frequency of 
the alternating main current. Such a case is shown in Figs. 208 
and 209. The impressed c.m.f., and thus at negligible resistance, 
the counter e.m.f., is represented by the sine wave, E, thus the 
magnetism produced thereby is a sine wave, ^>, 90° ahead of E. 
The reactance is represented by the sine wave, x, varying with 
the double frequency of E, and shown in Fig. 208 to reach the 
maximum value during the rise of magnetism, in Fig. 209 
during the decrease of magnetism. The current, 7, required 
to produce the magnetism, <I>, is found from <E> and x in com- 
bination with tlic cycle of molecular magnetic friction of the 
material, and the i)()wer, P, Is the product, IE. As seen in 
Fig. 2()S, the positivt' part of P is larger than the negative part; 
that is, the machine produces electrical energy as generator. 
In Fig. 2()i) tlu' ii('gativ(> part of P is larger than the positive; 
that is, the macliiiie consumes electrical energy and produces 
mechanical (Mu-rgy as synchronous motor. In Figs. 210 and 211 
an' giv(‘n the two hys{('i'('tie cycles or looped curves, <1>, I under 
the two condilions. Tliey show that, due to the variation of 
reactance, /, in tlu* first case, the hysteretic cycle has been over- 
turned so us to re|)res(Mit, not consumption, hut production of elec- 
trical (MKS'gy, while in the second case tlie hysteretic cycle has been 
wid(Mi(‘d, representing not only llu' electrical energy consumed 
by molc'cular niagia'tic friction, but also the mechanical output. 

321. It is evident that the variation of reluctance must be 
symiiK'l rical witli ri'gard to the field poles; that is, that the 
two ('xtreine valiu's of reluctance', maximum anti minimum, will 
take' place' at the' nionient wlic'ii the armature coil stanels in 
front e)f the' fit'ld i)ole', anel at the moment when it stanels mitl- 
way bt'tween the fielel peeles. 
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Fio. 208. — Variuldc Ucactuuft*, Hc-aetioH MuchiiK' 



209 — Varialilc licactaiicc, lic.ic t ion .M.idiinc 
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The effect of this periodic variation of reluctance is a distortion 
of the wave of e.m.f., or of the wave of current, or of both. 
Here again, as before, the distorted wave can be replaced by 
the equivalent sine wave, or sine wave of equal effective intensity 
and equal power. 

The instantaneous value of magnetism produced by the 
armature current — which magnetism generates in the arma- 
ture conductor the e.m.f. of self-induction — is proportional to 
the instantaneous value of the current divided by the instan- 



Fifi. 210, — Ilystorotic Loop of Reaction Machine. 


tanooiis viihic* ol' tlu‘ rclurUiiu'o. Since the extreme values of 
tlie r(‘lu(*tiin(*e coincide' with tiie symmetrical positions of the 
arnuiture with n'^anl to th(' field jioles — that is, with zero and 
maxiinuni value' of tlu' ^(‘nended e.m.f., of tlie machine — 
ii follows that, if llu' curri'iit is in phase or in quadrature with 
the ^(‘iieratc'd ('.ni.f., the reluctance wave is symmetrical to 
the curn'iit wave', and the' wave of inagnetiMii therefore sym- 
nu'trical to tiu' current wave also. Hence the e(piivalent sine 
wave of ina^iK'lisni is of ('(jual jdaise with the current wave; that 
is, the ('.m.f. of self-induction la^’s 90° behind the current, or is 
wattless. 

Thus at rio-pluis(‘ displacement, and at 90° phase displace- 
ment, a rea(‘tiou machine can neither })roduce electrical power 
nor mcfdianical power. 
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322. If, however, the current wave dith'rs ia plausc from the 
wave of e.m.f. by leas than 90°, Jnit more' than zero degreoH, it is 
unsymmetrical with regard to the reluctance wave, and the 
reluctance will be higher for rising current than f(jr decreasing 
current, or it will be higher for decreasing than for rising current, 
according to the phase relation of current with regard to gen- 
erated e.ni.f., E^. 

In the first case, if the reluctance is higher for rising, lower for 
decreasing, current, the magnetism, which is proportional to 
current divided by reluctance, is higher for decreasing than for 



Fig. 211. — Loo]) of Uo.k tion M k Ihik* 


rising current; that is, iH (‘(juiv;il(‘iit wnvr lli(‘ 

sine wave of curnMil, aiul tli(‘ o.in f. or .‘-(‘If iikIiicI loii will lag 
more than 90 ° hc'hind tli(‘ ciirn'iii ; tlint i'-, it will (*()iisinn(‘ 
electrical power, and Iherehy deliver in(‘eliaiiie:d power, and do 
work as a synchronous motor. 

In the second case*, if lli{‘ reluetane(‘ is lower tor rismn, and 
higher for docroasing, curnmt, tin* miigiH‘tism is higher for rising 
than for decreasing curr(‘nt, or th(‘ (‘(jui\alent .siii(‘ wave* of 
magnetism leiuls th(‘ Mnt‘ wave of tli(‘ eurn‘nl, and th(‘ eounhu' 
e.m.f. of .self-induction lags l(\ss than 9()‘^ behind th(‘ curn'iit; 
that iS; yields electrii* jiower as genc'rator, and tlH‘r(‘l)y con- 
sumes mechanical power. 
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In the first case the reactance will be represented by X=h—jx, 
as in the case of hysteresis; while in the second case the reac- 
tance will be represented hy X = —h — jx. 

323. The influence of the periodical variation of reactance 
will obviously depend upon the nature of the variation, that is, 
upon the shape of the reactance curve. Since, however, no 
matter what shape the wave has, it can always be resolved in a 
series of sine waves of double frequency, and its higher har- 
monics, in first approximation the assumption can be made that 
the reactance or the reluctance varies with double frequency of 
the main current; that is, is represented in the form, 

a: = a -f- 5 cos 2 /?. 

Let the inductance be represented by 

L — If cos 2 
= Z (1 -f 7 cos 2 /?); 

where 7 = amplitude of variation of inductance. 

Let 

0 = angle of lag of zero value of current behind maximum value 
of the inductance L. 

Then, assuming tlic current as sine wave, or replacing it by 
the cfiuivalont sine wave of effective intensity, 7, current, 

i = ]V2 sin (ft — 0). 

The magnetism produced by this current is 

cp = - ) 

n 

where n ~ numix'r of turns. 

Hence, Mil )sli luted, 

//v/o 

<t> - — sin {p - 0) ( 1+7 cos 2 /?), 

IL 

or, expanded, 

4) = I “t) sin 9 cos | , 

when neglecting the term of triple frequency as wattless. 
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Thus the e.m.f. generated by this magnetism is 


e = —n 


dt 


= — 2 Ttjn 


d^ 

dp’ 


hence, expanded, 

e = — 2 Tcjll V2 I ^1 — cos 0 cos ft + (\ + sin 0 sin p 
and the effective value of e.m.f.. 


0 


E = 2 7t}U -[JJ cos=*/y 4 -I- sin“ 

= 2 TcjU Y^l + ~ - 7 cos 2 (I. 

4 

Hence, the apparent powcn*, or th(* voI{-ainp(‘res, 

= IE - 2 zllP\/ 1 I j 7<-os2^y 
E- 

2 r// V 1 I ycos2/; 

The instantaneous valu(‘ oi* powcu* is 
p - ci 

= — 4 7:jlP sin ('i - j eo.s 0 cos .i 1- 

4 sin 0 sin 'i | ; 

and, expanded, 

p =■— 2 Tcjir I -I ,^jsin 2 (I sin'"’ .V 

sin 2 0 (*()s“ [i -h sin 2 ,:/^(*os 2 l) | • 

Integrated, the effective value of })(>weris 
P = -7r//r7sin2^y; 
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hence, negative, that is, the machine consumes electrical, and 
produces mechanical, power, as synchronous motor, if 0 > 0, 
that is, with lagging current; positive, that is, the machine pro- 
duces electrical, and consumes mechanical power, as generator, 
if 5 > 0, that is, with leading current. 

The power-factor is 


P V sin 2 ^ 

V — ~p / 2 > 

2 Y 1 + Z — y cos 2 0 

hence, a maximum, if 



or, expanded, 

cos 2 0 = - + ^ ± iv8 + 
V 4 4 


The power, P, is a maximum at given current, I, if 
sin 2 0 = 1; 

that is, 0 _ ^go. 

at given e.m.f., E, the power is 

y sin 2 


P = 


hence, a inaxinuiin at 


or, expanded. 


4 nll(l + ^'-y cos 2 19 ) 


(W 

do 


= 0 ; 


cos 20 = 


±y . 

'+ 3 - 


324. We hav(' tluis, at impressed e.ni.f., E, and negUgil)lc 
resistance, if we deiKjtc the incuin value of reactance 

X = 2 rrfl. 


I 


E 

xyi + ^ — ycos2^ 

’ 4 


Current 
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Volt-amperes, 


PaQ 


W 




Power, 


P = 


7 cos 2 0 

W 7 sin 2 0 


2 j + — — 7 cos 


Power-factor, 


IS 2 

7 sin 2 0 


p = cos {E, /) = — - . . 

2 y 1 -t- ^ - 7 cos 2 0 
4 


Maximum power at 


cos 2 0 


Maximum power-fjictor at 


1 I 


7“ 

4 


I 7 I 

cos 2 0 J I 1 4 \ i 7* • 
7 I 1 


0 > 0: synclironous motor, with la.ae:irii; ciirivnl, 

0 < 0: generator, witii leailiiii:; curnmt. 

As an exami)l(‘ is shown in Fig, LM2, with .•iii'jlo n a'- ahscissas, 
the values of curriMit, ])o\v(‘r, and j)ow<‘r-ra(*tor, for tin* (*oii>tants, 
E = 110, X = 3, and 7 (),S, 

\ l.lo 2 0 
2017 sin 2// 

l.ld Cits 2 


p = cos {E, I) 


{). 1 17 sm 2 0 
1.45 - cos 2 0 



CTTAPTiai XXIX. 


DISTORTION OF WAVE-SHAPE AND ITS CAUSES. 

326 . In tho prcooding chapters wc havo (‘ousidc^n^d the alter- 
nating currents and alternating e.ni.fs. iLs sine waves or as 
replaced by their ecjui valent sine waves. 

While this is sufficiently exact in most cases, under certain 
circumstances the deviation of the wave from sine shape becomes 
of importance, and with (*ertain distortions it may not be 
possible to replace tlie distortcnl wave })y an (‘({uivalc^nt sine 
wave, since the angle of j)has(^ disi)la(*(‘iiuMit of tli(‘ e(iuivalent 
sine wave becomes indefinite'. Thus it lu'eoiiK's dc'sirable to 
investigate the distortion of the wave', its eauses and its effects. 

Since, as statc'd before', any alternating wav(' can bc' repre- 
sented by a seri('s of sinc' functions of o(M ord(*rs, tlu' inves- 
tigation of distortion of wav(‘-slia|M' n'solves its('lf in the 
investigation of tlu' higlu'r hanm)ni(‘s of tlu' ;ilt(‘rnating wave. 

In general we hav(‘ to <listinguis!i l)(‘tw('('n higlu'r linnnonics 
of e.m.f. and higlu'r liarmoni(‘s of ('urn'iit. Both depend upon 
each other in so far as with a siin' \\av(‘ of inipn'ssi'd ('.in.f. a 
distorting cfff'ct will C{ius(' distortion (>f tin* current \\av(‘, while 
with a sine wave' of curn'iit pas>ina ihroimh th(‘ circuit, a dis- 
torting effect will cause higlu'r liaruioiucs of (‘.ni f. 

326. In a conductor n'Volving with iiiiil’oriu \’(‘locity through 
a uniform and constant magnetic ji(‘ld, a mik* \\a\i‘ of (‘.m.f. is 
generaU'd. In a circuit with constant i’c-i‘'tane(‘ and constant 
reactance', this siia* wave of (‘ md. ju’udiicc-. n >in(‘ wav(‘ of 
current. Tims distortion of the wa\'(“-.-liap(‘ or high(‘r liar- 
inoiiics may Ix' diu' to lack of imiformit\ of tin* xeloeity of tlu' 
revolving conductor; lack of uniformity or puUation of th(‘ 
magnetic tit'ld; j)ulsatiou of tlu' re.''i.‘-tamM‘ or puUatiou of 
the roa(*ian(*o. 

The first two (‘as('s, lack of uniformity of tli(‘ rotidion or 
of the magnetic field, cause higlu‘r harmonics of ('.m.f. at ojieii 
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circuit. The last, pulsation of resistance and reactance, causes 
higher harmonics only when there is current in the circuit, that is, 
under load. 

Lack of uniformity of the rotation is of no practical interest 
as a cause of distortion, since in alternators, due to mechanical 
momentum, the speed is always very nearly uniform during the 
period. 

Thus as causes of higher harmonics remain: 

1st. Lack of uniformity and pulsation of the magnetic field, 
causing a distortion of the generated e.m.f. at open circuit as 
well as under load. 

2d. Pulsation of the reactance, causing higher harmonics 
under load. 

3d. Pulsation of the resistance, causing higher harmonies 
under load also. 

Taking up the different causes of higher harmonics we have: — 


Lack of Uniformity and Pulsation of the Magnetic Field. 

327. Since most of the alternating-current generators con- 
tain definite and sharply defined field pole.s covering in different 
types different proportions of the pitch, in general the mag- 
netic flux interlink(‘d with the armature coil will not vary as a 
sine wave, of the form 

cos ,9, 

hut as a complex harmonic function, depending on the shape 
and th(' i)itch of the lield-poles, and the arrangement of the 
armature' conduct, ors. In tliis case', tlie magnetic flux issuing 
from th(' (ie'ld-pole of tlu' alternator can be repre,sented by the 
general ('(imilion, 

<l> = 1 .'1, cos /9 + A 2 ft + /!., cos3,9 + . . . 

I /)', .sin [f f- sin 2 [i -t- /ijsin 3 ,9 + ... 

If the reluctance' of tlu' armature is uniform in all directions, 
so that tin' distribution ol the magnetic flux at the fiel<l-pole 
fac(' do('s not, <*hang(' by the rotation of the arinatine, the late 
of cutting m.'igiK'tic Ilux by an armature conductor is 4*, anil 
the ('.m.f. gi'iierated in the conductor thus eijual theieto in 
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wave-shape. As a rule A^, /I4 . . . equal zero; 

that iS; successive field-poles are eciual in strength and distri- 
bution of magnetism, but of ()i)positc^ })olarity. In some types 
of machines, however, especially induction alternators, this is 
not the case. 

The e.m.f. generated in a full-pitch armature turn — that is, 
armature conductor and return conductor distant from former 
by the pitch of the armature i)ol(' (corresponding to the distance 
from field-pole center to pole center) is 

~ ^180 

= 2 {Ai cos -f- A 3 (*os H 'i + A 5 cos 0 ^9 + ... 

+ sin /9 -1- B^ sin ^ 'f- Br^ sin 5 [i \ . . . } 

Even with an unsymnietrical distribution of the magnetic 
flux in the air-gaj), the e.m.f. wav(‘ g(MHM*at(Ml in a full-pitch 
armature coil is syinnudrical; tht^ positive' and lu'gative half- 
waves ecjual, and corn*spon<l to th(‘ mean liu\ distribution of 
adjacent jxdes. AVith fractional pitch-windings that is, 
windings wliose turns cov('r loss than tin* arniatun* p()l(‘-pit(‘h — 
the generated e.m.f. can Ix' unsymuK'trical with unsymriudrical 
magnetic fiehl, but as a rul(‘ is .syniiiKdrical al>o. In unitooth 
alternators th(‘ total gc*n(‘rat(‘d c.in.f. has tin* saim* shap(' as iliat 
generated in a singh* turn. 

With the conductors inori* or 1(‘>.-^ di>tril)ul«‘d ovcm’ the surface 
of the annatur(‘, tli(‘ total giMicratcd (‘ m f. is iho n‘'^ult;inl of 
several e.in.fs. of diriVnaii pha'-**'-, and 1 - tiius nion^ uniformly 
varying; that is, mon* sinusoidal, appmuchinui, sinr --hniM', to 
within 3 p(‘r c(‘nt or l(‘>s, a^ for in-tanc(‘ iho ciirxi's l^'ig 
and Fig. LM 1 sliow, which rcjU'c-onI lie* no-load ami full-load 
wave of (‘.in.f. of a thn‘c-j)ha-'(‘ multitoojli alt<‘rjial(»r 'rin* prin- 
cipal term of these* harmonic^' tin* thiid lia/-nionic, winch con- 
sequently appears more* or l(*v^ m all alle-rnalor wa\(‘-. As a 
rule these harmonics (*an lx* con-idcred lon(‘tlicr with tin* har- 
monics du(* to the varying r(‘luctancc of tin* maeii(*tic <*ircuit. 

In iron-clad alt(‘riiators with few •^lot^' and tcrtli per pot*, llu* 
passage ol slots ac'ross tin* iit*ld-pol(‘- cau^t*- a piil-alioii of tlu* 
magnetic rc‘luctanc(*, or its reciprocal, tin* niagiH‘tic rcac(anc(* 
of the circuit. In cons(*({U(‘nc(‘ then*of tin* magiM‘(i'>m per li(*l(l- 
pole, or at least that i>art of tlu' magiu'tism parsing through the 
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Fio. 213. — No-load Wave of E.M.F. of Multitooth Three-pliaser. 



I'Ki. 21 I -Full-Loud Wave of K.M F. of Multitooth Tha'c-phaser. 
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armature, will pulsate with a fro(iuency, 2 7, if 7 = number of 
slots per pole. 

Thus, in a machine with one slot j^or i)C)lc, the instanta- 
neous magnetic flux interlinked with the armature conductors 
can be expressed by the eciuation 

^ - <I> ('OS .9 { 1 -f £ (‘OS [2 .9 - {}] } 
where ^ av<Tag(‘ magncdic^ flux, 

€ = amplitude of pulsation, 
and 0 = phase of pulsation. 

In a machine with 7 slots per pole, the instantaneous flux inter- 
linked with the armature conductors will he 

<^ = 4> cos ,9 { I -f e (*os [2 7,9 ■ , 

if the assumption is made that th(‘ i)ulsation of the magnetic 
flux follows a siin])le sine law, as first approximation. 

In general the instantan(M)us inagiu^tic fhi\ inttnfmlo^d with 
the armature (‘onductors will 1)(‘ 

</> = <E> cos fi { I f- (*os (2 i > co.s ( 1 ,y I . . . j ^ 

where the term, is ])r(‘dominating if 7 iiumlx'r of Mrinature 
slots per pole. This g(‘n(*ral (Mjuation iiK-liKlc*- aUo lh(‘ (‘Hect of 
lack of uniforniity of tiic magiK'tic lhi\. 

In case of a pulsation of Ihr fuamictn* lhi\ uilh th(‘ fn^- 
(luency, 2 7, due to an (‘\i>tcn(*c (»f 7 per poir in iIk' annu- 

ture, the instantan(M)us value* ol inaLinoli-^rn inl(‘rlmk(‘(l with the 
armature coil is 

(/) co> ,9 j I • . co^ [ 27 .^ ^^1 { . 

Hence the e.ni.f. gen(*r;ited th(‘n*l)v, 

( 1 ( 1 ) 

- n , 

(ll 

— \/2 ;r//i4> {cos ,9(1 H £ cos {27,9 -W))}. 


C = 



DISTORTION OF WAVE-SHAPE. 


673 


And, expanded, 

( . 27 — 1 

e = V27cfn^ I sm /5 + e — - — sin [(2 7 — 1) — d] 

+ e ^ '^2 ' -' 7 + 1) ^ I . 

Hence, the pulsation of the magnetic flux with the frequency, 
2 7 , as due to the existence of 7 slots per pole, introduces two 
harmonics, of the orders (2 7 — 1 ) and (2 7 + 1 ). 

328. If 7 = 1 it is 

e = V 2 Tzfn^ I sin ^ sin 0? - ^ sin (3 | ; 

that is, in a unitooth singlc-phaser a pronounced triple har- 
monic may be expected, but no pronounced higher harmonics. 



ri(i. 21.5 — No lo;i(l VV;iV(‘ of 10 M I'' of llnitooth Monocyclic Alternator. 


12 IT) silovvs tlu‘ \vav(' of (Mu.f. of tho main coil of a mon- 
o(*y(*li(i alU^’iialor at no load, r(*|)ri‘sont(‘d l)y, 

c I<: {sill [i - 0.2 12 sin (3 fi - (i.3) - O.OKi sin (5 /? - 2.6) 
h O.OliS sin (7 p - .3.3) - 0.027 sin (9 - 10.0)- 0.018 

sin (11 /? - O.O) 1- 0.029 sin (13 p - 8.2)} ; 

hcncc giving a pronounced triple harmonic only, as expected. 


5U 


ALTERNA TIXG-CURREXT PJJEXOMEXA . 


If 7 = 2, it Ik, 

( tie r>£ ) 

e = n/ 2 3r/n<l> j sin +'— sin (3 — 0) + ^ sin (5/3 — ^3) f , 

the no-load wave of a unitooth (luartor-j)hjise inacliino, having 
pronounced triple and <iuintui)le harmonics. 

If 7 = 3, it is, 

e = \/27r/n4> |sin ,3 f ^sin (5 ,3 — 0) + ^ sin (7 /3 — fl) | . 

That is, in a unitooth threo-phasor, a pronounced quintuple 
and septuple harnionie may Ije e.\pc‘cted, hut no pronounced 
triple harmonic. 



Fig. 210. — No-loud \V:i\r of MM I*' of I 'iiif notli Tliioo Mfornutor 


Fip;. 21() shows IIk* of (‘in.i. nl n iinituotli 1 lin'c-plinsor 

at iio-load, iv})r(‘scMit(Ml hy 

e =- H Ssin^y 0.12 .'-in lO i 2 111 0 20 ^in (o^y l.T)) 

f- ().i:u sill (7 ;y 02) O 002 lO ,y ■ 27.7) O.OK) 
sin (11 [i - :>.:)) f .o:;i -in 1 1 :; ,y 111 :)i;. 


Thus ^ivino; a pronouiHUMl (juintuj)I(‘ mikI .'-oj)tiii)l(‘ and a 
lesser triple harmonic, probably due* to tin* de\iation of the field 
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from uniformity, as explained above, and deviation of the 
pulsation of reluctance from sine-shape. In some especially 
favorable cases, harmonics as high as the 23d and 25th have been 
observed, caused by pulsation of the reluctance, and even still 
higher harmonics. 

In general, if the pulsation of the magnetic reactance is denoted 
by the general expression 

1 ®v cos (2 7|8 - d .) , 

1 

the instantaneous magnetic flux is 

^ = 4> cos ^8 1 1 + cos (2 — dy) 

= I cos /? + ^ cos (j9 - + Xv j^^cos [(27 -h 1 ) 

"y]+ cos [(27 + 1)^- ; 

hcnco, tho o.in.f., 

c \/2 njn<i> I sin /? + -^ sin - 0,) + 

\ey sin [(2 7 h \)P- fly] + ^ n sin [(2 7 + 1)/?- 8,+,]] | • 
Pulmlion of Reactance. 

329. Th(‘ main (*aiis('s of a pulsation of reactance are mag- 
noti(* saturaiion and liyst(n‘(‘sis, and synchronous motion. Since 
in an ii-on-clad magiKdic circuil the magnetism is not propor- 
tional (o the m.ni.f., th(‘ wave* of magnetism and thus the wave 
of (‘.m.f. will dilT(‘r from tli(‘ wave of current. As far as this 
distortion is du(‘ to tli<‘ variation of permeability, the distortion is 
symnudrical and th(' wave of generated e.m.f. represents no 
power. dd\e distortion eaUvsed by hyst(‘resis, or the lag of the 
magiKdism ludiind the m.mi., causes an unsymmetrical distor- 
tion of th(‘ wav(' wliich makes tiic wave of generated e.m.f. 
differ by more tlian 90° from the current wave and thereby 
represents power — tlic power consumed by hysteresis. 
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In practice both effects are alwayl? superiiriposed; that is, 
in a ferric inductive reactance, a distortion of wave-shape takes 
place due to the lack of proportionality between magnetism and 
m.m.f. as expressed by the variation in the hysterctic cycle. 

This pulsation of reactance gives rise to a distortion con- 
sisting mainly of a triple harinonic. Sucli current waves dis- 
torted by hysteresis, with a sine wave of impressed e.m.f., are 
shown in Figs. 86 and 87, Chapter XII I, on Hysteresis. Inversely, 
if the current is a sine wave, the magnetism and the e.m.f. will 
differ from sine-shape. 

For further discussion of this distortion of wave-shape by 
hysteresis. Chapter XIII may be consulted. 

330 - Distortion of wave-shape lak(‘s pla(‘e also l)y the pul- 
sation of reactance due to syn(*hron()Us rotation, as discussed 
in the chapter on Rea(*tion Macliin(\s. 

In Figs. 208 and 209, at a sine wav(‘ of inipr(\ss(Ml (Mu.f., the 
distorted current waves liave l)(‘(‘n (‘onstruct(‘d. 

Inversely, if a sine wave of curnuit, 

i I (*os/y, 

exists througli a circuit of synchronously varying n^actance, 
as for instance, the annatun^ of a unitooth alternutor or syn- 
chronous motor — or, mor(‘ g(*ncral, an altc'rnator \vhos(‘ arma- 
ture reluctance is dillcrent in diftcnml jjositioiis with n^gard to 
the field-poles — and th(‘ r(‘a<*tance is cxpi-i's-od hy 

A" .r { 1 { £ cos (2 i H)\ ; 

or, more general, 

A' - 1 1 I co^ rj jj II, 1 1 : 

the wave of magiKdism is 


A 

‘ 1 
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dA 

dt ' 

= a:|sin^+|sin(/?-^J + sin [(2 7 + 1) 

^- 6 y] + S7 + lsin[(27 + l)^- 5 y+l]]j; 

that is, the puisation of reactance of frequency, 2 7, introduces 
two higher harmonics of the order (2 7-1) and (27 + 1). 

If X = a: {1 + ecos (2 /?-(?)!, 

it is 

4 > = 2^ I cos ^ ^ cos (^ - 0 ) + ^ cos (3 /? - 5 ) I ; 

e = a: I sin /? + - sin (/? — ^) + ~ sin (3 . 

Since the pulsation of reactance due to magnetic saturation 
anti hysteresis is essentially of the frequency, 2/ — that is, 
describes a complete cycle for each half-wave of current — this 
shows why tlie distortion of wave-shape by hysteresis consists 
essentially of a triidc harmonic. 

The ])h<‘is(' displacement between e and i, and thus the power 
consumed or })roduced in the electric circuit; depends upon the 
angle'; 0, as discusvsed before. 

331 . In case of a distortion of the wave-shape by reactance; 
the distorlt'd waves can be replaced by their equivalent sine 
waves, and the investigation with sufficient exactness for most 
cas(‘s be canh'd out under the assumption of sine waves, as done 
in the ])rec(‘ding chapters. 

Similar ])lK'n()inena take place in circuits containing polari- 
zation cells; U'aky condensers, or other apparatus representing 
a synchronously varying negative reactance. Possibly dielectric 
hysteresis in condensers causes a distortion similar to that due 
to magnetic hysteresis. 
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Pulsation of Resistance, 

332. To a certain extent the investigation of the effect of 
synchronous pulsation of the resistance coincides with that of 
reactance; since a pulsation of reactance, when unsyininetrical 
with regard to the current wave, introduces a power component 
which can be represented by an '‘effective resistance.” 

Inversely, an unsyininetrical pulsation of the ohmic resistance 
introduces a wattless component, to be denoted by effective 
reactance.” 

A typical case of a synchronously i)ulsating resistance is 
represented in the alternating arc. 

The apparent resistance of an arc* depends upon the current 
through the arc; that is, the ai)parent resistance of the arc == 

potential differcn(‘e lietwTen electro(l(\s. „ 

— - is lugli for small currents, 

current ' 

low for large currents. Thus in an tdlerntiting an* the ai)parent 
resistance will vary during ev(*ry half-wavi* of (‘iirrent l)i*tween a 
maximum value at ;5ero current and a minimum value* at maxi- 
mum current, thereby ([(‘Scribing a c()mi)l(*l(‘ cych* p(‘r half-wave 
of current. 

Let the effective valui* of curri‘nt through tin* an* bi* repre- 
sented by /. 

Then the instantaneous vahu* of curr(‘nt, aN'-umiiig the* (*urrent 
wave as sine wave, is rejirescnled by 

i I \ 2 sin i, 

and the apparent r(*sistanc(‘ of tin* arc, in lir^t approximation, by 
R r 1 1 { . 'J O ; 


thus the potential (liil(‘r(‘nc(* at tin* i 


irc Is 


e = Hi - 1 \ 2 r sin ( 1 r : cos 2 
=- r/ \ 2 I ^1 ^in V I '-in d 1 • 
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Hence the effective value of potential difference, 


= r/Vl-s + |, 

and the apparent resistance of the arc, 


^ tA ^ 

^o = y = ^Vl-« + -2' 

The instantaneous power consumed in the arc is 

ie = 2 rP I ^1 — 0 sin* P ^ sin^sinSjsj* 

Hence the effective power. 

The apparent power, or volt-amperes consumed by the arc, 
IE = rP\/l - 


£ 


Thus the power-factor of the arc. 



1 


s 


2 



; 


that is, loss than unity. 


333. Wo find here a case of a circuit in which the power-factor 
— that is, the ratio of watts to volt-amperes — differs from unity 
without any displacement of phase; that is, while current and 
c.tti.f. arc in phase with each other, but are distorted, the alter- 
nating wave cannot be replaced by an equi\'alent sine wave, 
since the assumption of equivalent sine wave would introduce a 
phase displacement, 

cos 0 = p 

of an angle, 0, whose sign is indefinite. 
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As an example are shown, in Fig. 214, for the constants, 7=12, 
r = 3, s = 0.9, the resistance, 

72 = 3 (1 + 0.9 cos 2^); 

the current, 

i 17 sin /?; 
the potential difference, 

e — 2S (sin /? + 0.<S2 sin 3 fi). 

In this case the effective (‘.in.f. is 



Kki J17 !’( ihhIk »1I\ II' i I nut 


the apparent r('si.stan(*(‘, 
the powcT, 
the apj)arent })o\v(t, 
the power-faetor, 




El 


IMI, 
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As seen, with a sine wave of current the e.in.f. wave in an 
alternating arc will become double-peaked, and rise very abruptly 
near the zero values of current. Inversely, with a sine wave of 
e.m.f. the current wave in an alternating arc will become peaked, 
and very flat near the zero values of e.m.f. 

334. In reality the distortion is of more complex nature, 
since the pulsation of resistance in the arc does not follow a 
simple sine law of double frequency, but varies much more 
abruptly near the zero value of current, making thereby the 
variation of e.m.f. near the zero value of current much more 
abruptly, or, inversely, the variation of current more flat. 



Fig. 218. — Electric Arc 


A typical wave of potential difference, with a sine wave of 
current through the arc, is ^ven in Fig. 218.* 

336. The value of e, the amplitude of the resistance pulsation, 
largely depends upon the nature of the electrodes and the 
steadiness of the arc, and with soft carbons and a steady arc is 
small, and the power-factor, p, of the arc near unity. ith hard 
carbons and an unsteady arc, e rises greatly, higher harmonic- 
appear in the pulsation of resistance, and the power-factor, p. 
falls, being in extreme cases even as low as 0.6. 

• From American Institute of Electrical Engineers, Transaction-, 1S90 
p. 376. Tobey and Walbridge, on the Stanley Alternate -Arc Dynamo. 


682 alternating-current phenomena. 

This double-peaked appearance of the voltage wave, as shown 
by rigs. 217 and 218, is characteristic of the arc to such an extent 
that when in the investigation of an electric circuit by oscillo- 
graph such a wave-shape is found, the existence of an arc or 
arcing ground somewhere in the circuit may usually be sus- 
pected. This is of importance as in high-voltage systems arcs are 
liable to cause dangerous voltages. 

The pulsation of the resistance in an arc, as shown in Fig. 218 
for hard carbons, is usually very far from sinoidal, as assumed in 
Fig. 217. It is due to the feature of the arc that the voltage 
consumed in the arc flame decreases with increase of current — 
approximately inversely proportional to the square root of the 
current — and so is lowest at maximum current. 

Approximately, the volt-ampere characteristic of the arc can 
be represented by, 


c c„ -t- -= : (1) 

\ ) 

where is a constant of the <>lectro(le malcrial fmainly), r a con- 
stant dc])onding also upon the electrode material and on the 
arc length, and approximately proportional thereto. 

This e(iuation wcnild give e /■ , for i 0. 'I’his obviously 
is not feasible. However, be.-iiles the are eonduetion .as given 
by above eejuation — which di'pends upon meeli.anie.al motion 
of the va])()r stream —a .''light eomlui'lioii .■d ''0 t.'dvcs pl.'ic(‘ 
through the residual ViijMir betwec'n tin- electrode'., a- a path of 
high n'sistanee, r, and ne;ir zi'ro I'urrent, where tlie \oltag(' is 
not sufficient to maintain an .'ire, this latti'r eonduetion carries 
the ciirn'iit. 

The eharacti'i'istie of the ;ilternating-eurrent are tlierefore 
consists of th(‘ combination of two eiiiwe-; tbe are eharaeteristie, 
(1), and the resistance eharaeteristie, 

e ri. (2) 


The phenomenon then follows that eurvi' which gives the 
lowest voltagi'; that is, for high values of current, is repres(‘nt<‘d 
by equation (1), for low values of current, by equation (2). 
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336 . As an example are shown in Kg. 219 the ealnnlpM 
curves of an alternatiag are between hard carbons (or carbides) ; 
for the constants, 

Co = 30 volts, 
c =40, 
r = 70 ohms. 



Fio. 219. 


The curve, 7, represents the arc conduction, following equation 

( 1 ), 

e = 30 + — 

\' i 

and ilie curve, II, represents the conduction through the (sta- 
tionary) residual vapor, ])y eejuation (2), near the zero points, 
A anil 7), of the current, 

e = 70 i. 

As seen, from F to B the voltage varies appro.ximately pro- 
portionally with the current. At B the arc starts, and the volt- 
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age drops with the further increase of current, and then rises 
again with the decrea>sing current, until at C, the intersection 
point between curves I and II, the arc extinguishes, and the 
voltage follows curve II, until at E the arc starts again. The 
two sharp peaks of the curve thus represent respectively the 
starting and the extinction of the arc. 

Since the high values of voltage near zero current lower, and the 
low values of voltage near maxinmin current raise the value of 
the current, the current wave does not remain a sine wave, if 
the arc voltage is an appreciable part of the total voltage, but 
the current wave becomes peaked, with flat zero, as expressed 
approximately by a third harmonic in phase ^ith the funda- 
mental. The current wave in Fig. 211 so has l)een assumed as 

i = 13 cos ^ + 2 cos 3 </>. 

From Fig. 219 follows: 

effective value of current, 9.30 arnjxTc^s, 
effective value of voltage, 17.2 volts, 


hence, volt-amperes consuin(‘<l by arc, 139 volt-amp(‘res; 
and, by averaging the products of th(‘ in.stantaiK^ous valu(\s of 
volts and amperes, 


power c()nsuin(‘d in the* arc, 

hence, 

))ower-factor, 


JSS watts; 

77 per i‘(‘nt. 


If the resistance', r, of the n^dual arc-\ap<)r is lowt'r, as by 
the use of softer carbons, for in>tanc(*, given bv 


/' 30 ohm's, 


as shown by the dott(‘d curv(‘, II', in Via. LM9, llio \oltag(‘ jx'aks 
arc greatly cut down, giving a h'sscr \\;i\ (‘-liajn* di-lortion, and 
so, 

effective valiK' of v()ltag(‘, 13 1 \olts, 

volt-anij)er(‘s in arc. :j9r> \ olt-anip<‘r(‘s, 

watts in arc, 333 watts, 

hence, power-factor, So per c(‘nl. 
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Comparing Fig, 219 with 218 shows that 219 fairly well approxi- 
mates 218, except that in Fig. 218 the second peak is lower than 
the first. This is due to the lower resistance, r, of the residual 
vapor, immediately after the passage of the arc, than before the 
starting of the arc. Fig. 218 also shows a decrease of resistance, 
r, immediately before starting, or after extinction of the arc, 
which may be represented by some expression like 

r = 

where 6 < 1, 

but which has not been considered in Fig. 219. 

The softer the carbons, the more is the latter effect apj)reeiable, 
and the peaks rounded off, thus causing the curve to approach 
the appearance of Fig. 217, while with metal arcs, where r is 
very high, the peaks, especially the first, become very sharp 
and high, frequently reaching values of several thousand volts. 

337 . One of the most important sources of wave-shape dis- 
tortion is the presence of iron in a magnetic circuit. The mag- 
netic induction in iron, and therewith the magnetic flux, is not 
proportional to the magnetizing force or the exciting current, 
but the magnetic induction and the magnetizing force are related 
to each other by the hysteresis cycle of the iron, as discussed in 
Chapter XIII. In an iron-clad magnetic circuit, the raa^ietic 
flux and the current, therefore, cannot both be sine waves; if the 
magnetic flux and therefore the generated e.m.f. are sine waves, 
the current diff('rs from sine wave-shape, while if a sine wave of 
current is sent through the circuit, the magnetic flux and the 
generated e.ni.f. cannot be sine waves. 


A. *SImc Wave of Voltage. 

Let a sine wave of e.m.f. be impressed upon an mon-clail 
reactanc(' coil, or a primary coil of a transformer with open 
sCToiKlary circuit. Neglecting the ohmic resistance of the 
circuit, (hat is, assuming the generated e.m.f. as equal, or 
l)ractically ecpial to the impressed e.m.f., the voltage consumed 
hv the generated e.m.f., and therewith the magnetic flux, 
are sine waves, as represented by E and B in Fig. 0. le 
current, which produces this magnetic flux, B, and so the voltage. 
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E, then is derived point by point from B, by the hysteresis cycle 
of the iron. With the hysteresis cycle given in Fig. 221, the 
current then has the wave-shape given as I in Fig. 220, that is, 



greatly differs from a sine wave. Tlii.s di.stortion of the current 
wave is mainly due to the b(>nd of ili(‘ magiudie chjiract('ristic, 
that is, the magnetic saturation, and not to tl>e (uiergy loss, or 



Fifi 2.'1. 


the area of the curve. This is s(>(‘n 1)_\ resoh iiig the currc'nt wave, 
7, into two components, an (‘nergv eomiionenl , m jihasi' with 
the e.m.f., e = E sin (j>, and a wattless eoniponent, i", in (juadra- 
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ture with E, and in phase with B. These components are calcu- 
lated as 

and 

i ] 

where i^,and are the instantaneous values of the current, /, 
at the angles ^ and tt — respectively. 

These components, the hysteresis power current, i', and the 
reactive magnetizing current, i", are plotted in Fig. 222 and 



Fig. 222. 


show that i' is nearly a sine wave, while is greatly distorted, 
and peaked. 

The total current, I, derived by the hysteresis cycle, Fig. 221 , 
from the magnetic flux, 

B = Bq cos (j), 

can be resolved into an infinite series of harmonic waves, that is, 
a trigonometric or Fourier series of the form: 

I =:= cos cj) f cos 3 (/> + ag cos 5 (f> + . . . an QO^ ncj) + . . . 

j- f)^ sin (]y I- /> , sin 3 ^ sin 5 ^ + . . . + sin + . . . 

or of the form 

i = r, cos — 0^) + C 3 cos (3 ^ 6^) + Cg cos {o (f> — 6^) 

+ . . . + Cn cos {nej) - On) + • • • 


Cn = + bn\ 

tan On =-- • 

O/n 


where 
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The coefficients o„ anil 6„ are ilctennined by the definite 
integrals:* 

2 C’’ 

an = -J^ > cosw ^(14> — '2 X at'(j (/ cos 
2 C’' 

h„ = - J ‘i =-■ 2 X nnj O’sin 

€ 

that is, by multiplying the instantaneous values of i, as given 
numerically, by cos n(l> and sin n^, ri'spectivi'ly, and then 
averaging. 

Just as in most investigations di'aling with alternating currents 
not the fundamental sine wave, but the fundamental sine wave 
together with all its higher harmonics, that is, the* total wave is 
of importance, so also whi'ii dealing with thi' highi'r harmonics 
frequently not the iudiviilual higher harmonic sine wave is of 
importance, but the higher harmonii- togi'lIuT with all of its 
higher harmonics. For instanci', when dealing with the disturb- 
ances caused by the third harmonic in a tlire(‘-plia.se .system, the 
third harmonic together with all its Iiiglier liannonics or over- 
tones, as the ninth, fifteenth, twenty-first, etc., comes in con.sid- 
eration, that is, all the components wliiidi re]ie,nt ;ift(‘r one-tliird 
cycle. Till' higher harmonic then .appears as a distorl(>il wave, 
including its higlier h.armonics. 

To detcrmiiK', from tlie inst.antaneon-. v.alue- of .a distorted 
wave, the instantaneous value- of it- alh-liarinonic di-torted 
wave, that is, th(‘ ath harmonic (oaedier with it- oiertones, of 
order .‘j u, .') ii, 7 ii, etc., tlie av<a'.aae i- taloai of n in-tani, ancons 
values of tlie total \\,a\e tor .an\ compoiuait thereof, which 
includes the ath harnioiuei, ilifferinu from each other in pha-e hy 

- ix'riod. That is, it is 
n 

ti I 

X". •* ■ 
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if m = w, or if m is a multiple of n, otherwise these sums = 0, 
where m and n are integer numbers. 

338 . In this manner, the wave of exciting current, I, of Fig. 
220 is resolved, in Fig. 223, into the fundamental sine wave, i^, 



Pig. 223 . 


and the higher harmonics, ij, w'hich are general waves, that 
is, include their higher harmonics. 

Analytically, it can be represented by 

i = 8.867 cos + 37.6°) + 1.898 cos 3 (^ + 4.1°) 

+ 0.58.6 cos 5 - 1.7°) + 0.319 cos 7 i(j> - 3.2°) 

+ 0.1,58 cos 9 {4> - 2.,5°) + . . . 

where B = 10,000 cos cj> 

is the wave of magnetic induction. 

Tile cijui valent sine wave of above current wave is 

= 9.104 cos — 36.3°). 

In this case, of the distortion of a current wave by an iron-clad 
reactance coil oi' transformer, witli a .sine wave of impressed 
e.in.f., it is, from the above equation of the current wave, 

Effective value of the total current 0 423 

Effective value of its fundamental sine wave ... 6 27 

Effective value of the sum of all its higher harmonics 1 .43. 
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That is, the effective value of all the harmonics is 22.3 per cent of 
the effective value of the total current. 

B. Sine Waoe of Current. 

339. If a sine wave of current exists through an iron-clad 
magnetic circuit, as for instance, an iron-clad reactance coil or 
transformer connected in series to a circuit traversed by a sine 
wave, the potential difference at the terminals of the reactance 
cannot be a sine wave, but contains higher Imnnonics. 

From the sine wave of current 

1 = 1 cos 

follows by the hysteresis cycle Fig. 221 tlie wave of magnetism. 
This is not a sine wave, Init hollowed out on the rising, humped 
on the decreasing side, that is, has a distortion about opposite 
from that of the current wave in Fig. 220; tli(‘ Vv-av(> of magnetism 
has the ma.Kinmm at the same angh', <l>, as tla* eurri'iit, lait passes 
the zero much later than tlie current. 

From the wave of magnetism follows the wuv(‘ of generated 
e.m.f., andsc)(ai)])ro.ximately, that is, neglecting resistaneetof ter- 
minal voltage e at the rcactaiii’e, since ( i- proportional to —• 

<l<j> 

It is plotted as M in Fig. 221, and resolved into it-, harmonies 
in the same manni'r ;is the current wave in .1. 

As seen, with a sine vvav<' of current traver-ine: ;in iron-clail 
reactane(‘, tin' e.m.f. vvav(‘ is very ere.'ttly di-torted, ;md the 
rna.Kimum value of the distorted e.m f. wave is iiioic than t\vic(‘ 
the maximum of its fundamental sine wave. 

Denoting the current wave by, 

I 10 sin I,;, I ;io''i, 
the e.m.f. wavv' in Fig. 221 is represented by 

e = ll.()7 cos (f/) 1 2..")'^) I 0.0 1 cos 2 I l.l.'F) 

+ 3.2-1 cos f) {(j) — 2.1°) I l.Seos 7 k/j 1 .yj') ) 

1.10 cost) [(f) - 0..‘)°) 1 O.SOeos 11 20 

-1- 0.53 cos 13 10 - 2°) t 0.10 cos 1.') i0 - 1°) |- . . . 
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that is, all the harmonics are nearly in phase with each other, so 


accounting for the very steep peak. It is 

Effective value of total wave 9.91 

Effective value of its fundamental sine wave 8.25 


Effective value of the sum of aU its higher harmonics . 5.48 

that is, the effective value of aU the higher harmonics is 55 . 3 per 
cent of the effective value of the total wave. 



The impedance of this iron-clad reactance, with a sine wave 
cuiTcnt of 7.07 effective, so is 


9.91 

"=07 


1.40, 


while the same reactance, with a sine wave e.m.f. of 7 . 07 effective, 
in A, gives the impedance, 


Tire conclusion is that an iron-clad magnetic circuit is not 
suitable for a reactor, since even below saturation (as above 
assumed) it produces very great wave-shape distoition. 

As discussed before, the insertion of even a small air-gap into 
the magnetic circuit makes the current wave nearly coincide in 
phase and in shape with the wave of magnetism. 
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C. Three-phatie Circvits. 

340- The wave-shape distortion in an iron-clad magnetic 
circuit has an important bc'-aring on transformer connections in 
three-phase circuits. 

The e.m.fs. and the currents in a three-phase system are dis- 
placed from each other in pliaso by one-third of a period or 120 
degrees. Their third harmonics, therefore, differ by 3 X 120°, 
or a complete period, that is, are in phase with each other. That 
is, whatever third harmonies of e.m.f. and of current may exist 
in a three-phase system, must be in phase with each other in all 
three phases, or in other words, for the third harmonics, the three- 
phase system is single-phase. 

The sum of the three e.m.fs. between the lines of a three-i)hase 
system (A voltages) is zero. Sincc^ thcur third harmonic would be 
in phase with each other, and so add up, it follows: 

The voltages between (he lines of a thr(‘(*-phas(^ system, or A 
voltages, cannot contain any third harmonic* or their overtones 
(ninth, fifteenth, twenty-first, etc*., haniionic‘s}. 

Since in a three-wire, three-phaM‘ systc‘m the* sum of tlie three 
currents in the line is but thc‘ir third harmonics would bc‘ in 
phase with eacli other, and thc*ir ^'Um, thei-c^forc*, not zen-o, it 
follows; 

The currents in the* linens of a thre(*-\\in‘, t hr(M‘-plia^(‘ systc‘in, 
or y currents, c*annot contain any thinl harmonic. 

Third liarmonics, liowever, can(*\i>t in tin* )' \ oltaae or voltage 
between line' and nc'utral of the* M'-tem, aii<l .'-ince the* iliird har- 
monics are in plias(‘ witli (‘acli other, in tlii- ca-(‘, a pobaiiial 
difference of tri|)l(‘ frc‘(nic‘ncv c*\i>t- betwi'cn the neutral of the* 
system and all tlirc'c* {iha>(‘> a-* tlie other tennmal, that i^, the* 
whole systcMu pulsates again>t th(‘ neutral, at triph* fre<ni(‘ncv. 

Third harmonics can al>o (‘xi.^t in tlie eui*i*eiit^ betwiMm the* 
lines, or A c*urrents. Since* the* two eurn*ntN Ironi oin* liiu* to the* 
otlic'r tw'o linc*s arc* di.splae(‘d (>() degree^ from each otln'r, thc'ir 
third liarmonic's arc* in o])po>ition, and, tlu'i’eforc*, neutralize*. 
That is, tlie tliird harmonic> in tin* A currents of a t lire *< ‘-pha.se 
system do not exist in the* ]' current.s in tin* hiu*^. but (‘\i.st only 
in a local eloscxl-eircuit. 

Third harmoiiic*s can e.xist in the* line* c*urrc*nts in a four-wire, 
three-phase system, as a system with grounded neutral. In this 
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case, the third harmonics of currents in the lines return jointly 
over the fourth or neutral wire, and even with balanced load on 
the three phases, the neutral wire carries a current which is of 
triple frequency. 


341. TVith a sine wave of impressed e.m.f. the current in an 
iron-clad circuit, as the exciting current of a transformer, 
must contain a strong third harmonic, otherwise the e.m.f. cannot 
be a sine wave. ^ Since in the lines of a three-phase system the 
third harmonics of current cannot exist, interrating wave-shape 
"di^rtionsthus result in transformers, when connected to a three- 
phase system in such a marmer that the third harmonic of the 
exciting current would have to enter the line as Y current, and 
so is suppressed. 

For instance, connecting three iron-clad reactors, as the 
primary coils of three tran s formers — with their secondaries 
open-circuited — in star or Y connection into a three-phase 
system, with a sine wave of e.m.f., e, impressed upon the lines. 
Normally, the voltage of each transformer should be a sine wave 

also, and equal . This, however, would require that the 

Vs 


current taken by the transformer as exciting current contains a 
third harmonic. As such a third harmonic cannot exist in a 
three-phase circuit, the wave of magnetism cannot be a sine wave, 
but must contain a third harmonic, about opposite to that which 
was suppressed in the exciting current. The e.m.f. generated 
by this magnetism, and therewith the potential difference at 
the transformer, or Y voltage, therefore, must also contain a 
tliird liannonic, and its overtones, three times as great as that of 
the magnetism, due to the triple frequency. 

With three transformers connected in Y into a three-ph^e 
system, with open secondary circuit, we have, then, with a sine 
w'ave of e.m.f. impressed between the three-phase lines, the 


conditions: 

The voltage at.the transformers, or Y voltage, cannot be a sine 
wave, but must contain a third harmonic and its overtones, but 
can contain no other harmonics, since the other harrnonic.s, as 
the fifth, seventh, etc., would not eliminate by combining two 
Y voltages to the A voltage or line voltage, and the latter was 
assumed as sine wave. 
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C. Three-^hase Circuits. 

340. The wave-shape distortion in an iron-clad magnetic 
circuit has an important bearing on transformer connections in 
three-phase circuits. 

The e.m.fs. and the currents in a three-phase system are dis- 
placed from each other in phase by one-third of a period or 120 
degrees. Their third harmonics, therefore, differ by 3 X 120°, 
or a complete period, that is, are in phase with each other. That 
is, whatever third harmonies of e.m.f. and of current may exist 
in a three-phase system, miist be m phase with each other in all 
three phases, or in other words, for the third harmonics, the three- 
phase system is single-phase. 

The sum of the three e.m.fs. between the hnes of a three-phase 
system (A voltages) is zero. Since their third harmonic would be 
in phase with each other, and so add up, it follows; 

The voltages between the lines of a three-phase system, or A' 
voltages, cannot contain any third harmonic or their overtones 
(ninth, fifteenth, twenty-first, etc., harmonics). 

Since in a three-wire, three-phase system the sum of the three 
currents in the line is zero, but their third harmonics would be in 
phase with each other, and their sum, therefore, not zero, it 
follows : 

The currents in the lines of a throe-wire, tliroc'-phasc system, 
or Y currents, cannot contain any thiril liarmonic. 

Third harmonics, however, can exist in tlie V voltage or voltage 
between line and neutral of the .system, and since the third liar- 
monics are in phase with each other, in this case, a potcsitial 
difference of triple frequency exists between the neutral of the 
system and all three phases as the other terminal, that is, the 
whole system pulsates against the neutral, at triple fn'quency. 

Third harmonics can also exist in the currents between the 
lines, or A currents. Since the two currents from oiu' line to the 
other two lines are displaced (iO degrc'cs from (‘ach other, their 
third harmonics are in opposition, and, therefore, ncnitralizc'. 
That is, the third harmonics in the A currents of a tlu’ce-jdiasc 
system do not exist in the Y currents in the lines, but exist only 
in a local closed-circuit. 

Third harmonics can exist in the line currents in a four-wire, 
three-phase system, as a system with grounded neutral. In this 
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case, the third harmonics of currents in the lines return jointly 
over the fourth or neutral wire, and even with balanced load on 
the three phases, the neutral wire carries a current which is of 
triple frequency. 


341. 'VV'ith a sine wave of impressed e.m.f. the current in an 
iron-clad circuit, as the exciting current of a transformer, 
must contain a strong third harmoniCj otherwise the e.m.f. cannot 
be a sine wave. ^ Since in the lines of a three-phase system the 
third harmonics of current cannot exist, interesting wave-shape 
distortions'thus result in transformers, when connected to a three- 
phase system in such a manner that the third harmonic of the 
exciting current would have to enter the line as Y current, and 
so is suppressed. 

For instance, connecting three iron-clad reactors, as the 
primary coils of three transformers — with their secondaries 
open-circuited — in star or Y connection into a three-phase 
system, with a sine wave of e.m.f., e, impressed upon the lines. 
Normally, the voltage of each transformer should be a sine wave 


also, and equal 


This, however, would require that the 


current taken by the transformer as exciting current contains a 
tliird harmonic*. As such a third harmonic cannot exist in a 
tliree-})liase circuit, llie wave of magnetism cannot be a sine wave, 
but must contain a third harmonic, about opposite to that which 
was supprc'ssc'd in the exciting current. The e.m.f. generated 
by this magnetism, and therewith the potential difference at 
the transformer, or Y voltage, therefore, must also contain a 
tliird harmonic, and its overtone's, tliree times as great as that of 
the magmdism, duc' to the tri})lc fr('(iuen(*y. 

With tlirc'e transformers comu'cted in Y into a tliree-phase 
system, witli open sc'condary circuit, we liavo, them, witli a sine 
wav(' of ('.m.f. im])re'ssed between the three-phase* lines, the 
conditions: 

The voltage at .the transformers, or Y voltage, cannot be a sine 
wave', but must contain a third harme)nic and its overtones, but 
can e'ontain no either liarmemics, since the other harmonics, as 
the fifth, seventh, etc., would neit eliminate by combining two 
Y voltages to the A voltage or line voltage, and the latter was 
assumed as sine wave. 



694 


ALTERNATING-CURRENT PHENOMENA. 


The exciting current in the transformers cannot contain any 
third harmonic or its overtones, but can contain all other 
harmonics. 

The magnetic flux is not a sine wave, but contains a third 
harmonic and its overtones, corresponding to those of the Y 
voltage, but contains no other harmonies, and is related to the 
exciting current by the hysteresis cycle. 

Herefrom then the wave-shapes of currents, magnetism and 
voltage can be constructed. Obviously, since the relation 
between current and magnetism is merely empirical, given by 
the hysteresis cycle, this cannot be done analjrtically, but only 
by the calculation or construction of the instantaneous values of 
the curves. 

342. For the hysteresis cycle in Fig. 221 , and for a system of 
transformers connected in Y, with open secondary circuit, into 
a three-phase system with a sine wave of e.m.f. between the 
lines, the curves of exciting current, magnetic flux and voltage 
per transformer, or between lines and neutral, are constructed in 
Fig. 225. 

i is the exciting current of the transformer, and contains all 
the harmonics, except the third and its multiples. It is given 
by the equation; 

i - 8.28 sin (^E. + 30.8°) - 0.71 sin (5 9 !. - 17.2°) + . . . 

B is the magnetic flux density in the transformer. It contains 
only the third harmonic and its multiples, but no other harmonics, 
and is given by the equation ; 

B = 10.0 sin <j> + 1.38 sin (3 9 !) - 9.2°) + 0.04.6 sin 0 (/> + .. . 

e is the potential difference of the transformer terminals, or 
voltage between the three-phase lines and the transformer neu- 
tral. It contains the third harmonic and its multiples, but no 
other harmonics, and is given by the equation; 

e = 10.0 cos (p + 4.14 cos (3 ^ - 9.2°) + 0.405 cos 9 ^ -I- . . . 

The effective value of the voltage is 0.625 e, and the maximum 
value is 1.175 .E, where E = supply voltage or A voltage. 
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While with a sine wave the effective value would be 


i = 0.577 E, 

V3 


and the maximum value 

EV2 

V3 


0.815 E] 


that is, by the suppression of the third harmonic of exciting cur- 
rent in the three-phase system, the effective value of the voltage 
per transformer, or voltage between three-phase lines and neutral 
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Fig. 225. 


(or ground, if the neutral is grounded) has been inoreased by 
8.5 per cent, the maxiinuin value by 41.() per cent, and the 
voltage wave has become very ])eaked, by a pronounced third 
harmonic, of an effective value of 0.24 E — that is, 38.5 })er cent 
of the effective value of the total wave. 

The very high peak of e.in.f. produced by this wave-shape 
distortion is liable to be dangerous in high-j)()teutial, three- 
phase systems by increasing the strain on the insulation between 
lines and ground, and leading to resonance phenomena with the 
third harmonic. 

The maximum value of the distorted wave of magnetism is 
8.89, while with a sine wave it would be 10.0, that is, the maxi- 
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mum of the wave of magnetism has been reduced by 11.1 per cent, 
and the core loss of the transformer so by about 17 per cent. 

343. Assuming now that in such transformers, connected 
with their primaries in Y into a three-phase circuit, the seconda- 
ries are connected in A. The third harmonies of e.m.f., generated 
in the three transformer secondaries, then are in series in short- 
circuit, thus produce a local current in the secondary transformer 
triangle. TMs current is of triple frequency, and hence supplies 
the third harmonic of exciting current, which was suppressed in 
the primary, and thereby eliminates the third harmonic of mag- 
netism, and of e.m.f., which results from the suppression of the 
third harmonic of exciting current, and so Umits itself. That is, 
connecting the transformer secondaries in A, the wave-shape dis- 
tortion disappears, and voltage and magnetism are again sine 
waves, and the exciting current is that corresponding to a sine 
wave of magnetism, except that it is divided between primary 
and secondary; the third harmonic of the exciting current does 
not exist in the primary, but is produced by induction in the 
secondary circuit. Obviously, in this case, the magnetic flux 
and the voltage are not perfect sine waves, but contain a slight 
third harmonic, which produces in the secondary the triple- 
frequency exciting current. 

If the primary neutral of the transformers is connected to a 
fourth wire, in a four-wire, three-phase system, or thn'c-phaso 
system with grounded neutral, and this fourth wire leads back 
to the generator neutral, or a neutral of a transformer in which 
the triple-frequency current can exist, tliat is, in which th(> 
secondary is connected in A — the wave-shape distortion also 
disappears. 

It follows herefrom that in the three-phase system attention 
must be paid to provide a i)ath for the third harmonic of the 
transformer exciting current, either directly or inductively, 
otherwise a serious distortion of the e.m.f. wave of the trans- 
formers occurs. 




CHAPTER XXX. 


EFFECTS OF HIGHER HARMONICS. 

344. To elucidate the variation in the shape of alternating 
waves caused by various harmonics, in Figs. 226 and 227 are 



shown th(' wave-forms [)rodu(‘C'd by the suj)er])ositioii of tlie 
triple' and the (|uiniupl(' liarnionie upon the fundamental sine 
wave. 

In Fig. 226 is shown the fundamental sine wave and the cain- 
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plex waves produced by the superposition 'of a triple harmonic 
of 30 per cent the amplitude of the fundamental, under the rela- 
tive phase displacements of 0°, 45°, 90°, 135°, and 180°, repre- 
sented by the equations : 

sin/? 

sin — 0.3 sin 3 jS 
sin /? — 0.3 sin (3 — 45°) 

sin jS — 0.3 sin (3 — 90°) 

sin - 0.3 sin (3 ^ - 135°) 
sin — 0.3 sin (3 — 180°). 

As seen, the effect of the triple harmonic is, in the first figure, 
to flatten the zero values and point the maximum values of the 
wave, giving what is called a peaked wave. With increasing 
phase displacement of the triple harmonic, the flat zero rises and 
gradually changes to a second peak, giving ultimately a flat-top 
or even double-peaked wave with sharp zero. The intermediate 
positions represent what is called a saw-tooth wave. 

In Fig. 227 are shown the fundamental sine wave and the 
complex waves produced by superposition of a quintuple har- 
monic of 20 per cent the amplitude of the funrlamontal, under the 
relative phase displacement of 0°, 45°, 90°, 135°, 180°, rcprcscntcil 
by the equations : 

sin/? 

sin /? — 0.2 sin 5 p 
sin /? - 0.2 sin (5 /? - 45°) 
sin p - 0.2 sin (5 p - 90°) 
sin^ - 0.2 sin (5/? - 13.5°) 
sin/? - 0.2 sin (5/? - l.S0°). 

The quintuple harmonic causes a flat-topped or even double- 
peaked wave with flat zero. With increasing phase displacenamt 
the wave becomes of the type called saw-tooth wave also. The 
flat zero rises and becomes a third peak, while of the two former 
peaks, one rises, the other decreases, and the wave gradually 



EFFECTS OF HIGHER HARMONICS. 


599 


changf^s to a triple-peaked wave with one main peak^ and a sharp 
zero. 

As seen, with the triple harmonic, fiat-top or double-peak 
coincides with sharp zero, while the quintuple harmonic fiat-top 
or double-peak coincides with fiat zero. 



Stnu-j) pc'ak coincidos with flat zero in llio triple, with sharp 
zero in llu' (inintuph' harmonic. With llic triple' harmonic, the 
saw^-toolh slia|)(‘ app(‘aring in (*ase of a phase diffe'rence Ix'tween 
fimdamc'nlal and liarmonic is single, while with the (luiiituplo 
liarmonic it is elouble. 

Thus in general, from sim})lo inspection of the wave-shape, 
tlie existence of these first harmonics can be discovered. Some 
characteristic shapes are shown in Fig. 228. 
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Flat top with flat zero, 

sin /? — 0.15 sin 3 ^ — 0.10 sin 5 
Flat top with sharp zero, 

sin - 0.225 sin (3 ^ - 180°) - 0.05 sin (5 /? - 180°). 



Double peak, with sharp zero, 

sin i9 - 0.15 sin (3 /? - 180°) - 0.10 sin 5 /?. 

Sharp peak with sharp zero, 

sin 13 — 0.15 sin 3 /3 — 0.10 sin (5 /? — 180°). 

346 . Since the distortion of the wave-shape consists in the 
superposition of higher harmonics, that is, waves of higher fre- 
quency, the phenomena taking place in a circuit supplied by such 
a wave will be the combined effect of the different waves. 



EFFECTS OF HIGHER HARMONICS. 


601 


Thus in a non-inductive circuit the current and the potential 
difference acfoss the different parts of the circuit are of the same 
shape as the impressed e.m.f. If inductive reactance is inserted 
in series with a non-inductive circuit, the self-inductive reactance 
consumes more e.m.f. of the higher harmonics, since the reactance 
is proportional to the frequency, and thus the current and the 
e.m.f. in the non-inductive part of the circuit show the higher 
harmonics in a reduced amplitude. That is, self-inductive react- 
ance in series with a non-inductive circuit reduces the higher 
harmonics or smooths out the wave to a closer resemblance to 
sine-shape. Inversely, capacity in series to a non-inductive 
circuit consumes less e.m.f. at higher than at lower frequency, 
and thus makes the higher harmonics of current and of potential 
difference in the non-inductive part of the circuit more pro- 
nounced — intensifies the harmonics. 

Self-induction and capacity in series may cause an increase of 
voltage due to complete or partial resonance with higher har- 
monics, and a discrepancy between volt-amperes and watts, 
without corresponding ])hase displacement, as will be shown 
hereafter. 

346. In long-distance transmission over lines of noticeable 
inductive and condensive reacdance, rise of voltage due to reso- 
nance may oc(*ur with higher harmonics, as waves of higher fre- 
quency, while the fundamental wave is usually of too low a 
freciuency to cause res()nan(‘e. 

An approximate estimate of the j)ossible rise by resonance with 
various harmonics can be obtained by the investigation of a 
numerical example. Let in a long-distance line, fed by step-u]) 
transformers at (iO (*ycles. 

The r(‘sistanc(^ drop in tlu^ transformers at full load — 1 per cent. 
Tlu^ r(^actanc(‘ voltagi' in th(‘ transformers at full load = 5 })er 
c(mt with the fimdauKaital wave. 

The rc'sistance drop in tli(‘ line' at full load -= 10 per cent. 

The reactance voltage' in the line at full load = 20 per cent with 
the fundamental wave. 

The capacity or charging current of the line = 20 i)er cent of the 
full-load current; /, at the frequency of the fundamental. 
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The line capacity may approximately be represented by a 
condenser shunted across the middle of the line. The e.m.f. at 
the generator terminals, E, is assumed as maintained constant. 

The e.m.f. consumed by the resistance of the circuit from 
generator terminals to condenser is 

Ir = 0.06 .E, 

E 

or, r = 0.06 y • 

The reactance e.m.f. between generator terminals and con- 
denser is, for the fundamental frequency, 

7a; = 0.15 i;, 

E 

or, x = 0.15y; 

thus the reactance corresponding to the frequency (2 A: — 1) / of 
the higher harmonic is 

x{2k -\) = 0.15 


The capacity current at fundamental frequency is, 
i = 0.2 7; 

hence, at the frequency (2 k — 1) /, 


i = Q.2{2k -l)e'y, 


if 

e' = e.m.f. of the (2 k — l)th harmonic at the condenser, 
e = e.m.f. of the (2 k — l)th harmonic at the generator terminals. 

The e.m.f. at the condenser is 


e' = {x (2 k — I)] 

hence, substituted, 

e' 1 

e Vl - .059856 (2 * - 1)^ + .0009 (2 A; - 1)^ 
the rise of voltage by inductive and condensive reactance. 
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Substituting, 

k= I 2 

or, 2 A? — 1 = 1 3 

and a = 1.03 1.36 


3 4 5 6 

5 7 9 11 

3.76 2.18 .70 .38 


That is, the fundamental will be increased at open circuit by 
3 per cent, the triple harmonic by 36 per cent, the quintuple 
harmonic by 276 per cent, the septuple harmonic by 118 per cent, 
while the still higher harmonics are reduced. 

The maximum possible rise will take place for 


da 

d(2k-l) 


= 0, or, 2 ft - 1 = 5.77; 


that is, at a frequency, / = 346, and a = 14.4. 

That is, complete resonance will appear at a frequency between 
quintuple and septuple harmonic, and would raise the voltage at 
this particular frequency 14.4-fold. 

If the voltage shall not exceed the impressed voltage by more 
than 100 per cent, even at coincidence of the maximum of the 
harmonic with the maximum of the fundamental, 

the triple liarrnonie must be less tlian 70 per cent of the 
fundamental, 

the (juintiiple liarmonie must be less than 26 5 per cent of the 
fundaim'ntal, 

the septuple harmonic must be less than 4(i per cent of the 
fundamental. 


Th(‘ voltage will not exceed twice the normal, even at a fre- 
(luency of complete resonance with the higher harmonic, if none 
of the higher harmonics amounts to more tliau 7 i)er (*ent of the 
fundamental. Herefrom it follows that the danger of resonance 
in high-[)otential linos is fre(|uently overestimated, since the 
conditions assumed in tliis (example are rather more severe than 
found in lines of moderate length, tlie capacity current of the 
lino very seldom reaching 20 per cent of the main current. 


347. The |)ower developed by a complex harmonic wave in a 
non-inductive circuit is the sum of the powers of the individual 
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harmonics. Thus if upon a sine wave of alternating e.m.f. 
hi g her harmonic waves are superposed, the effective e.m.f., and 
the power produced by this wave in a given circuit or with a given 
effective current, are increased. In consequence hereof alterna- 
tors and synchronous motors of iron-clad unitooth construction 
— that is, machines giving waves with pronounced higher 
harmonics — may give with the same number of turns on the 
armature, and the same magnetic flux per field-pole at the same 
frequency, a higher output than machines built to produce sine 
waves. 

348 . This explains an apparent paradox; 

If in the three-phase star-connected generator with the mag- 
netic field constructed as shown diagrammatically in Fig. 229, 
the magnetic flux per pole = 4», the number of turns in series 
per circuit = n, the frequency = /, the e.m.f. between any 
two collector rings is 


F = V2 ?r/ 2 n<E> lO"*, 

since 2n armature-tums simultaneously interlink with the 
magnetic flux, $. 

The e.m.f. per armature circuit is 

e = 10~*; 

hence the e.m.f. between collector rings, as resultant of two 
e.m.fs., e, displaced by 60° from each other, is 

E = e Vs = V2 Ttf n<p l()-», 

while the same e.m.f. was found from the number of turns, the 
magnetic flux, and the frequency by direct calculation to he 
equal to 2 e; that is, the two values found for the same e.m.f. 
have the proportion VS :2 = 1: 1.154. 

This discrepancy is due to the existence of more pronounced 
higher harmonics in the wave, e, than in the wave, E — e X Vs, 
which have been neglected in the formula 


e = V2 nfn^ 10“®. 
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Hence it follows that, while the e.m.f. between two collector 
rings in the machine shown diagrammatically in Fig. 229 is only 
e X Vs, by massing the same number of turns in one slot 
instead of in two slots, we get the e.m.f., 2 e, or 15.4 per cent 
higher e.m.f., that is, larger output. 

It follows herefrom that the distorted e.m.f. wave of a unitooth 
alternator is produced by lesser magnetic flux per pole — that is. 



in gc'iK'ral, at. a lesser liyst(‘r('tie loss in ttu' armature or at higher 
effieicmcy - than the saiiK' elTeetive (‘.ni.f. would be jjrodueed 
with the sanu' nuinbcT of armature turns if the magnetic dispo- 
sition were' such as to produce a sine wave. 

349. Inversely, if such a distorted wave of e.m.f. is impressed 
upon a magnetic circuit, as, for iastance, a transformer, the wave 
of magnetism in the primary will repeat in shape the wave of 
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magnetism interlinked with the armature coils of the alternator, 
and consequently, with a lesser maximum magnetic flux, the 
same effective counter e.m.f. will be produced, that is, the same 
power converted in the transformer. Since the hysteretic loss 
in the transformer depends upon the maximum value of mag- 
netism, it follows that the hysteretic loss in a transformer is less 
with a distorted wave of a unitooth alternator than with a sine 
wave. 

360. From another side the same problem can be approached; 
If upon a transformer a sine wave of e.m.f. is impressed, the 
wave of magnetism will be a sine wave also. If now upon the 
sine wave of e.m.f. higher harmonics, as sine waves of triple, 
quintuple, etc., frequency are superposed in such a way that the 
corresponding higher harmonic sine waves of magnetism do not 
increase the maximum value of magnetism, or even lower it by a 
coincidence of their negative maxima with the positive maximum 
of the fundamental — in this case all the power represented by 
these higher harmonics of e.m.f. will be transformed without an 
increase of the hysteretic loss, or even with a decreased hysteretic 
loss. 

Obviously, if the maximum of the higher harmonic* wave of 
magnetism coincides with the maximum of xhe fundamental, and 
thereby makes the wave of magnetism more ])ointed, the 
hysteretic loss will be increased more than in j)roporti()n to the 
increased power transformed, i.e., the efficiency of the transfornuT 
will be lowered. 

That is, some distorted waves of e.m.f. are transfornicvl at a 
lesser, some at a larger, hysteretic loss than the sine wavc^, if the 
same effective e.m.f. is impressed upon the transfonn(*r. 

The unitooth alternator wave and the first wave* in Fig. ‘22() 
belong to the former class; the waves derived from (‘ontinuous- 
current machines, tapped at two equi-distant points of the 
armature, frequently, to the latter class. 

361. Regarding the loss of energy by Foucault or eddy currents, 
this loss is not affected by distortion of wave-shape, since the 
e.m.f. of eddy currents, like the generated e.m.f., is proportional 
to the secondary e.m.f.; and thus at constant impressed primary 
e.m.f., the power consumed by eddy currents bears a constant 
relation to the output of the secondary circuit, as obvious, since 
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the division of power between the two secondary circuits — the 
eddy-current circuit, and the useful or consumer circuit — is 
unaffected by wave-shape or intensity of magnetism. 

362 . In high-potential lines, distorted waves whose maxima 
are very high above the effective values, as peaked waves, may be 
objectionable by increasing the strain on the insulation. It is, 
however, not settled yet beyond doubt whether the striking- 
distance of a rapidly-alternating potential depends upon the 
maximum value or upon some value between effective and maxi- 
mum. Since disruptive phenomena do not always take place 
immediately after application of the potential, but the time 
element plays an important part, it is possible that insulation- 
strain and striking-distance is, in a certain range and with 
some materials, dependent upon the effective potential, and 
thus independent of the wave-shape. 

In this respect it is quite likely that different insulating 
materials show a different behavior, and homogeneous solid 
substances, a>s paraffin, depend in their disruptive strength upon 
the maximum value of the potential difference, while hetero- 
geneous materials, as mica, laminated organic substances, air, 
etc., that is, substances in which the disruptive strength decreases 
with the time application of the potential difference, are less 
affected by very high peaks of e.rn.f. of very short duration. 
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SYMBOLIC REPRESENTATION OF GENERAL 
ALTERNATING WAVES. 

363 . The vector representation, 

A = + joP' = a (cos0 + j sin 6) 

of the alternating wave, 

A = tto cos ((p — 6) 
applies to the sine wave only. 

The general alternating wave, however, contains an infinite 
series of terms, of odd frequencies, 

A = Ai cos {<j> — di) + Ag cos (3 ^ — Os) + Ag cos (5 ^ — ^ 5 ) -f 

thus cannot be directly represented by one complex vector 
quantity. 

The replacement of the general wave by its equivalent sine 
wave, as before discussed, that is, a sine wave of ecpial efTe(*tivc 
intensity and equal power, while sufficiently accurate in many 
cases, completely fails in other cases, especially in circuits (* 011 - 
taining capacity, or in circuits containing periodically (and in 
synchronism with the wave) varying resistance or nnctancc' (as 
alternating arcs, reaction machines, synchronous induction 
motors, oversaturated magnetic circuits, etc.). 

Since, however, the individual harmonics of tlu' g(‘n(']*al all(‘r- 
nating wave are independent of.each other, that is, all |)roducls 
of different harmonics vanish, each term can be rej)resent('d by a 
complex symbol, and the equations of the gc'iieral wave then arc^ 
the resultants of those of the individual harmonics. 

This can be represented symbolically by combining in one 
formula symbohe representations of different frequencies, thus, 

00 

4 = 

T 
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where 

Jn = V”, 

and the index of the jn merely denotes that the fs of differ- 
ent indices n, while algebraically identical, physically represent 
different frequencies, and thus cannot be combined. 

The general wave of e.m.f. is thus represented by 

E = + jnen^^)j 

the general wave of current by 

I = 

If 

= r-j (Xni + Xo + x^) 

is the impedance of the fundamental harmonic, where 
Xm is that part of the reactance which is proportional to the 
frequency (inductance, etc.). 

Xq is that part of the reactance which is independent of the 
frequency (mutual inductance, synchronous motion, etc.). 

Xc is that part of the reactance which is inversely propor- 
tional to the frecpicncy (capacity, etc.). 

The impedance for the ^th liannonic is 

Z = r — j ,i (^nXm + ■ 


This term can be considered as the general symbolic expression 
of tlu' iinpedau(*e of a circuit of general wave-shape. 

Ohm’s law, in symbolic exj^ression, a>ssumes for the general 
alternating wave the form 


AT ry: CO 

1 1 






HXm + + — 

n 


]<]= r/j or, (c„‘+/„e„”)= 2 -“ ' ['■ + 2-0 + 

((«' + jnht")', 

rr ii V ■ I , J 

Z = J or - r - [nx^ + + „ ) - + j^i^n ' 
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The symbols of multiplication and division of the terms, I , Z, 
thus represent, not algebraic operation, but multiplication and 
division of corresponding terms oi E, I, Z, that is, terms of the 
same index, n, or, in algebraic multiplication and division of the 
series, E, J, all compound terms, that is, terms containing two 
different n’s, vanish. 


364 . The effective value of the general wave, 

0 = ^1 cos + ^3 cos (3 ^ - ^3) -f ^5 cos (5 9S - ^5) + , , 

is the square root of the sum of mean squares of individual har- 
monics. 






Since, as discussed above, the compound terms of two different 
indices, n, vanish, the absolute value of the general alternating 
wave. 


is thus. 



+ Jnfen" 


1 


which offers an easy means of reduction from symbolic to 
absolute values. 

Thus, the absolute value of the e.m.f., 



7 = 2)2n-l (i„l + 
1 



1 
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366 . The double frequency power (torque, etc.) equation of 
the general alternating wave has the same symbolic expression 
as with the sine wave, 

P == [PU 

* = + jPJ 

= [EIJ + j[EIY 

= (en^in—enW^), 

1 1 

where 

P^ = [El f = ^2n-l (erfin^ + 

1 

P^' = [Elf = (enHn^ - enHrf^). 

1 J 

The jn enters under the summation sign of the reactive or 

wattless power,” P^j so that the wattlcvss powers of the different 
harmonics cannot be algebraically added. 

Thus, 

The total ^Hrue power of a general aliernating-current circuit 
is the algebraic sum of the powers of the Individual hannonlcs. 

The total ‘Reactive power of a general altcrnating-cwn'ent 
circuit Is not the (dgw,rohj but the absolute suui of the wattless 
powers of the individual harmonics. 

Thus, n'garding the reactive power as a whole, in the general 
alternating circuit no distinction can be made between lead and 
lag, sinc(' sonu‘ harmonics may be leading, others lagging. 

Th(‘ apparent power, or total voIt-amj)eres, of the cinaiit is 


« ' -I- (■„"') X"" ^ 

\ 1 

Th(‘ power-factor of the circuit is, 

1 





612 


ALTEBNATINO-CUBBENT PHENOMENA. 


The term “inductance factor,” however, has no meaning any 
more, since the reactive powers of the different harmonics are not 
directly comparable. 

The quantity 

go = 

. . reactive power 

has no physical significance, and is not — 7 

^ ^ ^ ’ total apparent power 

pi 

The term ^ 


El 


= >;2n-lir 

T J 

£ u 

2«-i ~ g„, 

1 J 


where 


gn = 


~¥l ' 


consists of a series of inductance factors, qn, of the individual 
harmonics. 

As a rule, if (f = ^2»-i q^, 

1 

+ g^<l, 

for the general alternating wave, that is, q differs from 

2 o = 

The complex quantity, 

El El 


00 

= p+ 

takes in the circuit of the general alternating wave the same 
position as power-factor and inductance factor with the sine wave. 

p 

Y = called the ‘^circuit-factor ” 

a 
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It consists of a real term, p, the power-factor, and a series of 
imaginary terms, jnqn, the inductance factors of the individual 
harmonics. 

The absolute value of the circuit-factor, 


\lf + 


as a rule, is < 1. 


366. Some applications of this symbolism will explain its 
mechanism and its usefulness more fully. 

Isf Example: Let the e.m.f.. 


^ (e„i + 

be impressed upon a circuit of the impedance, 

2j = T J 

that is, containing resistance r, inductive reactance and con- 
densive reactance x, in series. 

Let 


or, 


1! 

o 

-r 

1! 

e,‘ = 2S3 

e “ = --283 

c,' - -104 

= 138 

c, -= 900 

tan Oy = 0.75 

e, = 400 

tan Oy ^ — 1 

(-5 = 

tan 0^ ^ — L33 


It is thus in syinborK* expression, 


- 10 + soy, 
Z, = 10 

10 -32j5 


Zy = cS0.() 
- 10 
= 33.5, 


^^6 

and e.m.f., 

E - (720 f rAOjy) 1- (283 -283 j\) I ( 101 h 138 y^). 
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or absolute, 


E = 1000, 


and current, 

720 + 540 283 - 283 j, , - 104 + 13 8 j, 

■ Z 10 + 80/, ^ 10 10 - 32/5 

= (7.76 - 8.04/,) + (28.3-28.3/3) + (- 4 . 86 - 1 . 73 / 3 ) 


or, absolute 

1 = 41.85, 

of which is of fundamental frequency, /, = 11.15 

of which is of triple frequency, Is = 40 

of which is of quintuple frequency, Js = 5.17. 

The total apparent power of the circuit is 

El = 41,850. 

The true power of the circuit is, 

pi = [Eiy = 1240 + 16,000 + 270, 
= 17,510, 


the reactive power, 

jPi = j[Eiy = 10,000/, -850 /a; 
thus, the total power, 

P = 17, 5U) + 10,()()() /, - 8.50 jV 


That is, the reactive power of the first hiiniionie is h-adiiifi;, 
that of the third harmonic zero, and that of the fifth harmonic 
lagging. 

17,510 = Pr, as obvious. 

The circuit-factor is, 

v = -t = 

• Pa El 

= 0.418 4- .2,39 /, - 0.0203 /j, 

or, absolute, 

V = \/a418=' + 0.239" 4- 0.0203^ 
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The power-factor is 

p = 0.418. 

The inductance factor of the first harmonic is = 0.239, 
that of the third harmonic = 0, and of the fifth harmonic 
gs = - 0.0203. 

Considering the waves as replaced by their equivalent sine 
waves, from the sine wave formula, 

p^ + = 1 , 

the inductance factor would be, 

go = 0.914, 

and the phase angle, 

tan ^ ^ = 2.8, d = 65.4°, 

p 0.418 

giving apparently a very great phase displacement; while in 
reality, of tlu' 41.S5 amperes total current, 40 amperes (the 
current of th(' tliird harmonic) are in phase with their e.m.f. 

We thus hav(‘ hciv a case of a circuit with complex harmonic 
waves which cannot Ix' represented by their e(]uivalent sine 
wav(‘S. TIk* r(‘laliv(‘ niagnitud(‘S of the diffc^reiit harmonics in 
th(‘ wave of current and of e.m.f. differ essentially, and the circuit 
has simullaiH'ously a very low power-factor and a very low 
in(luctanc(‘ factor; that is, a low powcr-fa(*tor exists without 
(‘orresponding phas(^ (lisj)lac(Mnent, the circuit-factor being less 
tlian on(‘-half. 

Su(*h circuits, for instance, are those including alternating 
arcs, r(‘action inachin('s, syn(*hronous induction motors, rea(*t- 
anc('s with ov('i--salurat(Ml magnetic circuit, high potential lines 
in whi(*h th(‘ maximum diffenaice of |)otential (‘xca'eds tlu' voltage 
at which lirush discharge's begin, polarization (*ells, and in geaieral 
(‘h'ctrolytie* conductors above the dissociation voltage of the 
(dectrolyte, (‘t(‘. Such circuits cannot correctly, and in many 
cases not eveai a])])roximately, bo treated by the theory of the 
eejuivalent sine waves, but require the symbolism of the complex 
harmonic wave. 
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367. 2d Example: A condenser of capacity 0a = 20 mf. is 
connected into the circuit of a 60-cycle alternator giving a wave 
of the form, 

e = E (cos <p- 0.10 cos 3 ^ - 0.08 cos 5 ^5 -f- 0.06 cos 7 ^), 

or, in symbolic expression, 

E = e(ly- O.IO3 - O.O85 + 0.06,). 

The sjmchronous impedance of the alternator is 
Zo = To- jnnxo = 0.3-5 njn. 

What is the apparent capacity, C, of the condenser (as cal- 
culated from its terminal volts and amperes) when connected 
directly with the alternator terminals, and when connected 
thereto through various amounts of resistance and inductive 
reactance? 

The condensive reactance of the condenser is 

10 ® 

Z tt/Oq 


or, in symbolic expression. 


. X, 132 . 


Let = r—jnnx = impedance inserted in sen-ies with the 
condenser. 

The total impedance of the circuit is then 
Z = + j„ - = (0.3 + r) - ([5 + x] /I • 

The current in the circuit is 

1= k ^ e r - - 

Z L (0.3 + r)-j{x- 132) (0.3 + r) - (3 x - 2<)) 

•08 .00 -j 

” (0.3 + r) - j, (5X-1.4) ^ (0.3 + r)~r, {7 x + iTll)] ’ 
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and the e.m.f. at the condenser terminals, 

p _ A is 

• ' ” w L(0.3 + r) - ji (x - 132) (0.3 + r) -u (3 a; - 29) 

2-11 h , 1-13 ?V 1 . 

(0.3 + r) - 3 s (5 X - 1.4) (0.3 + r) - j, (7 x + 16.1) J ' 

thus the apparent condensive reactance of the condenser is 


X, = 


and the apparent capacity, 


2 tt/x, 

(a) X = 0 ; Resistance, r, in series with the condenser. 
Reduced to absolute values it is 

1 0.01 0.0064 0.0036 

p (.3+r) + 17424 (.3 + r)2+841 (.3+r)H1.96 (.3 + r)»+259 

a:,f “ 17424 19.4 4.45 1.28 

(.3+r)»+ 17424 (.3+r)H841 (.3 +r)2+1.96 (.3+r3>+259 

(b) r = 0 ; Inductive reactance x in scries with the condenser. 
Reduced to absolute values it is 

1 .01 .0064 .0036 

1 .0« + (.r-132)^''' 1)9 I- (3 j— 29)* .09 + (.5.r-1.4)* .09+ (7x+10.1)*. 

7} ~ 17424 19 •) 4.4.5 128 

■09+(x-1.32)*"'' .09+ (;i .09+ (5 J-- 1.4)* .09+ (7 a; + 16.1)* 

From are derived tlie values of apparent capacity, 

xp 

2 tt/x,’ 


and plotted in Fi^. 230 for values of r and x respectively varying 
from 0 to 22 ohms. 

As seen, with neither additional resistance nor reactance in 
series to the condenser, the apparent capacity with this generator 
wave is 84 mf., or 4.2 times the true capacity, and grailually 
decreases with increasing series resistance, to C = 27.5 mf. 
= 1.375 times the true cajiacity at r = 13.2 ohms, or the 
true capacity reactance. With r = 132 ohms, or with an additional 
resistance equal to the condensive reactance, C = 20.5 mf. or 
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only 2.5 per cent in excess of the true capacity C®, and at r = oo , 
C = 20.3 mf. or 1.5 per cent in excess of the true capacity. 

With reactance x, but no additional resistance, r, in series, the 
apparent capacity, C, rises from 4.2 times the true capacity at 
a: = 0, to a maximum of 5.03 times the true capacity, or 
C= 100.6 mf. at X = 0.28, the condition of resonance of the fifth 
harmonic then decreases to a minimum of 27 mf., or 35 per cent 



Fig. 230. 


in excess of the true capacity, rises a^ain to 00.2 mf., or .3.01 
times the true capacity at x = 9.()7, the coudition of resonance' 
with the third harmonic, and finally decreases, ri'achinj; 20 inf., 
or the true capacity at x = 132, or an inductive rc'aetance ('((iial 
to the condensive reactance, then increases asain to 20.2 mf. at 

X = 00. 

This rise and fall of the apparent capacity is within certain 
limits independent of the magnitude of the higher harmonics of 
the generator wave of e.m.f., but merely depends upon their 
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presence. That is, with such a reactance connected in series as 
to cause resonance with one of the higher harmonics, the increase 
of apparent capacity is approximately the same, whatever the 
value of the harmonic, whether it equals 25 per cent of the funda- 
mental or less than 5 per cent, provided the resistance in the 
circuit is negligible. The only effect of the amphtude of the 
higher harmonic is that when it is small a lower resistance makes 
itself felt by reducing the increase of apparent capacity below 
the value it would have were the amplitude greater. 

It thus follows that the true capacity of a condenser cannot 
even approximately be determined by measuring volts and 
amperes if there are any higher harmonics present in the generator 
wave, except by inserting a very large resistance or reactance 
in series to the condenser. 

368 . 3d Example: An alternating-current generator of the 
wave, 

E„ = 2000 [li + 0.123 - 0.23j - O.lSr], 
and of synchronous impedance, 

Zo = 0.3 — 5 njn, 
feeds over a line of impedance, 

Zi = 

a synclironous motor of the wave, 

/^l = 22,50 [(cos 0 + j, sin 0) + 0.24 (cos SO + sin 3 d)], 
and of synchronous impedance, 

Z, = 0.3 — () njn- 

Th(' total inip(‘danc(' of tlie .system is then, 

Z - I Z, )- Z, = 2.6 - 15 njn, 
tlius tlu' current, 

I iin 

z 

2000 -22,50 cos t;-22,50 sin 0 2 K)-,5K)c()S 3 d— ,540 [,.dn 
2.()-1.5/, ’ ” 2.0-45 33 

1(10 200 

■ 2.(r-”7573 2'‘.(r'- 105 37 

= («d h + (a/ + 3>3“) + (Os' + + (ch' + 
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where 

= 22.5 — 25.2 cos 6 + 146 sin d, 

= .306 - 0.69 cos 3 ^ + 11.9 sin 3 d, 

Oji = 0.213, 

= — 0.061, 

Oi“ = 130 — 146 cos d - 25.2 sin 6, 
a,“ = 5.3 - 11.9 cos 3 0 - 0.69 sin 3 B, 

V' = -6.12, 

V' = - 2.48, 

or, absolute, 

first harmonic, 

a, = 

third harmonic, 

a, = 

fifth harmonic, 

Oj = 6.12, 

seventh harmonic, 

Oj = 2.48, 

I = Va,* + + a/ + V ; 

while the total current of higher harmonics is 

= %/ + a, 2 ^ 

The true input of the synchronous motor is 

= [EJf 

= (2250 a,> cos 0+2250 sin 0) + (.540 o,' cos 3 0 +540 sin 3 f) 

= -Px‘ + 

Pi = 2250 (a,* cos 0 + a," sin 0), 
is the power of the fundamental wave, 

Ps* = 540 (Oa* cos 3 0 + aj“ sin 3 0), 
the power of the third harmonic. 
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The fifth and seventh harmonics do not give any power, since 
they are not contained in the synchronous motor wave. Sub- 
stituting now different numerical v^ues for 6, the phase angle 



between generator e.m.f. and synchronous motor counter e.in.f., 
corresponding values of the currents, /, /q; Ibe powers, Fb 
P^\ are derived. These are plotted in Fig. 231 with the 
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total current, I, as abscissas. To each value of the total current, 
I, correspond two values of the total power, P‘, a positive value 
plotted as Curve I — synchronous motor — and a negative 
value plotted as Curve II — alternating-current generator—. 
Curve III gives the total current of higher frequency, 1^, Curve 
IV the difference between the total current and the current of 
fundamental frequency, I — Ii, in percentage of the total current, 
I, and 7 the power of the third harmonic, Pj*, in percentage of 
the total power, P‘. 

Curves III, IV, and V correspond to the positive or synchro- 
nous motor part of the power curve, P*. As seen, the increase of 
current due to the higher harmonies is small, and entirely dis- 
appears at about 180 amperes. The power of the third harmonic 
is positive, that is, adds to the power of the synchronous motor 
up to about 140 amperes, or near the maximum output of the 
motor, and then becomes negative. 

I It follows herefrom that higher harmonics in the e.m.f. waves 
of generators and synchronous motors do not repre.sent a mere 
waste of current, but may contribute more or less to the output of 
the motor. Thus at 75 amperes total current, the percentage of 
increase of power due to the higher harmonic is equal to the 
increase of current, or in other words the higher harmonics 
of current do work with the same efficiency as the fundamental 
wave. 

369. iih Example: In a small three-phase iiKluctioii motor, 
the constants per delta circuit are 

primary admittance Y = 0.002 + 0.03 j, 

self-inductive impedance =Z^ = 0.0 — 2.4 j, : 

and a sine wave of e.m.f., Co = 110 volts, is impressed upon the 
motor. 

The power output, P, current input and power-factor p, as 
function of the slip s, are given in the first columns of the follow- 
ing table, calculated in the manner as described in the chaptcu on 
Induction Motors. 

To improve the power-factor of the motor and bring it to 
unity at an output of 500 watts, a condenser capacity is required 
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giving 4.28 amperes leading current at 110 volts, that is, neglect- 
ing the power loss in the condenser, capacity susceptance 


4.28 

110 


0.039. 


In this case, let I ^ = current input into the motor per delta 
circuit at slip s, as given in the following table. 

The total current supplied by the circuit with a sine wave of 
impressed e.m.f. is 

1/ = 7«-4.28j, 

, 1 , ^ power current . . ,, 

and herefrom the power-factor = r > given in the 

total current 

second columns of the table. 

If the impressed e.m.f. is not a sine wave but a wave of the 
shape, 

Eo = e,{l, + 0.12, - 0.23, - 0.134,), 

to give the same output, the fundamental wave must be the 
same; e# =110 volts, when assuming the higher harmonics in 
the motor as wattless, that is, 

M, = 110, + 13.2., - 2.')..3, ■ 14.7, = c„ + 

where 14.7, 

- component of iinpresseil e.m.f. of higher frequency. 

Tlie effective value is 

= 114.5 volts. 

The condenser admitiatic(« for tlic general alternating wave is 
y, - -().();;!) a/„. 

Hinco the freciuency of rotation of the motor is very small 
compar('(l with the fre(iuency of the higher harmonics, as total 
iini)edance of the motor for tliese higher harmonics can be 
assuiiK'd the stationary impedance, and by neglecting the resist- 
ance we have 

= — n]n (. 1^0 + ^i) ~ — 4.8 nj„. 
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The exciting admittance of the motor, for these higher har- 
monics, is, by neglecting the conductance, 

= ^ == 

n n ’ 

and the higher harmonics of counter e.m.f., 



Thus we have. 


cxirrent input in the condenser, 
je = -E«F„ = - 4.28 ]\ - 1.64 j, + 4.93 js + 4.02 j, ; 
high-frequency component of motor-impedance current, 

= 0.92 j3- 1.06 j,- 0.44 jV; 

high-frequency component of motor-exciting current, 

Eo^y'- 

= 0.07 u - 0.08 i, - 0.03 j,: 

thus, total high-frequency component of motor current, 

^0^ = ^ + = 0.99 js - 1.14 js - 0.47 j,, 

and total current, without condeaser, 

Io = 7s+7o^=7« + 0.99 is - 1.14 /s - 0.47 y,, 
with condenser^ 

i = (o' - 7c = /« - 4.28 j\ - 0.55 + 3.79 j, + 3.5.5 

and herefrom the power-factor. 

In the following table and in Kg. 232 are given the values of 
current and power-factor; — 


I. 

II. 

III. 

IV. 


With sme wave of of 110 volts, and no condenser 

With sine wave of e.m.f., of 110 volts, and with condenser. 

With distorted wave of e.m.f., of 114.5 volts, and no condenser. 
With distorted wave of e.m.f., of 114.5 volts, and with condenser. 
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TABLE. 


I. II. III. IV. 


s 

P 

(s 


/s 

P 

P 


P 

h 

P 


I 

P 

0 

0 

.24+ 

3.10/ 

3.1 

7.8 

1. 

2 

20 

3.5 

6 

6 

5 2 

4.4 

.01 

160 

1.73+ 

3.16/ 

3.6 

48 

2. 

1 

84 

3.9 

43 


5.5 

31 

.02 

320 

3.32+ 

3.47/ 

4.8 

69 

3. 

4 

97.2 

5 1 

64 


6.1 

54 

.035 

500 

5.16+ 

4.28/ 

6.7 

77 

5. 

2 

100 

6.9 

72. 

5 

7.2 

68 

.05 

660 

6.95+ 

5.4/ 

8.8 

79 

7. 

0 

98.7 

8.9 

76 


8.6 

77 

.07 

810 

8.77+ 

7.3/ 

11.4 

77 

9. 

3 

94.5 

11.5, 

73. 

5 

10.6 

80 

.10 

885 

.10.1 + 

9.85/ 

14.1 

71 5 

11. 

5 

87 

14.2 

68 


12.6 

77 

.13 

900 

10.45+11.457 

15.5 

67.5 

12. 

7 

82 

15.6 

64. 

5 

13.7 

73 

.15 

890 

10.75+12.9; 

16.8 

64 

13. 

8 

78 

16.9 

61 


14.7 

70 


The curves II and IV with condenser are plotted in dotted 
lines in Fig. 232. As seen, even with such a distorted wave the 



Fig. 2:i2. 


current input and power-factor of the motor are not much 
chaiig(*<l if no coiidenscT is used. AVlu^n using a condenser in 
shunt to the motor, liowever, with such a wave of impressed 
e.m.f. th(‘ in(*r('as(‘ of the total current, due to highcr-fre(iuency 
currcmts in the (‘ondenser, is greater than the decrease, due to the 
com[)ensation of lagging currents, and the ])owcr-factor is 
actually lowered by the condenser, over the total range of load 
up to overload, and especially at light load. 
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Where a compensator or transformer is used for feeding the 
condenser, due to the internal self-inductance of the compensa- 
tor, the hig her harmonics of current are still more accentuated, 
that is, the power-factor still more lowered. 

In the preceding the energy loss in the condenser and com- 
pensator and that due to the higher harmonics of cuirent in the 
motor has been neglected. The effect of this energy loss is a 
slight decrease df ejSficiency and corresponding increase of power- 
factor. The power produced by the higher harmonics has also 
been neglected; it may be positive or negative, according to the 
index of the harmonic, and the winding of the motor primary. 
Thus, for instance, the effect of the triple harmonic is negative in 
the quarter-phase motor, zero in the three-phase motor, etc.; 
altogether, however, the effect of these harmonics is small. 

360. 5th Example: In the constant potential-constant-current 
transformation, discussed in Chapter X, the effect of the dis- 
tortion of the wave of impressed e.m.f., e^, is to be investigated. 

A. T-Connection or Resonatinej Circuit. 

Assuming the same denotation as in § 69, \vc have, for the nth 
harmonic: 

primary inductive reactance, 

Zo = -jnxa} 

secondary inductive reactance, 
condensive reactance, 

n 

when neglecting the energy losses in the reactances, 
load 

Z = r (1 — jnk) 

therefore, also for the nth harmonic . 

E =r{l-jnk) 7, 

E,=E + Z, I 

= [r (1 — ink) — jnxi] I, 
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and also 

II 

hence. 

J _n[r(l- jnk) - jnx^] 



and 



_ i^o — + nr {1 — jnk) 

hence, 

E(, = El + ZqI 0 

= { [r (1 — jnk) — jnxj] — n {jx„ — jn^i + nr {1~ jnk)] } I 
= { — (n^ — 1) r (1 — jnk) + jnx^ {n^ — 1) — jnx^ } I ; 

hence, 


nXo — nXi (n'* — 1) — j (n“ — 1) r (1 — jnk) 

jE, 

- 1 ) U‘i + Ar) — Jr] ' 
hence, a]){)r()xinuil(‘ly, for liigher values of 


I -- 


jWo . 
iv^ I At)' 


that is, for larger valiu's of //, 7 = 0 , or tlic higlior harmonics in 
tli(‘ (*uri‘(*nt \vav(‘ disappear. 

II(‘refrorii, hy substituting in the i)re(*(Mling (Wjuations, tlie 
supply (‘urrcnit, /,„ tli(‘ condenser current, /,, their respective 
(‘.ni.fs., (‘t('., ar(‘ d(‘riv(‘d. 

Jt is them, in g(‘n(Tal expression: 

1 1 

1 

^ jn n "P jv^n^) 

■ “ V /u-„ - (/P - 1) [w {Xi + hr) - jr) 

_ j (<'o + je«) , -y jn (e„ + je„^) 

Xo 3 n^ (-^1 + kr) ’ 

the equation of the secondary current. 
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For instance, let 


= 6600 {Ij - O.2O3 - O.lSs + 0.06, + 0.25 j,} 


= constanlrimpressed e.m.f. 
or, absolute, 

e, = 6600 VI + 0.2(? + 0.15' + 0.06" + 0.26=* 
= 6600 X 1.062 
= 7010 volts, 


and choosing the same values as before, in § 73, 

aij = 880 ohms, 

Xi = 508 ohms, 
r' = 930 ohms, 
k = 0.4; 


it is, substituting, 


/ =7.5/ + 
or, absolute, 

i = + 


6O.O3 + 48.8 j3 + 8.0 i, - 1.2 jV 


508 + 0.4 r 


_ y/7 , 60.0^ + 48.8^ + 8.0^ + 1.2^ 


(508 + 0.4 ry 


= \/ 7 . 5 ^ + 


604600 


hence, at no-load, 
and, at full load. 


(508 + 0.4 rf ’ 
i =7.5 X 1.00021 
r = 930, 

i = 7.5 X 1.00003. 


That is, the current wave is as perfect a sine wave a.s pos.oil)lo, 
regardless of the distortion of the impressed e.m.f., whicli, for 
instance, in the above example, contains a third liarnionic of 32 
per cent. Or in other words, in the T-connection or tlu' rc'sonat- 
ing circuit, all harmonics of e.m.f. are wiped out in tlie current 
wave, and this method indeed offers the best and most conven- 
ient means of producing perfect sine waves of current from any 
shape of e.m.f. waves. 
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361. B. Monocyclic Square. 

Assuming the same denotation as in §75, we have for the ?ith 
harmonic : 
inductive reactance, 

Zj = -jnXo; 

condensive reactance, 


load, 

currents. 


and 

e.ni.fs.. 


and 


Zi=+j 


X,. 

3 

n 


Z = r (1 — jnc ) ; 

7 U-I 

I =LL±i- 
2 ’ 

ZI =Z, I, -z,l,‘, 


hence, substituting, we have 

■®o = /-ro{^‘ -nl^, 

r (1 —jnk)I i^«(~ + 

thus, 

r 0 -M)/ - j/.(i + 

then, oorribininji;, wc obtain 

= -2jXol, 
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jE, (n^ + 1 ) 

2 nxo — jr {n? — 1) (1 — jnk)’ 
and herefrom 7i, 7 2 , etc. 

Approximately, for higher values of n, and for high loads, r, 



That is, the higher harmonics of current decrease proportionally 
to their order, at heavy loads — that is, large values of r. For 
light loads, however, or small values of r, and in the extreme case, 
at no-load, or r = 0, it is 

2nxa 

and, approximately, 

j _ i^> 

• 2x, ■ 

That is, the current is increased proportional to llu' order of 
the harmonics, or in other words, at no-load, in tiu' i'ioiioc\ i-lic 
square, the higher harmonics of imjn’ossed (‘.in.fs. pr()duc(' 
increased values of the higher hannonics of ciirnMil, tlial. is, tlie 
wave-shape distortion is increased the more, tlie higher the liar- 
monics. 

In general expression ; 

If " 

■Bo = X (c« h jifin') ^ impn'ssed ('.m.f., 

1 

j Jn “h 1) (c„ h 

■ Y 2 ax„ -- _ l) (I _ ’ 

and herefrom /,„ /,, I.,, etc. 

For instance, lot 

= OliOO {] , - 0.202 + 0.25 j, - 0.1.\ f- O.OO,} 

= constant-impressed e.m.f., 

or, absolute. 


Co = 7010 volts. 
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and, choosing the same values as in § 77, 

= 880 ohms, 
r' = 930 ohms, 
k =0.4; 

it is, substituted, 

(2.5 + 2 i3) 6600 25,740 

■ 5280 - (9.6 + 8 f)r 8800 - (48 + 24 

19,800 

12,320 - (134.4 + 48 j>’ 

herefrom follows, 

at no-load, r = 0, 

/ = 7.5 - (3.12 -I- 2.5 j,) - 2.92 -h 1.61,. 

Tliat is, at no-load, the secondary current contains excessive 
higher hannonics, for instance, a third harmonic, 

\/3.12- -I- 2..5-* = 4.0, or 53.3 per cent of the fundamental. 

Alisolute, Hk' Mo-load current is 

■i - v''7..5- I 3.12- I 2..5-^ f 2.92^ + l.C.P = 9.13 amperes. 

At full load, orr - O.'IO, it is 

/ 7.5 i (2. IS 1.07/,) I (0.51 0.52],) (0.14 - 0.06 /,) ; 

tha1 i.s, at full load, (lu* liarmonics, while ,s1ill iiitc'nsificd, are loss 
lhan at no-load, and d(‘er('as(' with tluMr ordc'r, a, more ra])idly. 
The absolute value is 

/ \ 7.5M”2.IS- I lT07- I 0.5 H | 0.32- | O.IP [-0,06^ 

7.91 amperes. 

Instead of 7.5 amperes, the value whieh the eurrent would liave 
al all loads if no higher harmonies were* prescait, the higher har- 
monies of impr(',s.sed e.m.f. raise the e\irrent to 9.13 amperes, or 
by 21.7 per cent at no-load, and to 7.91 amiieres, or by 2.1 jrer 
cent, at full load, while the impressed e.m.f. is increased by 6.2 
per cent by its higher liarniouies. 
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It follows also that the constant-current regulation of the sys- 
tem is seriously impaired, and between no-load and full load the 
current decreases from 9.13 to 7.91 amperes, or by 15.4 per cent, 
which as a rule is too much for an arc circuit. 

362. It follows herefrom; 

While the T-connection of transformation from constant 
potential to constant current suppresses the higher harmonics of 
impressed e.m.f. and makes the constant current a perfect sine 
wave, the monocyclic square intensifies the higher harmonics so 
that the higher harmonics of impressed e.m.f. appear at greatly 
increased intensity in the constant-current wave. The increase 
of the higher harmonics is different for the different harmonics 
and for different loads, and the distortion of wave-shape pro- 
duced hereby is far greater at no-load, and the constant current 
regulation of the system is thereby greatly impaired, and at load 
the distortion is less, and very high harmonics are fairly well 
suppressed, and the operation of an arc circuit so feasible. 

Assuming, then, that in the monocyclic square of constant- 
potential, constant-current transformation, with a distorted 
wave of impressed e.m.f., we insert in series to the monocyclic 
square into the main circuit, Zo, two reactances of opposite sign, 
which are equal to each other for the fundamental fre(Hiency, 

j’ 

that iS; a condensive reactance, ^ 3 = + j— \ and an inductive 

ti 

reactance, Then for the fuiuiarnonlal, llioso two 

reactances together offer no resultant iinpo(lan(*(', bul lunitralizc^ 
each other, and the only drop of voltage produced by tlic'ni is 
that due to the small loss of power in thenu At the nth liar- 
monic, however, the resultant reactance is 



or, approximately, 

and two such impedances so obstruct the higher harmonies, the 
more, the higher their order while passing the fundamental sine 
wave. 

Such a pair of equal reactances of opposite sign so can be called 
a ^^wave screen,^* 
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Further problems for investigation by the student then are: 

(1) The investigation of the effect of the distortion of the wave 
of impressed e.m.f. on the constant current, with other trans- 
forming devices, and also the reverse problem, the investigation 
of the effect of the distortion of the constant-current wave, as 
caused by an arc, on the system of transformation. 

(2) ’What must be the value, x^, of the reactance of a wave 
screen, to reduce the wave-shape distortion of the secondary 
current in the monocychc square to the same percentage as the 
distortion of the impressed e.m.f. wave, or to any desired per- 
centage, or to reduce the variation of the constant current with 
the load, as due to the wave-shape distortion, below a given 
percentage? 

(3) Determination of efficiency and regulation in the mono- 
cyclic square with interposed wave screen, Xj, assuming again 
3 per cent loss in the inductances, 1 per cent loss in the capacities, 
and choosing Xg so as to fill given conditions, regarding wave- 
shape distortion, or regulation, or efficiency, etc. 
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GENERAL POLYPHASE SYSTEMS. 

363. A polyphase system is an alternating-current system in 
which several e.m.fs. of the same frequency, but displaced in 
phase from each other, produce several currents of equal fre- 
quency, but displaced phases. 

Thus any pol 3 q)hase system can be considered as consisting 
of a number of single circuits, or branches of the polyphase sys- 
tem, which may be more or less interlinked with each other. 

In general the investigation of a polyphase system is carried 
out by treating the single-phase branch circuits independently. 

Thus all the discussions on generators, synchronf)UK motors, 
induction motors, etc., in the preceding chapters, ai)i)ly to single- 
phase systems as well as polyphase systems, in tlie latter case 
the total power being the sum of the powers of the individual or 
branch circuits. 

If the polyphase system consists of n ocpial c.in.fs. disi)!accd 
from each other by of a period, the system is called a suninicl- 

Ti 

rical system, otherwise an unsyrmnelricnl system. 

Thus the three-phase system, consisting of tlin'o equal (>.m.fs. 
displaced by one-third of a period, is a symmetrical syst cm. diu' 
quarter-phase system, consisting of two ecjual (‘.m.fs. displaced 
by 90°, or one-quarter of a period, is an unsynmiel rical syslian. 

364. The power in a single-phase system is i)ulsating; tliat is, 
the watt curve of the circuit is a sine wave of douhh' fn'<j\i(>iicy, 
alternating between a maximum value and zero, nr a negatiw' 
maximum value. In a polyphase system tlu' watt curves of the 
different branches of the system are pulsating also, 'riteir sum, 
however, or the total power of the system, may be (‘ithm- con- 
stant or pulsating. In the first ease, tlu' systcmi is called a 
balanced system, in the latter case an unhalaiurd sysleiii. 

The three-phase system and the (luarter-pliase system, with 
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equal load on the different branches, are balanced systems; with 
unequal distribution of load between the individual branches 
both systems become unbalanced systems. 

The different branches of a pol 3 q)hase system may be either 
independent from each other, that is, without any electrical 
interconnection, or they may be interlinked with each other. In 



the first case the polyphase system is called an independent 
.sydem, in the latter case au interlinked system. 

The throc-i)haso system with star-connectetl or ring-connected 
generator, as shown diagrammatically in Figs. 233 and 234, is an 
interlinked system. 

The four-phase system as dc'rived by connecting four caiui- 

2 


i 


3 














t'Z 


Fi(, LMl. 


(liMniit iHiinis of n coiilinuous-ciimMit arnuLtur(‘ with four 
(‘ollc'cloi’ .shown (rni^nuninatically in is au 

iii1(‘rliuk(‘(l sy.s1(‘ni al.'^o. Tlu" l()iir-wii’(‘, (|uaii(a‘-j)liasc system 
[)[■()( lu('(‘( 1 by a i(‘ra1 or with two iiah'pC'iultMit armatuK' colls, 
or by two sin^l(‘-i)has(* ^(‘laa-alors rigidly councctcMl with each 
oilu'r in (luadralurc, is au iud{‘})eudont system. As iuterliuked 
sys1(Mu, it is shown iu Fi^. 23(), as star-coniiccted, four-idiasc 
system. 
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366 . Thus, polyphase systems can be subdivided into: 
Symmetrical systems and unsymmetrical systems. 

Balanced systems and unbalanced systems. 

Interlinked systems and independent systems. 

The only polyphase systems which have found practical appli- 
cation are: 

The three-phase system, consisting of three e.m.fs. displaced by 
one-third of a period, is used exclusively as interlinked system. 
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Fig. 236 . 


The quarter-phase system, consisting of two e.m.fs. in (juad- 
rature, and used with four wires, or with three wires, wlu(*h may 
be either an interlinked system or an independent systc'in. 

The six-phase system, consisting of two tliree-phasc* syst(Mns 
in opposition to each other, and derived by transformalion from 
a three-phase system, in the alternating supply circuit of large 
synchronous converters. 

The inverted three-phase system, consisting of two e.m.fs. dis- 
placed from each other by 60°, and derived from two phase's of a 
three-phase system by transforaiation with two transformers, 
of which the secondary of one is reversed with n'gard to its 
primary (thus changing the phase difference from 120° to 180° 
— 120° = 60°) finds a limited application in low-tension dis- 
tribution. 
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366. If all the e.m.fs. of a polyphase system are equal in 
intensity and differ from each other by the same angle of differ- 
ence of phase, the system is called a symmetrical polyphase 
system. 

Hence, a symmetrical n-phase system is a system of n e.m.fs. 

of equal intensity, differing from each other in phase by- of a 

n 

period: 

Bi 


62 


e 


3 


e 


n 


= E sin 1 

2?r\ 

= E sill 1 

! . 4 7r\ 



\ n ! 


(o 2(n- 

= E sin 

V 


)■ 


The next e.in.f. is, 

e, = E sin (fl — 2n) = sin /?. 


In tlio polar (lia<»;rani the n e.m.fs. of the symmetrical n-phase 
system an' r(*pr(\s('nt(‘(l by n o(iual vectors, following each other 
under e(iual angles. 

Since in symbolic writing rotation by - of a period, or angle 

2 k . ^ 

— , is represented by multii)licatiou with 
n 

2k .. 2k 

cos — • + ? sin — = e, 

n ^ n ' 


the e.m.fs. of the symmetrical polyphase system are 


E; 

637 
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E (cos — + j sin?-^ = Ee; 
• \ n n j 


e(< 


cos 1- J sm — 

• \ n n 


/ 2 (w — 1) TT .. 2 (n — 1) T-, „ , 

E( cos — ^ — + j sui— ^ ^ = Ee”-'-. 

■ \ n n J ‘ 


The next is again, 


E (cos 2 JT + J sin 2 n:) = Ee” = E. 

Hence, it is 

2 7 ! . . 2 TE )i 

e =cos f- jsm — = VI. 

n n 


Or in other words : 

In a symmetrical n-phase system any c.m.r. of the system is 
expressed by 

e'-E; 


where 


= ^. 


367. Substituting now for n different vulu(‘s, \v(* g(‘t the 
different symmetrical polyphase systems, repin^sinited by 


where 
(1) n = 1 




n , — 

£ = VI = COS — 
n 


e = 1 = a ;, 


h / sin— • 
// 


the ordinary single-t)liase system. 

(2) n = 2 £ = - 1 e^hJ = li and - fi. 

Since — £ is the return of li, n = 2 giv(‘s again 1h(‘ single- 
phase system. 
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The three e.m.fs. of the three-phase system are 


=E, - ^~J^ E. 


Consequently the three-phase system is the lowest symmetrical 
polyphase system. 

/A\ A 2n . 2n . 

( 4 ) n = 4, £ == cos— + j sin— = j, ^ 


The four e.m.fs. of the four-phase system are, 

£^E=E, jE, -~E, ~jE. 

They are in pairs opposite to each other, 

E and —E; jE and — jE. 

Hence can be produced by two coils in quadrature with 
each other, analogous as the two-phase system, or ordinary 
alternating current system, can be produced by one coil. 

Thus the symmetrical quarter-phase system is a four-phase 
system. 

Higher systems than the (juartor-i)hase or four-phase system 
have iKit l)('(Mi very extensively used, and are thus of less practical 
inteivst. A syinnu'lrieal six-pliase system, derived by trans- 
formation from a ilir('('-j)lias(' system, has found application in 
symdironous conv(‘iiers, as oflering a higlier output from these 
machiiK's, and a syinnudrical (‘iglit-pliase system proposed for 
th(‘ sani(‘ pui’pos(‘. 

368. A ('liarach'ristie f(‘atur(‘ of the symnK'trieal //-phase sys- 
t(Mn is lha1 und(‘r (*(‘i*1ain conditions it can produce a rotating 
in.m.f of conslant inhuisity. 

If // (Mjual magiK'lizing (‘oils act u])on a point under ecpial 
angiilai* displa(‘(‘m(Mi1s in s|)ac(‘, and an' excitc'd by tlu' /? e.m.fs. 
of a symnK'lrieal //-phas(‘ sysh'in, a ni.in.f. of constant intensity 
is prodii(*('d at this j)oint, whose direction revolves synchronously 
with uniforni v(‘lo(*ity. 

IjOt 

7 i' ^ number of turns of each magnetizing coil. 

E = effective value of impressed c.m.f. 

I = effective value of current. 
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Hence, 

W =n'I = effective of one of the magnetizing coils. 

Then the instantaneous value of the m.m.f. of the coil acting 

. 1 1- 2si . 

in the direction, — , is 
n 

/, = SFVfsin(^-^) 

= n'l V2 sin * 

The two rectangular space components of this m.m.f. are 

// = /iCOS — 

,t /t: . /„ 2;ri\ 

= nl v2cos sin(/? li 

n \ n ) 

and //' = /iSm-^ 

. 27n . ! 2 tta 

= n'l\'2 sm smIS ) • 

n \ n / 


Hence the m.m.f. of this coil can be expressed by the symbolic 
formula 


= n'l V2 sin 


, 2izi . . 2 7 :/\ 


n 


Thus the total orresultant m.ni.f. of the n coiLs displaced under 
the n equal angles is 

/ = X ^7t = ‘n-'l '^2 i sin ^|9 - ^cos ^ + / sin 
or, expanded, 

t fT^/oS • f 2 ^ . • • 2 7a' 2 77 A 

/ = n'l v2 jsinySVjfcos^ + i sm cos 1 

f 1 \ n ' n 71 / 

- A / . 27a 27a . . .,2m\) 

— cos^Vj sin cos Pisin^ — )> • 

I \ n n n /) 
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It is, however, 

.2 7n . . . 2 7n 2 in 


COS' 


. zm Am . t im . 4 m\ 

— H-^sm — cos— =i(l + COS h jsm — ) 

n n n \ n n J 


.2m 2 m 

sin cos 

n n 


+ j sin* 


2 m j 
n 

i 


j L Am .. A m\ 


-1(1-=”): 


and, since 

n 

Vi 



it is. 

/ = 

or. 

/ = 


e**=0, yis-^‘=0, 

T 

nn'I V2 , . - . 

— - — (sin/?- 2 cos/?); 

^ (sin^-j cos^) 

= ~{sin^-jcos§); 


the symbolic expression of the m.m.f. produced by the n circuits 
of the syminetrical n-phasc system, when exciting n equal mag- 
netizing coils displaced in space under equal angles. 

The absolute value of this m.m.f. is 


mi'I _ _ nWmax 

V2~ V2 ~ 2 


7h 

Hence constant and e(Hial — _ times the effective m.m.f. of 

\/2 

71 

eac‘h coil or- linu's tlu' iiuixiniuin ni.in.f. of each coil. 

The phase of the resultant m.m.f. at the time represented by 
the an^le ft is 

tan 0 == — cot P; hence 0 ~ P 

Zi 

That is, the m.m.f. produced by asymmetrical n-phase system 
revolves with coirstant intensity, 
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and constant speed, in synchronism with the frequency of the 
system; and, if the reluctance of the magnetic circuit is constant, 
the magnetism revolves with constant intensity and constant 
speed also, at the point acted upon symmetrically by the n m.m.fs. 
of the n-phase system. 

This is a characteristic feature of the symmetrical polyphase 
system. 

369. In the three-phase S 3 ^tem, n =Z, F =1.5 ^max, where 
^max is the maximum m.m.f. of each of the magnetizing coils. 

In a symmetrical quarter-phase system, w = 4, F = 2 ^max^ 
where ^max is the maximum m.m.f. of each of the four magnet- 
izing coils, or, if only two coils are used, since the four-j^hase 
m.m.fs. are opposite in phase by two, F = ^ mar, where ^max is 
the maximum m.m.f. of each of the two magnetizing (‘oils of the 
quarter-phase system. 

While the quarter-phase system, consisting of two e.m.fs. 
displaced by one-quarter of a period, is by its nature an unsyni- 
metrical system, it shares a number of features — as, for instaiu'o, 
the ability of producing a constant-resultant m.m.f. — with the 
symmetrical system, and may be considen'd as oiu'-lialf of a 
symmetrical four-phase system. 

Such systems, consisting of oiic-half of a symmetrical system, 
are calleci hemiaymynetncal sydema. 
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BALANCED AND UNBALANCED POLYPHASE SYSTEMS. 
370. If an alternating 

e = E ^2 sin 

produces a current, 

1=7 V2 sin — 

where 0 is the angle of lag, the power is 

p = ei = 2 E7 sin j9 sin (/? — 0) 

= EI (cos 0 — cos (2 /3 — d)), 

and the average value of power, 

/■* = EI cos 0. 


Substituting this, th(> instantaneous value of power is found as 


P 



cos (2 ft - 0) 
<a)s’w 


)■ 


Iloiic'o ilio povv('r, or llio flow of energy, in an ordinary single- 
])hase, aU('rnaling-(*urr('n1 (‘ircuit is fluctuating, and varies with 
twic(‘ lli(‘ rr(‘(|uency of (Mu.f. and current, unlike the power of a 
continuous-current circuit, which is constant, 

2> c/'. 

If the angle of lag, 0 -= 0, it is, 

y = P (1 — cos2^); 

hence the flow of energy varies between zero and 2 P, where P is 
the average flow of energy or the effective power of the circuit. 
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If the current lags or leads the e.m.f. by angle 0, the power 
varies between 

p/l__l^']andP(l + 

\ COS 6 } \ cos 0 J 

that is, becomes negative for a certain part of each half-wave. 
That is, for a time during each half-wave, energy flows back into 
the generator, while during the other part of the half-wave the 
generator sends out energy, and the difference between both is 
the effective power of the circuit. 
lid = 90°, it is 

p = — PZ sin 2 /?; 

that is, the effective power P = 0 , and the energy flows to and 
fro between generator and receiving circuit. 

Under any circumstances, however, the flow of energy in the 
single-phase system is fluctuating, at least between zero and a 
maximum value, frequently even reversing. 

371. If in a polyphase system 

62 , 63 = instantaneous values of e.m.f.; 

hi hi hi • • • ' = instantaneous values of eurrent pro- 
duced thereby, 

the total power in the system is 

p = e,ii -f eJ. + 63/3 + . . . . 

The average power is 

P = JUJi eos 0^ + PZj cos I). I .... 

The polyphase system is calk'd a balaiici'd sysO'in, if the flow 
of energy 

p = ep, + e.i., + ^ 3 /., I . . . . 

is constant, and it is called an unbalanced system if the How of 
energy varies periodically, as in the single-phase system; and the 
ratio of the minimum value to the ma.\imum value of j)ower is 
called the balance-factor of tfx system. 
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Hence in a single-phase system on non-inductive circuit, 
that is, at no-phase displacement, the balance-factor is zero; 
and it is negative in a single-phase system with lag gin g or 
leading current, and becomes equal to — 1 if the phase displace- 
ment is 90° — that is, the circuit is wattless. 

372 . Obviously, in a polyphase system the balance of the 
system is a function of the distribution of load between the 
different branch circuits. 

A balanced system in particular is called a pol 3 q)hase system, 
whose flow of energy is constant, if all the circuits are loaded 
equally with a load of the same character, that is, the same phase 
displacement. 

373 . All the symmetrical systems from the three-phase system 
upward are balanced systems. Many unsymmetrical systems 
are balanced systems also. 

(1) Three-phase system; 

Let 

Cl — E \/2 sin /?, and = I V2 sin (/? — 0), 

e, = /^ Vfsin (/? - 120), = I V2 sin (/? - - 120), 

e, = E \/2m\ (fi - 240), =/ ViFsin (/?-(? - 240), 

be the o.in.fs. of a throc-pluusc system and the currents pro- 
duced tliereby. 

Then the total power is 

p = 2 El Isin /? sin (ft — 0) h sin (/? — 120) sin (ft — 0 — 120) 
4- sin (/? — 210) sin (/i' 0 2IO)j 

= 2 El cos 0 -- E, or constant. 

Hence the symnu'trical three-pluise system is a balanced 
system. 

(2) (2uarter-i)hase system; 


Let Cl = E \/2 sin /?, 
e-i — E V2 cos p, 


I \/2 sin ip — 0), 
i, = / \/2 cos ip - 0) 
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be the e.in.fs. of the quarter-phase system, and the currents pro- 
duced thereby. 

This is an unsymmetrical system, but the instantaneous value 
of power is 

p =2 El { sin ^ sin 09 — 0) + cos cos (i9 — (9) { 

= 2 El cos d = P, or constant. 


Hence the quarter-phase system is an unsymmetrical balanced 


system. 

(3) The symmetrical «-phase system, with equal load and 
equal phase-displacement in all n branches, is a balanced system. 
For, let 


ei= E V2 sin^j9 — = e.m.f.; 
ii= I \/2 sin ~ current; 


the instantaneous value of power is 

n 

p = X* 

= I COS ^ I COS ^2 p — (I — — I ; 

or p = nRI cos 0 P, or constaiil. 

374. An unbalanced polyphase syslein is Ili(‘ s()-(*all(‘(l iiiv(Mi('(I 
three-phase system,* derived from two l)ran(*h(\s of a tlin‘(‘-plias(‘ 
system by transformation by means of two Iraiisfoniua-s, whose' 
secondaries are connected in opposhe din'clioii wi1li n'sju'cl to 
their primaries. Such a system takes an in1(‘rm(‘diai(' posilion 
betweenthe Edison three- wire system an<l ih(‘ i hr(‘e-phas(* syst(‘m. 
It shares with the latter the polyphase fealiin', and with the 
Edison three-wire system the feature that the potc'iitial differeiK'C 


* Also called ‘‘ polyphase monocyclic system/’ since the e in f. triangle is 
similar to that usual in the single-phase monocyclic system. 
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between the outside wires is higher than between middle wire 
and outside wire. 

By such a pair of transformers the two primary e.m.fs. of 120® 
displacement of phase are transformed into two secondary e.m.fs., 
differing from each other by 60®. Thus in the secondary circuit 



the difference of potential between the outside wires is VS times 
the difference of potential between middle wire and outside wire. 
At equal load on the two branches, the three currents are equal, 
and differ from each other by 120®, that is, have the same relative 
propoition as in a three-phase system. If the load on one 



briUH‘h inaini aiiHM 1 con.slMiil, while' llu' load ot tlio other braiu'h 

r(*(lii(*('d fi'oiii (‘((ualily w'illi lhal in ll'e first branch down to 
zero, ili(' cunvni in 1he middle' wire first decreases, reaches a 

niiniinum \'alii(' ol * “ .cSOf) ol its original value, and then 

increases again, r('a(*lung at no-load the same value as at full 
load. 
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The balance factor of the inverted three-phase system on non- 
inductive load is 0.333. 





375 . In Figs. 237 to 244 arc shown the o.Tii.fs.,as v und curronts 
as 1 in full lines, and the power as p in dottcsl liiu's, for l)!il;uic('- 
factor, 0, balance-factor, 0.333; balance-factor, -t- 1; balance- 
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factor, + 1; balance-factor, + 1; balance-factor, + 1; balance- 
factor, + 0.333, and balance-factor, 0. 

376. The flow of energy in an alternating-current system is a 
most important and characteristic feature of the system, and by 
its nature the systems may be classified into: 



MfmocijcHc sijslciiin, or hystenis with a balnnco-factor zero or 
iiogiitivo. 

Poli/ri/rlic with a positive Ijalancc-f actor. 

Balanc(‘-factor - 1 corrc'sponds to a wattless single-phase 
circuit, I)aIaiic('-faetor zero to a non-inductive singlNpliasc 
circuit, balance-factor t- 1 to a balanced polyphase system. 
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377. In polar coordinates the flow of energy of an alternating 
current system is represented by using the instantaneous value 
of power as radius vector, with the angle, corresponding to 
the time as amplitude, one complete period being represented by 
one revolution. 

In this way the power of an alternating-current system is 
represented by a closed S3unmetrical curve, having the zero point 
as quadruple point. In the monocyclic systems the zero point is 



quadruple nodal point; hi tlio polycyclic .sy,-,iciiis (piadniiilo 
isolated point. 

Thus these curves are sextics. 

Since the flow of energy in any singlc-|.li!iM' hiaiK-h of the 
alternating-current system can he represented by a sine wave of 
double frequency, 



the total flow of energy of the system as (huived by the adilition 

of the powers of the branch circuits can be represemted in the 
form 


p = P (1 + s sin (2 ^ - 0 ^)). 
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This is a wave of double frequency also, with s as amplitude 
of fluctuation of power. 

This is the equation of the power characteristics of the system 
in polar coordinates. 


378. To derive the equation in rectangular coordinates we 
introduce a substitution which revolves the system of coordinates 
Q 

by an angle, so as to make the symmetry axes of the power 
characteristic the coordinate axes. 


p =\/x‘ + y^, 


tan 




hence. 


sin (2 /? - ^o) =2 sin (fi - cos = 

substituted, 

or, oxi)ati(lo(l, 


do\ Srry 


+ 


+ if 


(.r- I n-y - + if + 2 = 0, 


the s('xtic ('(luiitioii of i.he powcT characteristic. 

Introducing 

a (11- e) I’ -= maxiinuin value of power, 
h (1 — e) /' - niinimuin value of power; 

wc liav(‘ 

o 1 h 

' -2 ’ 
a h . 

^ a I h’ 

lu‘ii(*(‘, Mil )s1 i1 n1 f‘(l, <iH(l oxpiindcHl, 

(.r I //“)■’ I U’ H- vY + 

th(* (‘(luiition of tlH‘ i)()vv(‘r (‘liara(*lorlsti(‘; with the mam power 

^ h 

axefi, a aiul />, aiid the balance-factor, • 

' (Ju 
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It is thus : 

Single-phase, non-inductive circuit, p = P (1 -f- sin 2 0), 
5=0, o=2P, 

(a? + 2/^)»-P(x + 2/)^ =0, ^ = 0. 

ct 

Single-phase circuit, 60° lag; p = P (1 -f 2 sin 2 0), 6 = — P, 
CL — 3 P, 

ix‘ + + f + 4: xyf =0, - = - J. 

(I 

Single-phase circuit, 90° lag: p = El sin 2 0, 

h=-EI, a = + EI, 

(r* + y^Y - 4 (EIY Fif, - = - 1 . 

a 

Three-phase non-inductive circuit, p ^ h 1, a - I, 

— ^ 0, circle. I 1 . 

(I 

Three-phase circuit, 00° p h I, a I, 

7^ + — P^ = 0, circle. - 1 I. 

n 

Quarter-phase n()ii-in(luctiv(‘ circuit, p /^ !> 1, u I, 

+ v=-/" -0, Ciirh'. II. 

a 

Quarter-phase circuit, 00° laj;, p --= J\ h 1 , a I , 

= 0, circle. - | 1 . 

a 
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Inverted three-phase non-induttive circuit, 


= P a = |P, 


(ji? + y f — P^ ( 3 ? + + xyy =0. - =+ 

a 

Inverted three-phase circuit 60° lag, p = P (1 + sin 2 d), 
6=0, a =2P, 

(3^ + y^Y-P^ {x + yY =0. -=0. 


a and 6 are called the main power axes of the alternating- 

current system, and the ratio, — , is the balance-factor of the 
system. 



l''i(j.s 1 ; If) and ‘24(). — Power (’liiir!iel(>ristie of Siiif'le-phase System, 
at 0" and (it)'’ l.an 

379. As stH'ii, ih(‘ (low of ('iK'rgy of an altornating-eurrent 
systc'ui is comitlclcly cliariudt'rizcd Ity its two main power axes, 
a and h. 

Th(' powt'r eharac'teristics in poltir coordinates, corresponding 
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to the Mgs. 237, 238, 243 ard 244 are shown in Figs. 245, 246, 
247 and 248. 



Figs. 247 and 248. Power Characteristic of TiiV(‘rt(Ml Tlircc-i)liji.m‘ 
System, at 0° ami (iO^ La/i;. 

The balanced quartcr-pha.so and tlinn'-phiiHC' systems j^ive as 
polar characteristics coiiccutric circles. 



CHAPTER XXXV. 

INTERtINKED POLYPHASE SYSTEMS. 

380. In a polyphase system the different circuits of dis- 
placed phases, which constitute the system, may either be 
entirely separate and without electrical connection with each 
other, or they may be connected with each other electrically, 
so that a part of the electrical conductors are in common to the 
different phases, and in this case the system is called an inter- 
linked polyphase system. 

Thus, for instance, the quarter-phase system will be called an 
independent sy.stem if the two e.m.fs. in quadrature with each 
other are pro(lucc(l by two entirely separate coils of the same, 
or different, but rigidly connected, armatures, and are connected 
to four wires which energize independent circuits in motors 
or other receiving devices. If the quarter-phase system is 
derived by comu'cting four equidistant points of a closed- 
circuit drum or ring-wound annaturc to the four collector rings, 
the system is an interlinked <iuaiter-i)hase system. 

Similarly in a thrcH'-phase system. Since each of the three 
currents which (liller from each otlur by one-third of a period 
is e([ual to tlie rc'sultant of the other two currents, it can be 
considered .us the n'liini circuit of the other two currents, and 
ail iiiti'iTmkiMl tliree-phase' sysii'iii thus consists ot three whes 
conveying currents differing by one-third ot a jX'riod from each 
otlu'r, .M) (hat eiicli of (lie three currents is a common return of 
the other two, and inversely. 

381. In an interlinki'd pohphnsi' system two ways exist of 

connecting apparatus into the system. 

1. The .star c<iiiii<rUo)i, n'lireseiitisl diagrammatieally in 
Fig. 249. In this connection tli(‘ n circuits, excited by currents 

dif'lering from each other liy - of a period, are connected with 

their oiu^ end together into a neutral point or common con- 

css 
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nection, which may either be grounded, or connected with other 
corresponding neutral points, or insulated. 

In a three-phase system this connection is usually called a Y 
connection, from a similarity of its diagrammatical representa- 
tion with the letter Y, as shown in Fig. 2.33. 

2. The ring connection, represented diagranimatically in 
Fig. 250, where the n circuits of the apparatus arc connected 
with each ot^ler in closed circuit, and the corners or points of 
connection of adjacent circuits connected to the n lines of the 
pol 3 ^hase system. In a three-phase system this coimection is 



called the delta (A) connection, from tiie similarily of i1s dia- 
grammatic representation witli tlie Gn-ek letter delta, as shown 
in Fig. 233. 

In consequence hereof wc distinguish between star-eoimceted 
and ring-connected geiu'ratom, motors, etc., or in three-pliase 
systems F-comiected and A-coimected apparatus. 

382. Obviously, the polyphase system as a whole docs not 
differ, whether star connection or ring connection is used in the 
generators or other apparatus; and the transmission line of a 
symmetrical n-phase system always consists of ti wires carrying 
current of equal strength, when balanced, differing from each 
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other in phase by - of a period. Since the line wires radiate 

from the n terminals of the generator, the lines can be con- 
sidered as being in star connection. 

The circuits of all the apparatus, generators, motors, etc., 
can either be connected in star connection, that is, between one 
line and a neutral point, or in ring connection, that is, between 
two adjacent lines. 

In general some of the apparatus will be arranged in star 



coniioctioii, somo in ring connection, as the occasion may 
rcfiuirc. 

383. In th(' same way as wo speak of star connection and 
ring (‘onnoclion of the cinniits of the ajiparatus, the terms star 
potential and ring potential, star current and ring cunent, etc., 
are us(“<l, when'by as star j)otontial or in a three-phase circuit 
Y ))o1ontial, t.lu' ])ot('n1,ial difference between one of the hnes 
and the neutral ])oint, that is, a ])oint having the same difference 
of potential against all the lines, is understood; that is, the 
potential as measured by a voltnicter connected into star or Y 
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connection. By ring or delta ixdential is undc'rstood the 
difference of potential between adjacent lines, as measured by 
a voltmeter connected between adjacent liiu's, in ring or delta 
connection. 

In the same way the star or Y cum'nt is tlu* current in a 
circuit from one line to a neutral point; the ring or dc'lta cur- 
rent, the current in a circuit from one line to the next line. 

The current in the transmission line is always thc‘ star or Y 
current, and the potential difference between tlie liiu' wires, the 
ring or delta potential. 

Since the star potential and the ring j)ot('ntial diiTc'r from 
each other, apparatus rcciuiring different \'oltages can he con- 
nected into the same polyphase mains, by using either star or 
ring connection. 

' 384. If in a generator with star-conn('c1(Ml circuits, the e.m.f. 

per circuit =E, and the common connection or neutnil point 
is denoted by zero, the potentials of the n terminals tin' 

E, £ E, s’'- E .... E\ 
or in general, i‘E, 

at the terminal, where, 

2 r . 2 ,T n,- 

i= 0, 1,2 .... n 1, £ cos i f -in VI. 

ti n 

Hence the e.m.f. in th(' circuit from the tn the teimniiil 
is 

./i\, £* w £'/-; tV 'I 

The e.m.f. betwei'ii adjacent termintd- / tiiid t I 1 i-^ 

(£'+* -£')/</ £'(£ 1 I E. 

In a generator with ring-connecti'd circuit-, tlu' e.m.f. pt'r 
circuit 

I?, 

is the ring e.m.f., and takes the jdace of 


£' (s - 1 ) E 
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while the e.m.f. between terminal and neutral point, or the 
star e.m.f., is 


Hence in a star-connected generator with the e.m.f. E per 
circuit, it is: 

star e.m.f., e® E, 

ring e.m.f., s* (s — 1) E, 

e.m.f. between terminal i and terminal k, (e*’ — s®) E. 

In a ring-connected generator with the e.m.f., E, per circuit, 
it is 

star e.m.f., -E, 

s — 1 ■ 

ring e.m.f., e'E, 

— £*■ 

o.ni.f. botwocn terminals i and fc, 

In a star-c()iino(*lod apparatus, the e.m.f. and the current 
per circuit have to be the star e.m.f. and the star current. In 
a ring-c()nn(‘cte(l ai)|)aratus the e.m.f. and current per circuit 
have to b(‘ tlu‘ rin^ e.m.f. and ring current. 

In the gcMuu'iilor of a symmetrical ])olyphase system, if 

E ar(‘ lli(‘ (‘.m.fs. between the n terminals and the neutral 
point, or star (Mii.fs. 

— lli(‘ curr(Mi1s issuing from terminals i over a lino of the 
iinp(‘danc(‘, Z, (including generator impedance in star con- 
n(‘(*lion), w(' liav(‘ 

|)o1(‘n1ial at (Mid of lin(‘ /, 

and din(M-(Mic(‘ of pobailial Ix^tween tei’ininals k and i 

wliere I , is the star curremt of the system, the star impedance. 

The ring potential at the end of the line between terminals i 
and k is and 

^ik = "" 
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If now /^denotes the current from terminal i to terminal k, 
and Zik inipedance of the circuit between terminal i and ter- 
minal k, where 

iA ~ ki) 

^ ik 

we have = Zik I ik- 

li I io denotes the current in the circuit from terminal i to a 
ground or neutral point, and is the impedance of this circuit 
between terminal i and neutral point, it is 

386. We have thus, by Ohm's law and Kirchhoff’s law: 

If £®J5 is the e.m.f. per circuit of the goncM-ator, between the 
terminal, i, and the neutral point of the generator, or the star 
e.m.f. 

Ii= the current at the terminal, i, of the generator, or the 
star current. 

Z^ =the impedance of the line conneeted to a terminal, i, of 
the generator, including generator im])e(lanet'. 

E^ = the e.m.f. at the end of line eonneeti'd to a lenninal, i, 
of the generator. 

jS^ = the difference of potential between the ends of the 
lines, i and k. 

Iik = the current from line i to line /,-. 

Z,j.= the inipedanee of tin* eirenit between lines i and k. 

J wt ^wo • - • • = the current from line i to neutral points 

0, 00, .’ . . . 

■2'iu, Zn,„, .... --= th(' imiiedanci' of the circuits bi'tween 
line i and neutral ])()ints 0, 00, .... 

Then: 

^ u> etc. 

(2) E, = E -ZJ,. 

(3) = if — . . . . 

(4) E,k = Ek-E, = pj E- {Zkik-Zj:). 

(5) E^ = Z^^l,k. 

(6) /.• = %k lik. 

r 
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(7) If the neutral point of the generator does not exist, as in 
ring connection, or is insulated from the other neutral points; 

n 

Iio= 0 ; 

n 

I too Gtc. 

1 ‘ 

Where 0, 00, etc., are the different neutral points which are 
insulated from each other. 

If the neutral point of the generator and all the other neutral 
points are grounded or connected with each other, we have, 

+ {too + • • • •) 

1 1 

n V 

X* X" ^ -i- . . . . 

1 1 

If the lUMilnil point o! tti(‘ gc'iienitor or other neutral points 
are grounded, 1h(‘ sys1(‘in is called a grounded system. If 
tlu' iK'uiral points ar(‘ not grounded, the system is an insu- 
lat(‘d polyp}ias(‘ syst('ni, and an insulated jHilyphasc system 
witli (‘(lualizing ndurn, if all the neutral points are connected 
with (\‘i(*h olli(‘r. 

(S) Th(‘ j)ow(‘r of tlu' ])olyplias(‘ systcMii is 

II 

I 

n V 

y> cos (),t in the receiving circuits. 

0 I 
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TRANSFORMATION OF POLYPHASE SYSTEMS. 

386. In transforming one polyphase system into another 
polyphase system, it is obvious that the primary system must 
have the same flow of energy as the secondary system, neglect- 
ing losses in transformation, and that consequently a balanced 
system will be transformed again into a balanced system, and 
an unbalanced system into an unbalanced system of the 
same balance-factor, since the transformer is not able to 
store energy, and thereby to change the nature of the flow 
of energy. The energy stored as magnetism amounts in a w(‘ll- 
designed transformer only to a very small jx'rcentage of tlu^ 
total energy. This shows the futility of prodiu'ing symm(‘tri(*al 
balanced polyphase systems by transformation from the 
unbalanced single-phase system without additional apparatus 
able to store energy efficiently, as revolving machiiuu-y, (d(‘. 

Since any e.m.f. can be resolved into, or ])ro(lu(‘(Ml by, two 
components of given directions, the (Mu.f. of any polyphase 
system can be resolved into com])onents or produ(*(‘(l from 
components of two given directions. This (‘iiahh's th(‘ trans- 
formation of any polyphase system into any otlaa* polyphase 
system of the same balance-factor by two transfornuM's only. 

387. Let . . . Ik* the (‘.m.fs. of tla* {)rimary 

system which shall be transform(‘d into 

Ji/, Ay .... llu* (*.m.fs. of tlu* M'condary .sys1(‘ni. 

Choosing two magnetic flux(‘s, <P and of dinVrc'iit phases, 
as magnetic circuits of the two transfornu'rs, which g(*n(*rat(‘ 

the e.m.fs., e and e, per turn, by the law of parall(‘lograni the 
e.m.fs., ^ 1 , 7^2? • • • • can be resolved into two (‘oinponcnts, 

A?! and E^j and Ay .... of the phases, e and c. 

062 
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Then 

Eij E 2 , • are the counter e.m.fs. which have to be 

generated in the primary circuits of the first transformer; 

E^j E 2 , .... the counter e.m.fs. which have to be generated 
in the primary circuits of the second transformer. 

Hence 

4-S “ .... arc the numbers of turns of the primary coils 
e e 

of tlio first transformer. 

Analogously 


Elj % . . . . luv i.he number of turns of the primary coils in 
e c 

ih(‘ S(‘C()n(l Iransfonner. 

In Ihe sanie nuiniun* as the e.m.fs. of the primary system 

hav(‘ l)e(‘n resolved into eoniponents in phase with e and e, the 
e.m.fs. of ilu' sc'eondary sysIcMU, E/j A’./, .... are produced 

fn,„, (•(.iiiponcMls, /!,’/ and A’/, and A,/ .... in phase 
with 7' and r, and f>iv(‘ as nundx'rs of sc'coiidaiy •turns, 

.... in the lirsi Iransfonner; 

(' 


A' A' 


in I li(‘ ,se(‘oinl 1 nuisiorna'r. 


That inean-> ea<-li of the two t ransforniei-s, w and w, con- 
tains in j-eneral pniuary turns of eaeli of the primary pluises, 
•uid s('eondar\ I inns of eaeli of 1li(' secondary jiliases. Loaitiiif' 
„„w the see.UKlarv polyphasi' system in any desired niannor 
,.„rirspondiim to tli<‘ s.s-ondary currents, primary currents wll 
exist in such a manner tl.at th.> total How ol energy m the 
primary polyiiliase system is tli(‘ same as the total flow of 
enerf?y' in tlie secondary systmn, plus the loss of power m the 
transfimmers. 
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388. As an instance may be considered the transformation 
of the symmetrical balanced three-phase system, 

E sin E sin (/? - 120), E sin — 240) , 

in an unsymmetrical balanced quarter-phase system, 

E' sin E' sin (/? — 90) . 

Let the magnetic flux of the two transformers be chosen in 
quadrature 

<I> cos § and <E> cos (/? — 90). 

Then the e.m.fs. generated per turn in the transformers are 
e sin /? and e sin (^ — 90) ; 


hence, in the primary circuit the first phase, E sin /?, will give, in 
E 

the first transformer, — primary turns ; in the second transformer, 
0 primary turns. ® 

The second phase, JS sin (/?— 120), will give, in the first 
^ 

transformer, primary turns; in the sc(‘()n(l transformer, 


E X Vs 


2e 

primary turns. 


The third phase, J5/ sin (/? —240), will ^ive, in lh(‘ first traiLs- 
former, ~ — primary turns; in the second transf()rin(‘r, 
primary turns. 

In the secondary circuit tlie first phase', E' sin .9, will ^iv(‘ in 
E' 

the first transformer: — secondary turns; in tlu' sf'cond trans- 
former: 0 secondary turns. 

The second phase: £" sin (/? — 90) will ^iv(‘ in IIk* first trans- 

E' 

former: 0 secondary turns; in the second transformer, — 
secondary turns. ^ 

Or, if 

E = 5000, E' = 100, c - 10. 


First transformer 
Second transformer 


PRIMARY. 
1st. 2d. 


-h 500 - 250 

0 +433 


SE(’ONI)ARY. 

3d. 1st. 2d. Phase. 


-2r)0 10 0 

— 433 0 10 tuniH. 
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That means; 

Any balanced polyphase system can be transformed by two 
transformers only, vnthout storage of energy, into any other bal- 
anced polyphase system. 

Or more generally stated : 

Any polyphase system can be transformed by two transformers 
only, without storage of energy, into any other polyphase system 
of the same balance factor. 

389. Some of the more common methods of transformation 
between polyphase systems are: 

1. The delta-Y connection of transformers between three- 



phase sysleiiis, sliowii in l'’ig 251. ( )n(> side of the transformers 

is eoTinech'd in della, llie oilier in This arrangement becomes 
necessary for, feeding four-wire Ihret'-plnise secondary distribu- 
tions. The Y connection of the secondary allows the bringing 
out of a lu'utral wire, while the delta connection of the primary 



Ki(i -jrrj 


1 

rw ntn 

V 


maintains lh(‘ l)alan(*o, in rof^ard to tlio voltage between the 
phases ai un(‘([uiil distribution of load. 

The delta- F c*oniiectioii of stei)-ui) transformers is frequently 
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used in long-distance transmissions, to allow grounding of the 
high-potential neutral. Under certain conditions — which there- 
fore have to be guarded against — it is liable to induce excessive 
voltages by resonance with the line capacity. 

The reverse thereof, or the Y-delta connection, is in general 
not permissible, since it gives what has been called a “floating 
neutral;” the three primary Y voltages do not remain even 
approximately constant, at unequal distribution of load on the 
secondary delta, but the primary voltage corresponding to the 
heavier loaded secondary, and, therefore, also the corresponding 
secondary voltage, collapses. Thereby the common connection 
of the primary shifts towards one corner of the e.m.f. triangle, 
away from the center of the triangle, and may even fall outside 
of the triangle. As result thereof the secondary triangle l)ecomes 
very greatly distorted even at moderate inccpiality of load, and 
the system thus loses all ability to maintain constant voltage at 
unequal distribution of load, that is, becomes inoperative. In 
high-potential systems in this case excessive voltages may be 
induced by resonance with the line capacity. 

For instance, if only one phase of the sc'condary triangle is 
loaded, the other two unloaded, the primary curremt of the 
loaded phase must return over the otlu'r two tniiisfornK'i-s, 
which, at open secondaries, act as very high reaelances, thus 
limiting the current and consuming ])ractically all the voltage, 
and the loaded primary, and thus its secondary, receive prac- 
tically no voltage. 

F-delta connection is feasible only if th(‘ sc'condary load is 
balanced, as induction — or synchronous motors, or if the pri- 
mary neutral is connected with tlu' gxmerator neutral or tli(‘ 
secondary neutral of step-up transfortners in wliicli the |)rimaries 
are connected in delta, and the unhalancc'd curn'iit can return 
over the neutral. If with Y-delta connection, in addition to an 
unbalanced load, the secondary carries polyph.asc' motors, the 
motors take different currents in the dillerent plias(‘s, so that 
the total current is approximately the sanu' in all three' pha.ses. 
That is, the motors act as phase converters, and so partially 
restore the balance of the system. 

2. The delta-delta connection of transformer Ix'tween three- 
phase systems, in which primaries as well as secondaiies an' 
connected in the same manner as the primaries in Fig. 251. 
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Since in this system each phase is transformed by a separate 
transformer, the voltages of the system remain balanced even at 
unbalanced load, within the limits of voltage variation due to 
the internal self-inductive impedance (or short-circuit impedance) 
of the transformers — which is small, while the exciting imped- 
ance (or open-circuit impedance) of the transformers, which 
causes the unbalancing in the F-delta connection above dis- 
cussed is enormous. 

3. Y —Y connection of transformers between three-phase 
systems. Primaries and secondaries connected as the second- 
aries in Fig. 251. 

In this case, if the neutral is not fixed by connection with a 
fixed neutral, either directly or by grounding it, the neutral also 
is floating, and so abnormal voltages may be produced between 
the lines and the neutral, without appearing in the voltages 
between the linos, and may lead to disruptive effects, or to 
overheating of 'the iransforiners, so that it is not safe to use this 
connection witlioul fixing the neutral. 

Where in Iransfonnc'r connections in polyphase systems, a 
neutral or coininon connection of the transformers exists, care 
must, ili(‘r(‘for(‘, 1)(‘ lakcm to have this neutral a fixed voltage 
point, irr(‘s|)('c1i\(‘ of IIk' variation of the load or its distribution, 
which may occur; o1h(‘r\\is(‘ harmful ])henomena may result 
from a “llonling” oi* “ unstahh'’^ ruMitral. 

In (‘oniK'clioiis (‘J) and (-1), 1h(» .'-econdary-e.m.f. triangle is in 
plias(‘\vilh ilH‘ j)riniar\-(‘.m.f. triangl(‘, wliikMii (1) it is displaced 
th(‘r(‘froin 1)\ dlf’. 'riicn^forc', (‘V(‘n if tli(‘ voltages are equal, con- 
n(‘cti()n ( 1 ) caniiol lx* opeiahxl in paralk'l with (2) or (3), hut (2) 
and (3) can Ix' ()p(‘rat(‘(l in paralk‘l with (‘a{‘h other, and with the 
coniKX'lioiis ( 1) and (5), j)r()\i(k‘d that th(‘ voltag('s are correct. 

I Ph(‘ V rotutuhoii ov open (Mln connection of transformers 
l)('t\\(‘(Mi lhr(‘(‘-plias(‘ s>sl(‘ln^, coiimsIs in lining two si(k\s of 
1h(‘ ti’iangk‘ ()nl\, as sliown in Idg 252 This arrangement 
has 1h(‘ disad\aii1ag(‘ of transforming on(‘ phas(^ by two trans- 
forni(M*s in s(‘ri('s, lamci* is k‘ss ('flicicmt, and is lial)le to unbal- 
anc(‘ th(‘ syst(Mn hy tin* int(‘rnal impcxlance of the transformers 
It is (*onv(‘ni('iit for small powc'rs at moderate voltage, since it 
nHjuires only two transfornu'rs, hut is dangerous in high poten- 
tial circuits, h(‘ing liahk* to produce destructive voltages by its 
electrostatic unbalancing. 



668 


ALTEBNATINQ-CUBRENT PHENOMENA. 


5. The main and teaser, or T connection of transformers 
between three-phase systems, is sho_wn in Fig. 253. One of 

Vs 

the two transformers is wound for times the voltage of the 

other (the altitude of the equilateral triangle), and connected 
with one of its ends to the center of the other transformer. 
From the point one-third inside of the teaser transformer, a 
neutral wire can be brought out in this connection. 

6. The monocydic connection, transforming between three- 
phase and inverted three-phase or polyphase monocyclic, by 




two transformers, the secondary of one Iwiiig r('V(>rs('(l regard- 
ing its primary, as shown in Fig. 254. 

7. The L conned'fow for transfonnatioii Ix'twceii (luarlcr-jiliaso 
and three-phase as described in the example', paragraph 357. 




Fig. 254 . 


J 


m 



'TJO'' 


■ < 


8. The T connection of transformation between quarter-pliase 
and three-phase, as shown in Fig. 255. TIk' (niart.(‘r-plias(' 
sides of the transfonnoi’s contain two eejual and iiide'pi'iident 
(or interlinked) coils, the three-phase sides two coils with the 

ratio of turns, 1 4- connected in T. 
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9. The double delta connection of transformation from three- 
phase to six-phase, shown in Fig. 256. Three transformers, 
with two secondary coils each, are used, one set of secondary 
coils connected in delta, the other set in delta also, but with 
reversed terminals, so as to ^ve a reversed e.m.f. triangle. 
These e.m.fs. thus give topographically a six-cornered star. 

10. The double Y connection or diametrical connection of 
transformation from three-phase to six-phase, shown in Fig. 257. 



It is analogous to (7), the delta connection merely being 
replaced by the Y conru'ction. The neutrals of the two Y’s 
may be coniiecied tog(‘ih('r and to an external neutral if desired. 
Tlu' primaries in 9 and 10 may be connected either delta or 



Y, and in th(‘ lai.t.('r cjise a floating neutral must be guarded 
against. 

11. Till' double T conneclim of transformation from three- 
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phase to six-phase, shown in Fig. 257. Two transformers are 
used with two secondary coils which are T-connectcd, but one 
with reversed terminals. Tliis method also allows a second- 
ary neutral to be brought out. 

390. Transformation with a change of the balance-factor of 
the system is possible only by means of ap];aratus able to store 
energy, since the difference of energy between j^rimary and 



secondary circuit has to bo stored at llu^ wh(‘n the 

secondary power is below the primary, and nduriuMl during the 
time when the primary jjowor is Ix'low 1h(‘ sc^condary. The 
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most efficient storing device of ekrtric (UKu-gy is m(‘clianical 
momentum in revolving machinery. It has, li()\v(‘v(‘r, Ili(‘ dis- 
advantage of reciuiring attendance; fairly (‘liiciiMit also an‘ con- 
densive and inductive reactances, but, as a rule, they hav(‘ the 
disadvantage of not giving constant potential. 
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391 . In electric power transmission and distribution, 
wherever the place of consumption of the electric energy is 
distant from the place of production, the conductors which 
carry the current are a sufficiently large item to require con- 
sideration, when deciding which system and what potential is 
to be used. 

In general, in transmitting a given amount of power at a 
given loss over a giv(m distance, other things being equal, the 
amount of (‘opper rcMpiinMl in the conductors is inversely pro- 
portional lo th(‘ S(iuarc‘ of the potential used. Since the total 
pow(T lransinilt(‘(l is proportional to the product of current and 
c.m.f., at a givc'n p()W(‘r, Ihe current will vary inversely pro- 
[)ortionally 1o 11 h‘ (‘.m.f., and therefore, since the loss is pro- 
j)oriional to tlu' product of current-sciuare and resistance, to 
give 1lu‘ sain(‘ loss llu* resistance must vary inversely 
proportional to tli(‘ s(iuar(‘ of tlu^ current, that is, proportional 
to th(‘ scjiian* of tli(‘ (‘.m.f ; and sin(‘e the amount of copper is 
inv(‘r.s(‘ly j)roporrK)nal to th(‘ r(‘sistance, otlu'r things being 
(‘(jual, tli(‘ amount of (*opp(‘r vari(‘s inv(‘rs(‘ly pr()[)ortional to the 
s(Hiar(‘ of t li(‘ (‘ m f. UM‘d. 

Thih liohh foi’ a!iy ^yst(‘m. 

Th(‘i(‘foi'(‘ to (•om|)ar(* tin* diffenMit systcans, as two-wire 
singl(‘-plia^(‘, .singl(‘-phaM‘ t hr(‘(‘-\\in‘, thr(‘(‘-pluts(‘ and (juarter- 
phas(‘, (‘(iiiahty of th(‘ j)ot(‘ntial must 1)(‘ assunu'd. 

Some' .syst(‘ni.s, lio\v(‘V(‘r, as, for instance', tli(‘ IMisoii three- 
win' system, oi’ tlu* in\(‘rl(‘d thr(‘(‘-phas(‘ system, have diherent 
potc'iitials in th(‘ ddlen'iit circuits constituting the system, and 
thus th(‘ comparison can lx* made' (‘ither — - 

1st. ( )n the' basis of the' maximum i)()tential dilTerence between 
any two conductors of the syste'in; or 

2nel. ( )n the' basis of the* maximum i)()tontial difference between 
any conductor of the system and the ground; or 

071 
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3rd. On the basis of the ininimuin potential difference in 
the system, or the potential difference per circuit or phase of 
the system. 

In low-potential circuits, as secondaiy networks, whore the 
potential is not limited by the insulation strain, but by the 
potential of the apparatus connected into tlic system, as incan- 
descent lamps, the proper basis of compaiison is ociuality of the 
potential per branch of the system, or per phase. 

On the other hand, in long-distance transmissions where the 
potential is not restricted by any consideration of apparatus 
suitable for a certain maximum potential only, but where the 
limitation of potential depends upon the probk'm of insulating 
the conductors against disruptive discharge, the ])roj)er com- 
parison is on the basis of equality of the maximum difference 
of potential; that is, equal maximum dielectric strain on the 
insulation. 

In this case, the comparison voltage may be either tlie jxden- 
tial difference between any two conductor of tli(‘ K>’sl(>m, or it 
may be the potential difference Ixdween any <-onduc1or of the 
system and the ground, depending on tlu* cliaracter of the 
circuit. 

The dielectric stress is from conductor to conductor, or 
between any two conductors, in a sysicm wliich i.s iiiMilatcd 
from the ground, as is mostly the cii.s(‘ in medium voll.ugc' ovct- 
head transmissions, and fre<|uently in uiKh'i-gromid cai)i(‘s. 

In an ungrounded cable system, in wliich all the conductors 
are enclosed in the same cable, the insulation stress is mainly 
from conductor to conductor, and this therefore is the basis of 
comparison But even in an un<lerground cable system with 
grounded neutral, as very commonly used, a dins't path e\isth 
from conductor to conductor in, side of IIk' cables, for a disrup- 
tive voltage, and the eompari.son of .syst(‘ms, therefore, has 
to be made, in this case, on the basis of maxiimim potential 
difference between conductor as well as between eonduetor and 
ground. 

In an ungrounded overhead system, tin* disruptive stre,ss is 
from conductor to ground and back from ground to conductor. 
If the system is of considerable e.xt(‘nt - as is t la* ease where 
high voltages of serious disruptive strength have to b(‘ con- 
sidered — the neutral of the system is maintained at approxi- 
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mate ground potential by the capacity of the system, and the 
normal voltage stress from conductor to ground therefore is that 
from conductor to neutral, that is, the same as in a system with 
grounded neutral, and the basis of comparison then would 
appear to be the voltage from line to ground, and not between 
lines. Since, however, one conductor of the system may tem- 
porarily ground, if it is required to maintain operation even with 
one conductor of the system grounded, the voltage between con- 
ductors must be the basis of comparison, since with one 
conductor grounded, the disruptive stress between the other 
conductors and ground is the potential difference between the 
conductors of the system. 

In an overhead system with grounded neutral, frequently 
used for transmission systems of very high voltage, or in general 
in a grounded system, the disruptive stress is that due to the 
potential difference between conductor and ground or neutral, 
and this then is the basis of comparison. 

In moderate-potential power circuits, in considering the 
danger to life from live winis entering buildings or otherwise 
accessible, the comparison on tlie basis of maximum potential 
also api)ears ai)propriate. 

Thus th(' coitipurison of different systems of long-distance 
transmission at high potential or j)()wcr distribution for motors 
is to be made on the basis of e(iuality of the maximum difference 
of potential existing in the system; the comparison of low- 
potential distribution circuits for lighting on the basis of 
c(iuality of tiu' minimum dilTerence of ])otential between any 
pair of wires connected to the receiving apijaratus. 

392. 1st. Coin ltd ri.'^on m Ihc Ita.'ii.'i oj cqualilj/ of the minimum 
difJcTOK'c oj polctil idl , III loip-potviilml iKililinij ciTcuils: 

In the single-phaM-, alternating-current circuit, if e = c.m.f., 
7 eiirnuit, r I'c'^istance [)er line, the total power is = ei, the 
loss of power, 2 I'r. 

Using, however, a thr(‘e-wire system: the potential between 
outside wires and rusitral being given cejual to e, the potential 
between tlie outside wire's is eeiual to 2 c, that is, the distribution 
takes place at twice th(' potential, or only one-fourth the copper 
is needed to transmit the same power at the same loss, if, as it 
is theoretically possible, the neutral wire has no cross-section. 



674 


altebnatino-cubrent phenomena. 


If, however, the neutral wire is made of the same cross- 
section as each of the outside wires, three-eighths as much 
copper as in the two-wire system is needed; if the neutral wire 
is one-half the cross-section of each of the outside wires, five- 
sixteenths as much copper is needed. Obviously, a single- 
phase, five-wire system will be a system of distribution at the 
potential, 4 e, and therefore require only one-sixteenth of the 
copper of the single-phase system in the outside wires; and if 
each of the three neutral wires is of one-half the cross-section 
of the outside wires, seven-sixty-fourths or 10.93 per cent of the 
copper. 

Coming now to the three-phase system with the potential, e, 
between the lines as delta potential, if i = the current per line 


or Y current, the current from line to line or delta current = 

. 3 d, 

and since three branches are used, tlu^ total i>()\v(‘r is = d \/ 3^ 

\ 


Hence if the same power has to be transiniltc^d by the three- 
phase system as with the single-phase sysl(‘in, the three-phase 

line current must be - ; where i - single-phase (‘urrent, 


r = single-phase resistance per line, at (‘(jiial po\v(‘r and loss: 
hence if = resistance of each of tlu* 1hr(‘(‘ \vir(‘s, lh(‘ loss p(T 




wire is = and the total loss is r/*,, \\hil(‘ in 1h(‘ single- 

o 


phase system it is 2 rr. Ih’iice, to g(‘t the s.-inu* loss, i1 /nusl l)f‘: 

= 2 r, that is, each of th(‘ thr(‘c thr(‘(‘-pha'-(‘ liiuN has t\\ i{*(‘ llu' 
resistance — that is, half llu^ coppea* of (‘ach of the Iwo singh'- 
phasc lines; or in otli(*r words, th(‘ lhre(‘-phas(‘ ^ysicMii napiinhs 
three-fourths as niucli coppea* as IIk* singl(‘-j)haso sy^loni of llie 
same potential. 

Introducing, however, a fourth or maitral wire into th(‘ thr(‘e- 
phase system, and connecting IIk* lamps l)(‘1w(‘(‘ii lh(‘ maitral 
wire and the three outsi<le wir(‘s - -that is, in comHa-l ion - 
the potential between the outside wir(‘s or (hita jiotential will b(‘ 
X V3, since the Y jiotential r, and th(‘ potiaitial of the 
system is raised thereby from e to c v;i; that is, only oiH'-thinl 
as much copper is recpiired in the outsidt* w'in^s as l)(‘for(‘ Mliat 
is one-fourth as much copper as in tlie siiigl(‘-pliase Iwo-vvirc 
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system. Making the neutral of the same cross-section as the 
outside wires, requires one-third more copper, or one-third 
= 33.3 per cent of the copper of the single-phase system; making 
the neutral of half cross-section, requires one-sixth more, or 
=29.17 per cent of the copper of the single-phase system. 
The system, however, now is a four-wire system. 

The independent quarter-phase system with four wires is 
identical in efficiency to the two-wire, single-phase system, 
since it is nothing but two independent single-phase systems in 
quadrature. 

The four-wire, quarter-phase system can be used as two 
independent Edison three-wire systems also, deriving there- 
from the same saving by doubling the potential between the 
outside wires, and has in this case the advantage, that by inter- 
linkage, the sanu' neutral wire can be used for both phases, and 
thus OTU' of the neutral wires saved. 

In this (‘as(‘ thc^ <juarter-phase system with common neutral 
of full (‘ross-s('etiou r(‘(iuires or 31.25 per cent, the quarter- 
phas(' systcMu with eominon neutral of one-half cross-section 
re(iuir(‘s or 2S.12r) p(‘r cent of the copper of the two-wire, 
singl(‘i)has(‘ sysbaii. 

In this ease*, h()\v(‘V(‘r, Ihe system is a five-wire system, and 
as such far iiihaior to the (ive-wire, singlo-[)luise system. 

Coining now 1o lli(‘ <[uart(‘r-phas(‘ system with common return 


and potiMilial c p(‘r branch, (hmoting the current in the outside 
wir(‘s !)>’ I tlu' curnml in th(‘ (‘(Mitral win^ is I., V2; and if the 
sam(‘ curi-(Mil (hmsity i.s cIiommi for all thr(‘(‘ wire's, as the condition 
of niaxiniiim (‘l!ici(Micy, and 1h(‘ re'.sislancc' ol (Mieh outside wire 

T , 

(l(*noi(‘d 1)\' lh(‘ rc^ls^^^nc(* ol tli(' c(‘n1i’al wir(‘ , and the 

^ 2 7. Vo 

loss of po\\(‘r |)(M‘ ouisid(‘ \\ii(' is i/r,, in Ihe (‘I'litral wire — ~ 


— / ,V,\^2, li(Mic(‘ 1li(‘ lolal loss ol pow(‘r is 2 i/r, H- i^r.^ \/2 

- irr, (2 ( \ 2). db(‘ po\\(‘r 1 ransinilb'd jxm- branch is }\e, 

li(‘nc(‘ th(‘ 1()1al j)o\\(M', 2 / ,c. ^10 transmit tlu' sanu' powi'r as by 

a singl(‘-phas(‘ syst(Mn ol |)ow(m*, c/, it must b(‘ hence the 


loss, 


rr., (2 I \ 2) 
4 


Since* this leiss shall bc' the same as the loss, 
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(2 + ^ 2 ) 

2 'ih, in the single-phase system, it must be 2 r — r^, 

8r ^ 

or = 7= . Therefore each of the outside wires must be 

2 H“ V 2 

2 4 - \/2 

— times as large as each single-phase wire, the central 


wire V2 times larger; hence the copper required for the quarter- 
phase system with common return bears to the copper required 
for the single-phase system the relation. 


2 (2 V2) , (2 + V2) V2 _ ^ 

H T" jCi, or, 

8 8 ’ 


3 + 2\/2 
8 


- 1, = 72.9 


per cent of the copper of the single-phase system. 

Hence the quarter-phase system with common return saves 
2 per cent more copper than the three-phase system, but is 
inferior to the single-phase three-wire system. 

The inverted three-phase sj^stem, consisting of 1wo o.m.fs. 
e at 60° displacement, and three equal currents i., in the three 
lines of equal resistance rj, ^ves the output 2 c/.,, that is, com- 
pared with the single-phase system, . 'I’lic loss in the 

three lines is 3 = 2 Hence, to give the sann' loss, 2 i-r, 

as the single-phase system, it must he r^, — H r, that, is, each of 
the three wires must have three-eighths of tin* cojipcu- cross- 
section of the wire in the two-wire single-])hiis(' sysltun; or in 
other words, the invertcsl thrce-phas(‘ system nsiuircs niiu'- 
sixteenths of the copper of the two-wire single-phase system. 

Thus if a given power has to Ik* transmitted at a given loss, 
and a given minimum ])otential, as for instance lit) volts for 
lighting, the amount of copper necessary is; 


2 Wires; Single-phase system, ItMl.O 

3 Wires: Edison three-wire single-jdiasesyst ('in, 

neutral full section, 37.5 

Edison three-wire single-phase systc'in, 

neutral half-section, 31.25 

Inverted three-phase system, 5ti.25 

Quarter-phase system with common 

return, 72.9 

Three-phase system, 75.0 
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4 Wires; Three-phase, with neutral-wire full 

section, 33.3 

Three-phase, with neutral-wire half- 
section, 29.17 

Independent quarter-phase system, 100.0 

5 Wires: Edison five-wire, single-phase system, 

full neutral, 15.625 

Edison five-wire, single-phase system, 

half-neutral, 10.93 

Four-wire, quarter-phase, with com- 
mon-neutral full section, 31.25 

Four-wire, quarter-phase, with com- 
mon-neutral half-section, 28.125 


We see herdrom, thaf. in distribution for lighting — that is. 
with the .same minimum potential, and with the same number 
of wires --th(‘ single-plnise sysfcni is .superior to any poly- 
pha.so sy.st('m. 

The eonlinuous-curn'ut system is equivalent in this com- 
parison to th(‘ single-i)bius(' a!t('rnating-current system of the 
sam(' elT('etiv(‘ p()t<-n1i!d, since tlie eom))arison is made on the 
basis of oneetive potentiid, atid Ui(‘])ower depends upon the effec- 
tive pofoiiiiul nl.-’O. 

393. ('ompansou o/i the (>/ liiiualily oj the Maximum 

Dijjcrnirc oj I’olnihdl hclwi’cn untj I wo Conductors oj the Syslem, 
VI Lonij-hiCiiiirc Tniiisnns.von, Cower DIsIrihulion, etc. 

Wherewr tli<‘ polenli.'d is so bigli ;is to bring Hie (luestion of 
tli(‘ si rain on llie iiisiiliilion into consideralion, or in other ca-ses, 
to npiironcl. tlic dim-er limit to life, the proper comparison of 
different system-^ i- on tlie basis of eiiualily of maxiniuni poten- 
tial in the s\>1em. . , 

Hence in tin- ca-e, since the nuixinimn potential is fixed, 
nothing is gained by three- or live-wiri', Edison systems. 
Thus, such sy-lems do not come into consideralion. 

The comparison of the three-phase sy.steiii with the single- 
phase systi'in ri'inains tlie same, since the three-phase system 
has the 'same maximum as miniinmn potential; that is; 

The three-phase system requires three-fourths of the copper 
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of the single-phase system to transmit the same power at the 
same loss over the same distance. 

The four-wire, quarter-phase system requires the same amount 
of copper as the single-phase system, since it consists of two 
single-phase systems. 

In a quarter-phase system with common return, the potential 
between the outside wires is V2 times the potential per branch, 
hence to get the same maximum strain on the insulation — that 
is, the same potential, e, between the outside wires as in the 

single-phase system — the potential per branch will be — hence 

V 2 

the current = — , if i equals the current of the single-phase 
V2 

system of equal power, and {4 V2 = i will ho the (‘urrent in the 

central wire. ^ 

Hence, if r 4 = resistance per outside wir(‘, - resistance of 

\'2 

central wire, and the total lovss in the sysU'in is 

21^4 + = ‘V'-4 (2 + - rr, • 

v 2 - 

Since in the single-phase system, the loss - 2 rr, it is 


2 I V2 


I \/2 


That is, each of the outside* \\ir(*s has to contain -- ^ — - 

times as much eopjxT as each of the* sin«>l(*-phas<‘ \\in*s. The 

central wires have to contain *^-\2 tim(‘s as much 

2 (2 } \ 2 I 2 I \ 2 - 

copper; hence the total syst(‘m contains ^ f ^ \ 2 

times as much cfipper as (*ach of tin* singlc-pluasf* wir(‘s; 

, . 3 + 2 \/2 . 

that IS, times the copper of the singl(‘-phas(* system. 

Or, in other words, 

A quarter-phase system with common r(‘turn nx pi ires 

3 + 2V2 ^ . 

= 1.457 times as much copper as a single-phase 
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system of the same maximum potential, same power, and same 
loss. 

Since the comparison is made on the basis of equal mn,xiTimiTn 
potential, and the maximum potential of an alternating system is 
^/2 times that of a continuous-current circuit of equal effective 
potential, the alternating circuit of effective potential, e, com- 
pares with the continuous-current circuit of potential e V2, 
which latter retpiires only half the copper of the alternating 
system. 

This c()ini)aris()n of the alternating with the continuous- 
current system is not proper however, since the continuous- 
current i^olenlial may iniroduce, besides the electrostatic strain, 
an eleelrolytie strain on the dielectric which does not exist in 
the alternating syslem, and thus may make the action of the con- 
tinuous-eurn'iit potcMitial on the insulation more severe than 
that of an (‘(lual al1(‘rnating potential. Besides, self-induction 
having no (‘llVet on a st(‘ady current, continuous-current circuits 
as a rul(' hav(‘ a sc'lf-induclion far in excess of any alternating 
circuit. During changis of curnait, as make and break, and 
change's of load, ('si)ecially rapid changes, there are consequently 
generate'd in 11h‘s(‘ circuits in is lar ('xreeding their normal 
l)()1(‘ntials. \t tli(‘ \oltag(‘s which (*aine under consideration, 
th(‘ continuous cuiicnt is usually (‘xcluded to begin with. 

Thus w(‘ g(‘l 

II a gi\(‘n powci is to l)(* transmitte'd at a given loss, and a 
given iHnuniiini <lill(icn((‘ ol poti'iitial in tilt' system, that is, 
w'ilh th(‘ s;ini(‘ ^liiun on tlu' insulation, the amount of copper 
r(*(|uirc(l is 

2 W iiu s SiiigD j)has(‘ s\stcm, 

[( ’onlinuous cuin'iit systt'in, 

Wini s Till cc j)has(‘ s\^t(‘in, 

( ^iia 1 1 ci-phas(‘ systt'in, with com- 
mon icturn, 

I ^VIH1S Indcpt'iidtait (^uartt'r-phase system, 

H(‘I1C(‘ llic (iiiiiilcr-pli.-isc wUh common return is 

pniclically i'\c1ui1(mI Irom lung-dihlaiici' trtuihiuisMon. 


100 0 
.'■>0.0] 

T.'l.O 

14.').7 

100.0 
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394 . In a different way the same comparative results between 
single-phase, three-phase, and quarter-phase systems can be 
derived by resolving the systems into their single-phase 
branches. 

The three-phase system of e.m.f., e, between the lines can be 
considered as consisting of three single-phase circuits of e.m.f., 

and no return: the single-phase system of e.m.f., e, between 

^ e 

lines as consisting of two single-phase circuits of e.m.f.,-, and 


no return. Thus, the relative amount of copper in the two 
systems being inversely proportional to the square of e.m.f., 
/\/3V /2V 

bears the relation three-phase 

system requires 75 per cent of the copper of the single-phase 
system. 

The quarter-phase system with four ecjual win's r('(iuires the 
same copper as the single-phase system, sinct* it consists of 
two single-phase circuits. Rejdacing two of llu' four (puirter- 
phase wires by one wire of the same cross-section as (‘aeli of the 
wires replaced thereby, the current in tliis wire is \ 2 tinu's as 
large as in the other wires, lienee, the loss is twice as large — 
that is, the same as in the two wires rc])lacc(l l>y this coniinon 
wire, or the total loss is not changed — while 2.') jx-r cent of the 
copper is saved, and tin* .system rciiuiri's only 7.5 per cent of the 
copper of the single-phase system, liut ]iroduces \ 2 tinu's as 
high a potential between the outsidi' wires. Hencc', to give 
the same maximum potential, the (‘.m.fs of the ss^lciu have to 
be reduced by \/2, that is, the amount of coj)])er doul)l(>d, and 
thus the quartcr-jihasc system with common return of the same 


cross-section as the outside wire's reijuin's 1.50 per cent of the 
copper of the single-phase .system. In this case, however, the 
current density in the middle wire is higher, thus the copper not 
used most economically, and transferring a jiart of the copper 
from the outside wires to the middle w'irc, to bring all three 
wires to the same current density, reduet's tlu' loss, and theri'hy 
reduces the amount of copper at a given loss, to 145.7 per cent 
of that of a single-phase system. 
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396 . Comparison on the basis of equality of the manmum 
difference of potential between any conductor of the system and 
the gvoundj in long-distance^ three-phase transmissions wih 
grounded neutral, single-phase systems with ground return, etc. 

A syateni may be grounded by grounding its neuW point, 
for the purpose of maintaining constant-potential difference 
between the conductors and ground, without carrying any 
current through the ground, or the ground may be used as 
return conductor. In cither case the system can be considered 
as consisting of and resolved into as many single-phase systems 
with ground return, as there are overhead conductors, and with 
zero resistance in the ground. 

It immediately follows herefrom, that the copper efficiency 
of such a system is the same as that of a single-phase system 
with ground return, of Ihe same voltage as exists between con- 
ductor and ground of 1he system under consideration. If then 
all th(‘ ov(‘rhead conductors liave the same potential difference 
against. groun<l, as is the case in a three-phase or quarter-phase 
syst(Mn with groundcNl luaitral, a single-phase system with 
ground(‘d iKaitnil, or (|iiart(‘r-phase system with common ground 
return of l)otl\ phjis(‘s, th(‘ coppea* efiicicncy is the same. That is: 

All grouud(‘d syst(‘ins, whctluM* with grounded neutral or 
with gro\ual n'turn, hav(‘ lh(‘ sauu' copper efficiency, provided 
that all 1h(‘ ovcrla'ad conductors have the same potential differ- 
enc(‘ agaiuM ground. 

11(‘IICC 

Th(‘ 1hr(‘c j)h;i^(‘ ^v-t(‘m with grounded neutral has no supe- 
riority o\<‘r lh<* Miigl(*-plmM‘ or 1h(‘ (iuaii('r-])hase system with 
grouiid(Ml nciili’nl, in copj)!*!* (‘IhcuMicy d'he advantage ot the 
tlir(‘(‘-plia-(‘ ^\'-1cm winch caus(‘s its practically universal 
u.s(‘ o\ri the -iiiglc-phas(‘ ^\>1(‘m is tlK‘ gr(‘ater usefulness 
of polyplia-o p()W(‘r, lh(‘ advantag(‘ ov(‘r the (piarter-phase sys- 
tem is the ii'-c ol 1hr(‘(‘ conductors, against lour with the 
<iuarlcr-plia''(‘ ‘-n .'- 1cm. 

No .'-a\ing in coppci* rc.sults from the use of tlie ground (of 
z(‘ro rchistaucc) a^ n'tiirn circuii, hut a single-phase or (piarter- 
phas(‘ sy^t(‘m with ground ndurii, at (‘([ual dielectric strain on 
the insulation, nspiircs the sam(‘ amount of co})per as a system 
with gnamdisl mmlral, hut has a greatiT self-induction, due to 
the groat (‘r dis1am*e het\v(‘en conductor and return conductor 



682 


ALTERNATING-CURRENT PHENOMENA. 


or ground, and has the objection of establishing current through 
the ground and so disturbing neighboring circuits, by electro- 
magnetic and electrostatic induction. 

The apparent saving in copper, in the single-phase system, by 
replacing one of the conductors by the ground as return, there- 
fore is a fallacy. By doing so, the potential difference of the 
other conductors against ground becomes twice what it would 
be with two conductors and grounded neutral, and at the same 
potential difference between conductors. That is, the single- 
phase system with ground return reciuires the same insulation 
as a single-phase system with grounded neutral, of twice 
the voltage, and then requires the same co])i)er. A saving 
results only in the number of insulatom re(iuired, etc. Only 
where the amount of power is so small that mechanical strength, 
and not power loss, determines the size of llu' conductor, a 
saving results by replacing one of the conductoi-s !)ytli(' ground. 

The high-tension, direct-current system, wIk'IIkm- insulat('d, 
or with grounded neutral, or with ground nduni, apjx'ars e<|uai 
in copper efficiency to a singk'-jdiase systinn of tlic s:unc cluir- 
acter (insulated, or with grounded neutral, or witli ground 
return) and of the same effective voltage', that is, with a sine 
wave of a maximum voltage V2 times that of the' direct current. 
Due to the different character of unidirectional electric .stn'ss of 
the direct-current sysstem, from the alternating ,stre.ss, a gen/'ra) 
comparison of the system by a numerical factor apneai-s hardlv 
feasible. 
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396. With cfiual load of the same phase displacement in aU 
three braiK'hcs, the symmetrical three-phase system offers no 
special features ovc'r those of three equally loaded single-phase 
systems, and can b(i treated as such; since the mutual reactions 
between the thrc'(‘ phases balance at equal distribution of load, 
that is, since each phase is acted upon by the preceding phase in 
an e(iual l)ut ojjpositc* manner as by the following phase. 

With uiKMiual dislrihution of load between the different 
Iwanches, llu' voHages and i)liase differences become more or 
lass un('(|ual. TIk'sc' uid)alancing effects arc obviously maxi- 
mum if soiiK' of 1lie i)liases arc fully loaded, others unloaded. 

L(‘t PJ e.in.f. helween branches 1 and 2 of a three-phaser. 
Tin'll 

£ /(,’ e.m.f. l)(‘tw('('n 2 and .3, 

.'!<] c.in.f. lichvei'n 3 and 1; 


where 


1 I /vd 


Zt, Z.., Zf iinix'danccs of Uk' lines is.suing from generator 
terininals I, 2, 3, 

and r,, y r, admittances of Uu' eonsumer circuits cou- 
nei'teil lict.ween liiu's2and .i,.>and 1,1 and 2. 

If then, 

/ ,, / •>, / -1, are tin* curn'iits issuing from the generator termi- 
nals into t.lu' liiK'S, it is, 

/.I /, I /:. 0. 


( 1 ) 
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If, Ii', //, /,'= currents through the admittances, Y^, Fj, Fj, 
from 2 to 3, 3 to 1, 1 to 2, it is, 

It = 1/ - U, or, U + h' - -[s' = 0 

h = U' - U> or, h + W - = 0 (2) 

Is = — It) or, I 3 + 1 1 — I 2 = 0 

These three equations (2) added, give (1) as dependent 
equation. 

At the ends of the lines 1, 2, 3, it is: 

= El — + Fg/s 

E^ = E^-ZJ^-^ ' (3) 

El! =fs-Fi7x + F,7,. 
the differences of potential, and : 

7/ =£7 

7 / = E! 1 ; ( 4 ) 

U = E! I'g 

the currents in the receiver circuits. 

These nine equations (2), (.3), (4), doleriuiiK' the nine <iuiin- 
tities: h, Ii, /g, //, //, //, E/, E!. E,'. 

Equations (4) substituted in (2) giv(‘: 

Ii=E/y, E/ y, 
i^-E/y, E./y, 

I 3 - E! y, E! \\ 

These equations (f,) suixstituted in (3), and triui.s|)(ise(|, f>ive 
since E, = s E 

El = E • as e in.fs. at the giMU'rator ti'rininal^. 

Eg =E 

s E-E/(l + F,Fg+ FjFg) f Ei'y/.i | E/r,/., () 

y^E -E! (1 + FgFg + FgFj) + Eg'KjF, I E/r.F., 0 {(i) 

E -E! (1 + FgF, + FgEg) + Ei'YiZi f- 0 

as three linear equations with the three ([uantities, E/, E./, K'. 
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Substituting the abbreviations: 

■ - (1 + Y,Z, + Y,Z,) , Y^„ Y,Z, 

K = Y,Z„ -(1 + 7A+W, Y,Z, 

Y,Z„ Y,Z„ -{1 + Y^,+Y,Z,) 

■e, 7^3, Y,Z, 

-{l + Y,Z,+ Y^,), Y,Z, 

.1, 72^1, — (I + 72 Z 1 + 7 SZ 2 ) 

— (1 + ^ iZ 2 '{'YiZg), e, YgZ^ 

712= YiYs, 

J\Z2, 1, -a + Y^Z. + Y^Z^) 

r - (1 + 7,72+7^73'), 727,, 

7 ^ 3 = 1 7,7,, —(1+7273 + 727,), 

y^i, 1 - 


Lr/., 

wc 


py 

/v 


AV // 


// 

y.h'K, 1 

/•/ 

y.p'h'. 

K 

(/ 

yj':i<. 

K 

/. 

)\K, y..KJi 

K 

/, 

yj<, 

'k 

u 

yju r./iV^ 
' K 
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hence, + E^ + = 0 ) 

h +h +h =0j 

397. Special Cases. 

A. Balanced System. 

F, = 7, = 7, = F 

= Zi = Zg = z. 

Substituting this in (6), and transposing; 


jE/j = YE 


F' - 

• ‘ 1 + 3 77 

Ei = 


B' - 

• " 1 + 3 i'7 

II 

CQ 


7? ' — ^ 

• ® 1 + 3 YZ 


_B^(s-DE) 


1 + 3FZ 


1 + 3 77 


(s-1) EV 
1 + 3 1'7 
£ (s 1 ) liY 
1 + YZ ' 


The equations of the syniinetrical l)ahui(*(‘(l tlir(‘(‘-j)liaso 
system. 

B. One circuit loaded, hro unloaded. 

7. = 7, ^ 0, 1', 

7, = 7^ = 7, 7. 

Substituted in eciuatioiis ((i) : 

eE-E,' + E^'YZ= 0} 
s^E-E./ + E^YZ= Oi 
jB — .Rg' (1 +2 YZ) ^ 0, loaded bnincli. 


hence; 


{.+ (1 + 2 £) 77 }] 

• ‘ 1 + 2 77 

+ (1 + 26^)771 
1 + 2 77 

• ® 1 + 2 77 


unload 0 ( 1 ; 


loaded ; 


all tlir(H‘ 
(‘.mis. 

un(‘(iual, and (13) 
of uncMiual 
phasci angles. 
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//=// = o 

w_ W 
•® 1 + 2YZ 

EY 

1 + 2YZ 
EY 


/, =- 


1+2YZ 


^8=0 ] 

C. Two circuits loaded, one unloaded. 

7,= 0, 

z, = z,=z,=z. 

Substituting this in o(iuations ((>), it is 

8^;-7V(I ( I loaded branches. 

sVi’-AV (1 I 2 yZ) I E/VZ - 0) 

E - /'V I (7^’/ t i unloaded branch. 


or, since 


(/':/ I E/) E,'- 

E <h 

/- • 

■' I I )'/’ 


/-; 1 1 I cj I I rz| 
i > I 1/ I ;! r-z- 


/•; ’ll I r. 


■| VZl 


1 I n z I :! 1 -z- 

/-; 

1 I i z 


liiadi'd hninchos. 


uhIojkIcmI branch. 


As sr<‘n, with un-ynini (‘1 ncnl disi rihulion of load, all three 
})raiu*lM‘.s iii()r(‘ or l(‘^s iiiuMjiial, and tlu^ j)hase clLsplace- 

ineiit l)t‘lw'(‘(‘ii llioiii un('<iual also. 
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398 . In a three-wire quarter-phase system, or quarter-phase 
system with common return-wire of both phases, let the two 
outside terminals and wires be denoted by 1 and 2, the middle 
wire or common return by 0. 

It is then, 

El = B = e.m.f. between 0 and 1 in the generator. 

Ei = jE = e.m.f. between 0 and 2 in the generator. 


Let/i and I ^ = currents in 1 and in 2, 

7o = current in 0, 

Zi and Z 2 = impedances of lines 1 and 2, 

Zo = impedance of line 0, 

Yi and Y.^ = admittances of circuits 0 to 1, and 0 to 2, 
li and 7/ = currents in circuits 0 to 1, and 0 t.o 2, 

El and E^' = potential differences at circuit U to 1, and 
0 to’ 2. 


it is then, / , -f- (2 + 7o - 0, ^ 

Of) /o “• (7 1 + 7 -j) ; ^ 

thatis, 7o is common return of /, and f ... 


Further, wc have : 

El' = ^ - hZi + ^ E -[liZ, I /„) - 

E 2 ' =jE - + ly, jM - /, (Z, I Z„) - [,Z,S 

and I, = Yili/ 

1 2 = 

7o =-{YiEi' + Y-iE./) 

Substituting (3) in (2), and cxi)anding, 

^ = JE 1 + Y.y.i + Y .jZ„ ( 1 - j) 

■ {i+YiZ,+ YiZi) (1 + Y2Z,+ Y 2 Z 2 ) ~l^ 

E' = jE ^ + YiZi + YiZa (1 \-j) 

• il + YiZ,+ YiZi) {l + YiZ,+ Y 2 Z 2 ) - Y,Y.y} 
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r^) 




(i) 
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Hence, the two e.m.fs. at the end of the line are unequal in 
magnitude, and not in (juadrature any more. 


399. Sniici.vL ('.vsKs: 


A. Balanced System, 

7 - ^ • 


Suhstituling fh(>se vahu>s in (4), gives; 

• \'~1 
v'2 


I + v-'i - i 

H —,_—^YZ 


K' K 


I I \ 2 (1 I \ 2) 77 l-(l + \/2) 7^7= 
II (1.707 0.707,/) 77 


• 1 I .‘i.ll I }'7 I- 2.411 7'7=* 
,, 1 I v'2 I ! 

A’/ )K 


\ 2 


77 


./A 


1 , \ 2 (I I \ 2) Y7j I (1 I-V2) 7-^73 
,11(1 707 I 0 707 ,/■) YZ 


YZ 


III r-7- 


(5) 


ll(‘iii‘(‘, till' iiaiaci'iMl (iii:iflci'-|)lmM‘ s,vs1('in witli eommon 
(•(‘tiicn i" ((iilial.’idrcil wiih n'.uacd to voltage and phase relation, 
or in odiec uocii', e\ eii [1 in a i|uar(er-pliases,v,stem with eommon 
return liolli Inanelie- oi plla''e'^ are loaih'd einially, with a load 
of t he ^anie plia-e di'-placeineiil , nevertheless the system heeumes 
nnliidaneed, and t he 1 wo e m N. at lh(‘ end of thi' line are neither 
eipial in ina.gnit ode, nor in (|nailratnre with each other. 


(n) 

ih) 


i'). One hniiirli hxidril, one unloaded. 
7. 7, 7, 

/„ " . 

N 2 

0. r, y, 
r. r, 0. 
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Substituting these values in (4), givas : 

,1 +V2-J 


1 + YZ- 


(a) E,' = E 




I + YZ 


1 + V2 





1 + YZ 
= jE 


1 + V2 

V2 

1 


1 + 1.707 YZ 


(5) E/ = E 


I + V2 

1 + YZ- 


V2 


= E 


E'^jE- 


• 1 -h 1.707 YZ 

1 + v'iJ -I- / 
1 + FZ ^ 


1 + 7 / 


1 f V 
\/2 


= jE 

= J? 


1 +- 


1 


YZ 


] + 


J 


2.414 + 


1.414 

~YT 



QUAHTKR-PUASB system. 0gj 

with 

But tlio viiluos in (a) arc rliflerent from the values in ease 

( 6 ). 

That means: 

Tlu^ tu-()_ phases of u tlimo-mre, quarter-phase system axe 
unsymnK'tneal an<l the leading phase, 1, reacts upon the lagdne 
phase, 2, in a dillerent manner than 2 reacts upon 1. ^ 

It is thus undesiral)l(> to use a tlircc-wire, quarter-phase system 
except m eases where ilie line impedances, Z, are negligible ' 

In all other casi's, the four-wire, quarter-phase system is 
proftiral)l(‘, which essentially consists of two independent single- 
pluisc circuits, and is In'aUnl as such. 

Obviously, e\-eii in such an independent quarter-phase system 
at uneiiual distritmtion of load, unhalaneing effects may take 
place. 

If one of the branches or phases is loaded differently from the 
other, 1h(‘ drop of voltage and the shift of the phase will be 
(liiTm-ent from tliat in th(‘ other liranch; and thus the e.m fs. at 
the end of tlic line> will l.c neither eiiual in magnitude, nor in 
qiiii<lrn1urr with <-:ich oIImm*. 

Witli liolli branclu-, however, loailed ciiually, tlie system 
n'lnains lialaneed m \oltag(‘and plmse, just like the three-phase 
sys1(‘in under tin* -.•inu* com litions. 

Thustlie loin WUC, (|uarti-i phase system and the three-phase 
systmn aie balanced willi leeaid (o voltage and phase at eiiual 
(list rdiiit loll ol load, but aie liable to become imbalaneed at 
une<|ual di-t ribiil imi ol lo.ad; the tliiee-wiiv, (iuarter-|)liase 
system i- iiiibalaiinul m \ollage and pliiuse, evi'ii at equal dis- 
tribution ol loail 
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BALANCED SYMMETRICAL POLYPHASE SYSTEMS. 

400 . In most applications of polyphase systems the system is 
a balanced symmetrical system, or as nearly balanced as j)()ssible. 
That is, it consists of n equal e.m.fs. displaced in phase from 

each other by - period, and producing equal currents of ecjual 
n 

phase displacement against their e.m.fs. In such systems, each 
e.m.f. and its current can be considered separately as con- 
stituting a single-phase system, that is, the polypluise^ system 
can be resolved into n equal single-phase systems, c^acdi of wliicli 
consists of one conductor of the polyphase syst(un, with z(‘ro 
impedance as return circuit. Hereby th(‘ inv(‘stigatiou of tlu^ 
polyphase system resolves itself into that of its (‘onstituent 
single-phase system. 

So, for instance, the polyphase syst('m shown in I^'ig. 2H), at 
balanced load, can be considen'd as consisling of th(‘ (‘((iial 
single-phase systems : 0 — 1 ; 0 — 2; O-.'l, . . . ()-//, (‘uch 
of which consists of one conductor, 1, 2, d, . . . n, and tlu* r(‘tiirn 
conductor, 0. Since the sum of all llu' curnaiis (‘(jual^ 0, 
is no current in condiador 0, that is, no vol1ag(‘ i^ con^uiiKMl in 
this conductor; this is (‘<{ui valent to a.sMiining eondnclor 
as of zero impedances Tliis common ndurn conductor, 0, Mnc(‘ il 
carries no current, can Ih' omitted, as ih usually 1h(‘ W’ilh 

star connection of an a])])aratus into a polypha'-(‘ >y'-t(nn, a.s in 
Fig. 241, the impedance of tlu^ equivaUMit single-pliax^ 
is the impedance of one conductor or circuit; if, liow('v<‘r, 1h(‘ 
apparatus is ring connected, as shown diagramma1ic<*ill\' in I^'ig. 
242, the impedance of the ring-comu'ctc'd j)ari of Ili(‘ circuit 
has to be reduced to star connection, in th(‘ usual maniKu* of 
reducing a circuit to another circuit of diflerimt voltugts by the 
ratio 

ring voltage 
star voltage ' 
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or, as these voltages are usually called in a three-phase system, 

delta voltage 

r 5L-, . 

r voltage 

That is, all ring voltages an' dividotl, all ring currents multiplied 
with e; all ring iinpc'danec's are divided, all ring admittances 
multiplied with tin' stpian' of the ratio, c^. 

For instan(‘(', if in a thr('(‘-])hase induction motor with delta- 
connected (dreuits, th(‘ impedance of each circuit is 


and the voltag(‘ iiniiivssc'd upon the circuit terminals E, and 
the motor is supplic'd ov(‘r a line of impedance, per line wire. 


the motor iinju‘danc(‘, hmIiummI to star connection, or Fimpedance, 
is 


Z' 


r /./ 1 


and tin* iiiipr(‘— rd xdhnuc. r(Mluc(Ml to )' circuit, 



\ 


ainl tln’ I'lial impedance i>l tin* <•< |ui\ aliMit .sini»l(‘-j)lnisc circuit 
i^ t!i{‘ret<ne 

Z., // /,. //„' ,/r //’). 


Iii\er-el\, ln)\\e\ei. wlieie iln-- app(‘ars inoH' convenient, all 
(juaiililie iiia\ li«‘ ledmed to mi'j or d(‘lla conii(‘etion, or oii(‘ 
of ili(‘ I ill'.' cMiiiieci loll- (uii-idcicd a^ (Mjuivaleiil .single-phase 
circuit , dl ini] ie(laiie» 

Z I r / / t d 1/ „ (fj. 

Since the line impedance^, line curnaits and the voltages 
consumed in the line' ol a pdlyj»lias(‘ system ar(‘ star, or (in a 
three plia-e -\-teiiii V « plant it le-, it usually is mor(‘ eonv(auent 
to HMluee ail <piantitie'* tn 1 eniiiuMdioii, and use one of the 
l"-eircuits a" the e(jui\’alen 1 ‘'ingh'-phase circuit. 
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401 . As an example may be considered the calculation of a 
long-distance transmission line, delivering 10,000 kw., three- 
phase power at 60 cycles, 80,000 volts and 90 per cent 
power-factor at 100 miles from the generating station, with 
approximately 10 per cent loss of power in the transmission 
line, and with the line conductors arranged in a triangle 6 feet 
distant from each other. 

10.000 kw. total power delivered gives 3,333 kw. p('r line or 
single-phase branch {Y power). 

3,333 kw. at 90 per cent power-factor gives 3,700 kv-amp. 

80.000 volts between the lines pves 80,000 -f- = 4(),100 

volts from line to neutral, or per single-phase circ^iiit. 

3,700 kv-amp. per circuit, at 4(),100 volts, giv(\s (SO ain{)eres 
per line. 

10 per cent loss gives 333 kw. loss per line, and at 80 ain[)eres, 
this gives a resistance per line, 

333,000 80- - 52 olinis, 

or, 0.52 ohms per mile. 

The nearest standard size of win* is No. 0 H. tV S., which 
has a resistance of 0.52 ohms, and a wc'ighi of 1080 pounds p(‘r 
mile. 

Choosing this size of wire so nMjnin's {ov \\w 300 inil(‘s of liiu* 
conductor, 300 X 1680 = 500, ()()() ])()un(l> of copjxM*. 

At 0.52 olmis per mil(*, the r(‘.sisianc(' p<*r li-an.-nii.svion hiu* or 
circuit of 100 miles length, is 

r -.VJohiiiN. 

The inductance of win* No. 0, with d 0.325 inclu's 
diameter, and (i F(*et -= 72 iiiclH*^ distniici* from (Ik* rctiini 
conductor, is calculal(*d from tlu* formula of hia* mduclaiHa* 
as, 2.3 mil-henrys i)cr miU*; h(‘i\<*(*, p(‘r circuil, 

L - 0.22) h(‘nry, 
and herefrom the reactan(*o, 

.r -^2zJL 
= 88 ohms. 

* “ Theoretical Elements of Electrical Engin(‘crin'i;,” Second or Third Edi- 
tion, Section I, §7, instance 1. 
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The oapaehy c)f tho Iransitimon line may be calculated 
directly, or niorc' convc'iiiontly it may be derived from the 
induct an(‘o._ If f' is tho capacity of the circuit, of which the 
inductance is L, tlu'ii 

1 

' -i Via 

is tho hindauKUiial frcnpuMicy of oscillation, or natural period, 
that is, th(> frcMpioncy wliich makes the length, I, of the line a 
quartcr-wav(‘ length. 

Bincc' the vehx-ity of propagation of the electric field is the 
velocity of liglit, v, with a wavMoiigth, 4/, the number of waves 
per second, or freipiency of o.scillation of the line, is 

/. 

and h(‘r(‘froin (hen follow 

r 
/ 

or, 

r 

llCIKT, Inr 

I loo mile-, 

I iso 000 null's |)(‘r si'cond, 

/ 0 j.} liriil \ , 

( 1 N, ml. 

luid till* il \ n ' » j'l nil i 

I, » jC IT.-) 10”. 



* < )| iMy I H I III) il iilil \ 

111^ till I omlui till III 


(nu.liiilnl llu* MK'diwiti surroiUKl- 


\ I \ jXK 

■ . 

I ' LC 


llfTlCC, 
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Representing, as approximation, the line capacity by a con- 
denser shunted across the middle of the line. 

We have, impedance of half the line, 

T X 

Z = ~ y o 7 

Choosing the voltage at the receiving end as zero vector, 
e = 46,100 volts, 

at 90 per cent power-factor and therefore 43.() per cent induct- 
ance factor, the current is represented by 

7 = 80 (0.9 - 0.436 j) =^T2- 35 j. 

This gives; 

Voltage at receiver circuit, e = 4(),1()0 voHs; 
current in receiver circuit, / = 72 + 35 / uiiip. ; 
impedance voltage of half the liiu*, ZI - 3 110 - 2260 / volts. 
Hence, the condenser voltage, - e + ZI li»,5IO 2260 j 
volts ; 

and the coudonser current , — jhZ, 1 . 1 2;i.S j .Minp. , 

hence, the total, or gc'iu'rator current ,/, I / jlih\ 70.i» | 

11.2 j amp. 

The impedatice voltage of the other lialf of lh(‘ line, //„ 
2330 - 2830 j volts; 

hence, the generator voltage, A’,, A’, I Zl„ ."il.sio ,■>()'.)() ; 

volts; 

and the pluise angle of the generator current. 


The phase angh' of the geiK'rator voltage, 


tan 0^ 


5090 

51,840 


-0.098; (L 


5.6'’ 


the lag of the generator current, 0^ = tl, - ri, ^ 1 1.6°; 
hence the power-factor at the generator, cos Oa - 9l).7 p('r cent. 



BALANCED POLYPHASE SYSTEMS. 


697 


And the power output, 3[/, e]' - 10,000 kw.; 
the power input, 3[/o, ^o? = 11,190 kw.; ' 
the effiei('iK*y -- 8!).35 per cent.; 
the volt-ainp(T(' output, 3 ie = 11,110 kv-amp.; 
the volt-ain})(Te ini)ut, 3 = 11,220 kv-amp.; 

ratio: = 99.02 p(T cent. 

An<l the a])s<)lute values arc. 

receiver current, / -* SO amp.; 

receiver voltage, c 4(5, 100 X \/3 = 80,000 volts; 

generator current, =71.8 amp.; 

generator voltage, Cy -- 52,100 Xn/ 3 = 90,000 volts; 

voltage (Iroj) in line, - 1 1.1 per cent. 

402 . Balanc(‘(l polyphase^ systems thus can be calculated as 
singl(‘-phasc‘ syst(‘nis, and this has been done in many preced- 
ing (‘hapt(‘rs, as in 1hos(» on the induction machines, synchro- 
nous rnacliiiK's, (‘{c., that is, apparatus which is usually 
()l)(‘rat(‘d on polypluiM' cinmits. 

Only in d(‘iding with thos(‘ pluMioiiKUia which are resultants 
of all th(‘ phaM‘>> of tli(‘ polyphase* syst(‘m, in the resolution of 
llu* polyplia-i' svM(‘ni into ith coiistiluent single-phase systems 
tin* (‘nV(*ti\(‘ \;due of tin* constant has to be uscmI, which cor- 
resjJoiKh 1o the i’(“>ul(ant effect. This, for instance, is the case 
in cnlculaTmu ihc luagiictic h(‘ld of the induction machine — 
which i^ ciici '^i/(‘d by 1lic <*oinI)ination of all j)hases — or the 
ariiia1ur<‘ rcaclion <il >yn<-liron(Mi.s ina(‘liin('S, etc. 

Kor in^t:mci‘, in llu* induction machine, from tlie generated 
(‘.ni.f., c, in ( haj)1cr XIX tin* niagn(‘1ic flux of the machine is 
calculated, and Iroin Ilit* inagiK'tic Ilux and tlie dimensions of the 
inagiK'tic cii'cml. I(‘ng1h and section of air-gap, and length and 
s(*(*1i()n <)l llie ii'oii pari, follows tin* ainjx'H'-l urns e\(*itation, that 
is, tin* aiiipeie turn-, r(‘(jiiin*d to {)n)du(*e the magnetic flux. 
TIh* i‘(‘^ullant III. in. f of /// (sjual magnetizing (‘oils (lis[)laced 

in position l)v ^ c\'cl<*, (‘n(‘rgiz(‘d l)y /// (‘(jual currents of an 
‘ /// 

w-i)has(* syst<‘iii, is giv(*n by paragraph o()l as 
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where 

I = current per phase, or per magnetizing coil, 
n = number of turns per coil, 
m = number of phases. 

The exciting current per phase required to produce the result- 
ing m.m.f., Fo, therefore, is 

nm ’ 

hence, for a three-phase system, 

T^Fo^2 

3n ’ 

and for a quarter-phase system, with two coils in quadrature, 



In the investigation of the armature redaction of syiiclironous 
machines, Chapter XXII, the armature reaction of an ///-phase* 
machine is, by paragraph 301, 

V2 ' 

where 

m = number of phases, 

tIq = number of turns j)er phase, ('fh'ctivf', lliat is, allow- 
ing for the spread of llu* turns o\(*r an an* of tlu* 
periphery in machines of di^lrihuh'd winding, 

I = current jkt j)has(‘, 

and when,in Chaj/ter XXII,tlie annatun* n^adion is gi\('n liy///, 
the number of effective turns, r/, is, accordingly, fora polyi)has(* 
alternator, 

?/? 

v2 

hence, in a three-phase machine, 

V 2 

in a quadrature-phase machine, 
n =no Vz 



ArPENDlCES. 
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where 

I = current per phase, or per magnetizing coil, 
n = number of turns per coil, 
m = number of phases. 


The exciting current per phase required to produce the result- 
ing m.m.f., jPo) therefore, is 

FW2 


I =- 


nm 


hence, for a three-phase system, 

r =i?'o^/2 
Zn ’ 

and for a quarter-phase system, with two coils in quadrature, 

Fo 


I = 


n 


In the investigation of the armature reaction of synchronous 
machines. Chapter XXII, the armature reaction of an »i-phasc 
machine is, by paragraph 361, 


r — ■ — — ) 

V2 


where 


m = number of phases, 

Uq = number of turns per phase, effeolive, Ihat is, allow- 
ing for the spread of the turns (>v(‘r an arc of llu‘ 
periphery in machines of (listributi'd winding, 

I = current ])er ])hase, 

and when, in Chapter XXII, the arinatun* n'aclion is gi\'cn liy///, 
the number of effective turns, n, is, accordingly, for a polypliase 
alternator. 


n ^ ■ 


VI 

^2 


hence, in a three-phase machine. 


= 1.5 7io ^2; 

\/2 


in a quadrature-phase machine, 
n VZ 
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APPENDIX I 


ALGEBRA OF COMPLEX IMAGINARY QUANTITIES. 

INTRODUCTION. 

403. The pystc^in of numbers, of which the science of algebra 
treats, fiiuls its ultimate origin in experience. Directly derived 
from ex[)('ri(m(‘(^ however, are only the absolute integral num- 
bers; fractions, for instance, are not directly derived from expe- 
rience, hut are al)stractions expressing relations between different 
classes of (iuan1iti(‘s. Thus, for instance, if a quantity is divided 
in two ])ai1s, from one (luantity two quantities are derived, 
and demoting t]i(‘S(‘ latt(‘r as lialvcs expresses a relation, namely, 
that two of th(‘ n(‘w kinds of <(uantities are derived from, or can 
be combiiu'd to one of the old (juantities. 

404. I)in‘c1Iy d(‘ri\(‘(l from (‘\p(‘rience is the operation of 
count niij or of nuun rot ion ^ 

o, u I 1 , 0 1 ‘J, c 1 3 . . . . 

(bunting l)\ :i gi\eii iinmlxu' of int(‘g(‘rs, 

I I 1 1 I ... I I c 

(I 1 . . , 

h ml(‘gers 

introduci'^ lh(‘ ojxu’ation of oildtlion, a^ multiple counting, 

o I h r. 

It is o I If If H c/; 

thiit i^, llic tcnii'^ of addilioii, or uddciidii, uro iiitorchangcable. 
I\liihi])le addition of th(‘ same tcTins, 

a \ 0 1 (I \ . , , + (I — c 

' ; 

b ecpial numbers 
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introduces the operation of mvUiplication, 
a xb =c. 

It is a xb = b X o,, 

that is, the terms of multiplication, or factors, are interchange- 
able. 

Multiple multiplication of the same factors, 
aXaXaX. . . X a = c, 
b equal numbers 

introduces the operation of involution, 

af‘ = c. 

Since is not equal to 6“ 

the terms of involution are not interchangeable. 

406. The reverse operation of addition introduces the opera- 
tion of subtraction. 

If a + b = c, 

it is c — h=a. 


This operation cannot be carried out in the systoiri 
numbers, if 


h > c. 


of absolute 


Thus, to make it possible to carry out the op(‘ra1ioii of sub- 
traction under any eircuinstanc(‘s, llie syslem of absolute num- 
bers has to be expanded Ijy the introduction of the myalirc 
number, 

— <i = f - - 1) X n, 

where ( — 1) is tlie tKyalirc ntiil. 

Thereby the system of numbers is sul)divid(Ml in the positive* 
and negative numbei-s, and the operation of siilhrnction possil)l(‘ 
for all values of subtrahend and niinu(“nd. h'l'om tlic delinition 
of addition as multiple numeration, and subtraction as its inverse 
operation, it follows, 

c— (-/;) = c + h, 

thus: (_l)X(-l)^l; 

that is, the negative unit is defined by ( — 1)- = 1. 
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406. The revci>ic operation of multiplication introduces the 
operation of division. 

If a xb =c, 

c 

it IS = a. 

b 

In the system of integral numbers this operation can only be 
carried out if h is a factor of c. 

To make it possilile to carry out the operation of division 
under any circumstances, the system of integral numbers has to 
be expanded by the introduction of the fraclim, 

where - is tlu* ini(‘^er fraction, and is defined by 

407. 'rh(‘ n‘V(M’S(‘ opcM’iiiion of involution introduces two new 
ojHM'ations, .sin(*(‘ in Ili(* involution, 

- Cj 

th(‘ (iuan1ili(‘> a jind h luv not r(‘V(Tsible. 

Thus y/c <t, Ww cnolu/ion^ 

lo.e,,, c h, \\\(^ loiidrillinKilion. 

The ()j)(‘r:iti()ii ol (‘volution ol tcrnis, r, which an' not complete 
|)()\^('I^, make-' n fui'llK'r expansion of 1h(‘ sysl(Mn of munbers 
n(‘ccs.s;iry, 1)\’ the introduction of th(‘ trnihondl niiinher (endless 
d(‘ciniid frnclion), lor instanc(‘, 

\ -7 I II . . 

408. T1h‘ opcintion of evolution of n(‘i»;ativ(' (juantitics, c, 
with (‘\(‘n cxpoiicnl^, h, as lor instance', 

inak(‘s a fur(h(‘r <‘\pansion of th(' syst(*ni of nunib(‘rs necessary, 
by till* introduction of tlu' uuuijinnnj luid 

\ 1 

Thus (I ~ X^a, ' 

where; V — 1 is denoted by /. 



704 


alternating-current phenomena. 


Thus, the ima^nary unit, j, is defined by 

f =-l. 

By addition and subtraction of real and imaginary units, 
compound numbers are derived of the form, 

a + 

which are denoted as complex imaginary numbers. 

No further system of numbers is introduced by the operation 
of evolution. 

The operation of logarithmation introduces the irrational 
and imaginary and complex imaginary numbers also, but no 
further system of numbers. 

409. Thus, starting from the absolute integral numl)ers of 
experience, by the two conditions: 

1st. Possibility of carrying out the algebraic operations and 
their reverse operations under all conditions, 

2d. Permanence of the laws of calculation, 
the expansion of the system of numbers has become necessary, into 
positive and negative numbers, 
integral numbers and fractions, 
rational and irrational numbem, 

real and imaginaiy numl)crs and compU'x imaginary numlxTs. 

Therewith closes the field of alg(d)ra, aiul all tlu‘ alg(‘l)raic 

operations and their reverse ojK^ralions can 1)(‘ carried out 

irrespective of the values of terms (M\l(‘ring llu* ()p(‘ration. 

Thus within the range of algi'bra no further (‘\t<‘n.'>i<>n of the 

system of numbers is uecchsary or j)ossil)l(‘, and tli(‘ mo^^t gcaua-al 

number is , 

a f- jh, 

where a and b can 1 )g intcg('rs or fractioiN, or iicgativi', 

rational or irrational. 

Any attempt to extend the .syMoni of minilx'is hc'yoiid the 
complex quantity, leads to nulnber^, in which the factors of a 
product are not interchangeable, in which one factor of a lU’od- 
uct may be zero without the product Ix-ing zc'ro, etc., and 
which thus can not be treated by tlu‘ usual method.^ of algebra, 
that is, are extra-algebraic numbers. Such for instance are the 
double frequency vector products of Chapter XV. 
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Alokhuaic Oi’kuations with Complex Imaginary 
Quantities. 

410. Definition of intaiiinary unit: 

P = - 1 . 

Conipliw iii'diiinorii number: 

A —a h jh. 

Substituting; 

a = r cos /?, 
h - r sin [), 

it is - r (cos /9 + jsin /?), 

whor(' r - ViP + IP, 

b 

Ijui [i 

0 

r vcclor, 

,7 ;im|ili1iiilc of coiii[)l(‘\ iniaginary number, A. 
Sulislituliiiu 


,lli I c jP 


COS 'i 


sill 7 


i1 

\vli(‘n‘ : liiii ( 1 ‘ 


X 


rJl-^ r 

- J 

/ 

r-llt 


I . X / ;; X . . . / /r 


is lli(‘ of the iiiiliinil 


( '(nijutjulc fiinnlx Mr(‘ c:ill('(l: 

(I ( (h r (co^ ,7 I j sill fi) 

iini\ a- jb rlcosl .Vllisinl fi])^r (con p- jsm f) = re->^, 
it is (n I jb) (0 - jb) ^ a- + b‘ 
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Thus, the imaginary unit, j, is defined by 

f =-l. 

By addition and subtraction of real and imaginary units, 
compound numbers are derived of the form, 

a + jb, 

which are denoted as complex irrMginary numbers. 

No further system of numbers is introduced by the operation 
of evolution. 

The operation of logarithmation introduces the irrational 
and imaginary and complex imaginary numbers also, but no 
further system of numbers. 

409. Thus, starting from the absolute integral nmnbers of 
experience, by the two conditions: 

1st. Possibility of carrying out the algebraic operations and 
their reverse operations under all conditions, 

2d. Permanence of the laws of calculation, 
the expansion of the system of numbers has become necessary, into 
positive and negative numbers, 
integral numbers and fractions, 
rational and irrational numbers, 

real and imaginary numbers and complex imaginary numbers. 

Therewith closes the field of algebra, and all the algebraic 

operations and their reverse operations can be carried out 

irrespective of the values of terms entering the operation. 

Thus within the range of algebra no further extension of the 

system of numbem is necessary or possible, and the most general 

number is , ., 

a + j6, 

where a and h can be integers or fractions, positive or negative, 
rational or irrational. 

Any attempt to extend the system of numbers beyond the 
complex quantity, leads to numbers, in which the factors of a 
product are not interchangeable, in which one factor of a prod- 
uct may be zero without the product being zero, etc., and 
which thus can not be treated by the usual methods of algebra, 
that is, are extra-algebraic numbers. Such for instance are the 
double frequency vector products of Chapter XV, 
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Algebraic Operations with Complex Imaginary 
Quantities. 

410. Definition of imaginary unit: 

f = -1- 

Complex imaginary number: 

A = a + jb. 

Substituting: 

a = r cos p, 
b = r sin 

it is 4 = r (cos ;8 + j sin /?), 

where ^ ~ + b^y 

, b 
tan B = -> 
a 

r = vector, 

/5 -■= amplitude o_f complex imaginary number, A. 
Substituting: 

jJP + £-33 

cos /? = > 

£'3 - £-33 
sm/3 - . 

it IS . I / . ■ 

/ iN" ^ _1 

where s = lim 1^1 I J S i x 2 x':^ X • • • X k’ 

is bli(‘ btisis of IIh' luilunil logaritlnns. 

Conjugate jinuilnrs arc called: 

a + jb = f ^ + J ~ 

and a-jb = r (cos [-/?]+? sin [- ^]) =r (cos /? - j sin /?) = re->^, 
itis ia + jb){a-jb) =a? + b^=r-. 
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Associate numbers are called: 
a + jb =r (cos ^ + j sin 


and 

h + ja = cos — ,8 j+j sin|^- — /^ j) 

it is 

(a + jh) (b + ja) = J (a? + b^) = jr^. 

If 

a + jb = a' + jb', 

it is 

a = a', 


b =6'. 

If 

a + jb = 0; 

it is 

a —0, 


6=0. 


411. Addition and Subtraction: 

(a + jb) ± (a' + j6') = (a ± a') + ? (6 ± 6')- 

Multiplication: 

{a + j6) (a' + jb') = {aa' —bV) + j {ah' + ?>a'); 

or r (cos /? + f sin /?) X r' (cos ,5' + j sin ^/9') = rr' (cos [ft + f:i'] 
+ j sin + /9']) ; 

or X 

Division: 

Expansion of complex imaginary fraction, for rationaliza- 
tion of denominator or numerator, by multiplication with the 
conjugate quantity: 

a jb ^ (a -f jb) {a' — jb') {aa' + bb') + j (ha' — ab') 
a' + jb' (a' + jb') (a' — jb') a'‘^ H- b''^ 

_ (a + jb) (a — jb) ^ + b^ 

“ (a'~+jb') (a-jb) ^ (aa' + bb') + j (ab' -ba'Y 
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or, 


or, 


r (cos ^ + j sin r 

f (cos /S' + j sin /?') r' W ~ ?] + j — /S']); 

Iff- = Ie^-0-?') 


involution: 

{a + jhY = {r (cos /? + j sin /?)}’" = \re 

= (cos + j sin n/?) = rV”^ ; 

evolution: 

^a+ jh = (cos + f sin /?) = 

n.-j- 

— yr f cos - + j sin- 1 = yre \ 


412. Roots of the Unit: 

Vl = + 1, — 1; 


= + 1 


- 1 + J Vs 
2 ’ 


-l-jVs. 
, 


Vl = M, 1. 4 J, -J; 


Vi = + i, 


+ 14,/ v':! 


Vl = I- 1, 1,1 j, J, 


-1+jVs -i-jVs +i-jVs 

2 ’ 2 ’ 2 ’ 
I 1 I i + 1- J -1 / -l-/_ 

T ’ ~T ^ ~T ^ ~T ^ 


2"/. . 2 7:1: 

Vl (*os I / sin - - e n , I: = 0 , I, 2 n ~ 1 . 

// ■ // ^ ; 


413. R old (ion: 

In tlK' (*()ni|)l(‘\ inKi^inury [)hin(v nuiltit)li(*ation with 

;/ 2 t: 2 r ~ 

Vr -= (‘oS“ f- / sin— = e ''' 
n 71 

means rotation, in positive direction, by - of a revolution, 

n 

nuiltiplicalion wUh ( - 1) means reversal, or rotation by 180°, 
multiplication with (+ j) means positive rotation by 90°, 
inuitii)lication with ( — j) means negative rotation by 90°. 
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414. Complex imaginary plane: 

While the positive and negative numbers can be represented 
by the points of a line, the complex imaginary numbers are 
represented by the points of a plane, with the horizontal axis, 
A'OA, as real axis, the vertical axis, B'OB, as imaginary axis. 
Thus aU 

the positive real numbers are represented by the points of half- 
axis OA towards the right; 

the negative real numbers are represented by the points of half- 
axis OA' towards the left; 

the positive imaginary numbers are represented by the points of 
half-axis OB upwards; 

the negative imaginary numbers are represented by the points of 
half-axis OB' downwards; 

the complex imaginary numbers are represented by the points 
outside of the coordinate axes. 
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OSCILLATING CURRENTS. 

INTRODUCTION. 

416 . An electric current varying periodically between con- 
stant maximum and minimum values — that is, in equal time 
intervals repeating the same values — is called an alternating 
current if the arithmetic mean value equals zero; and is called a 
pulsating current if the arithmetic mean value differs from zero. 

Assuming the wave as a sine curve, or replacing it by the 
equivalent sine-wave, the alternating current is characterized 
by the period or the time of one complete cyclic change, and the 
amplitude or tlio maximum value of the current. Period and 
amplitude are constant in the alternating current. 

A very important class are the currents of constant period, 
but geoiuetri(*ally varying amplitude; that is, currents in which 
the amplitude of each following wave bears to that of the pre- 
ceding wave a constant ratio. Such currents consist of a series 
of vvav(‘s of constant length, decreasing in amplitude, that is, in 
strengtli, in constant })roj){)rti()n. They are called oscillating 
curn'iils in Tinalogy with mechanical oscillations — for instance 
of the p(‘ndulum — in which the amplitude of the vibration 
decreases in constant })r()p()i-tion. 

Since th(‘ amplitude of the oscillating current varies, con- 
stantly d(H*r('asing, the oscillating current differs from the alter- 
nating cui’nMit in so far that it starts at a definite time and 
gradually di(‘s out, reaching zero value theoretically at infinite 
time, j)ractically in a very short time, short even in comparison 
with the time of one alternating half-wave. Characteristic con- 
stants of the oscillating current arc the period, T, or frecpiency, 
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417. In polar coordinatos, tho oscillating wave is represented 
in Fig. 260 by a spiral curve passing the zero point twice per 
period, and tangent to the exponential spiral, 

y = ± es~‘^. 

The latter is called the envelope of a system of oscillating 
waves of which one is shown separately, with the samft constants 
as Figs. 259 and 260, in Fig. 261. Its characteristic feature is; 



Fiu 260 

The aTigh' wliicli any eoncentrie circle makes with the curve 
y - cs is 



wiiicli is, therefore, con.stant; or, in other words; “The envelope 
of the oscillating current is the exponential spiral, which is char- 
acteriz(‘(I by a constant angle of intersection with all concentric 
circle's or all radii vectores.” The oscillating current-wave is 
the product of the sine wave and the exponential or loxodromic 
spiral. 

418. In Fig. 262 let y - ee represent the exponential 
spiral; 

let 2 = e cos (<j) —0 ) 

represent the sine wave; 
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E= COS i^ — O) 


and let 

represent the oscillating wave. 

We have then 

dE 
Ed4> 

— sin {<f> —6) —a cos (<^ — 
cos (0 — ^) 

= — {tan — 


tan ^ = 




Fig. 262. 


that is, while the slope of the sine wave, z = e cos ( 9 S —0), is 
represented by 

tan y = — tan (<j^ — 0), 

the slope of the exponential spiral, y = is 

tan a = —a ^ constant, 

that of the oscillating wave, E = cos ((p — 0), is 
tan /? = — {tan (<jS —0) + a} . 

Hence, it is increased over that of the alternating sine-wave 
by the constant, a. The ratio of the amplitudes of two conse- 
quent periods is 

E2 
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A is called the numerical decrement of the oscillating wave, 
a the exponential decrement of the oscillating wave, a the angu- 
lar decrement of the oscillating wave. The oscillating wave can 
be represented by the equation, 

E = cos {4> — d). 

In the example represented by Figs. 259 and 260, we have 
A = 0.4, a =0.1435, a = 8.2°. 

Impedance and Admittance. 

419. In complex imaginary quantities, the alternating wave, 

z =ecos{<j> — 6), 

is represented by the symbol, 

E = e (cos 6 + j sin (?) = e, + je^. 

By an extension of the meaning of this symbolic expression, 
the oscillating wave, E == ee-^^ cos {cl> -6), can be expressed 
by the symbol, 

E^e (cos 0 + j sin 0) dec a = (e, + je^) dec a, 

where a = tan « is the exponential decrement, a the angular 
decroinent, the numerical decrement. 

Inductance. 

420. Lot r -= resistance, L = inductance, and x = 2 -fL = 
reactance. 

In a circuit (“xcited by the oscillating current, 

/ = is-”* cos {<j>-0) = i (cos 0 + ?■ sin 0) dec a 
= (/, + jh) dec «, 

where = i cos 0, i, =ism6, a = tan «. 

We have then, , • 

the electromotive force consumed by the resistance, r, of the 

circuit, 

Er= rl dec a. 
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The electromotive force consumed due to the inductance, L, of 
the circuit, 


„ , dl ^ dl dl 

E~ = L -j- 2 zfL -j2 X - , 

^ dt ' d(f> d4> 

Hence E^= — fsin (<j> — 6) + a cos (<p — 6)\ 


cos a 


sm{4> — d + a). 


Thus, in symbolic expression, 

Xfi 

= \ — sin {6 — a) + j cos (d — a)] dec a 

cos a 

= — (a + j) (cos 6 + j sin d) dec a] 

that is, E^ ^ —xl {a + j) dec a. 

Hence the apparent reactance of the oscillating-current 
circuit is, in symbolic expression, 

X = x (a + j) dec a. 

Hence it contains a power component, ax, and the impedance 


is 

Z = (r — X) dec a==W — x (a -i- j)l dec a = {r — ax — jx) dec a. 


Capacity. 

421. Let r = resistance, C = capacity, and = 


1 


\7rfC 


= condensive reactance. In a circuit excited by the oscillating 
current, /, the electromotive force consumed due to the capacity 
Cis 

or, by substitution, 

Ex^ cos {<j> — 0) d<j) 

ie““^ {sin (^ — w) — a cos (<j> — 6)} 
sia {(j) — 6 — a) 


1 + 


(1 + ffi^) cos a 
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hence, in symbolic expression, 

x% 

(1 + a?) cos a ^ (^ + a) + J cos (^ + a)} dec a 

= I , a (fl + j) (cos <? + J sin (?) dec a; 

JL "T Cl 

hence, 

X 

^ rT~^ ( — a + j) 7 dec a; 


that is, the apparent capacity of the oscillating circuit is, in 
symbohc expression, 

C + j)deca. 

422. We have then: 

in an oscillating-current circuit of resistance, r, inductive 
reactance ar, and condensive reactance x^, with an exponential 
decrement a, the apparent impedance, in symbohc expression, 

is c (C ) 

Z = ] r - X (a + j) + ■-- - {-a + j)i dec a 

/ X r Cl \ 

J ^(1 ’ 

and, absolute, 




1 + a\ 


423. Let 


Adnidtance. 

/ =)£"■“* cos (^ — 0) = current. 


Then from the [jrcceding discussion, the electromotive force 
consumed by resistance r, inductive reactance x, and con- 
densive reactance x^, is 


E = te-“* 



a 

1 + 


] 


— sin (<^ — 0) 


= iZa^~°^ cos ^ -I- S), 
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X — 


where 


tan d = ' 


1 + «* 


r — ax 


1 + a* 


Xr. 


*• - 

substituting 5 ^ for d, and e = we have 

E = ee"*** cos (<j> — 6), 

/ = — cos ((f> — 6 — S) 


= es-^ 


< cos 5 sin (J . ) 

) cos (cp — 6)-\ sm i<f> — d)y, 

( Zo Z^ J 


hence in complex quantities, 

E = e (cos 0 + j sin 6) dec a, 


_ _ ( cos 5 . sin 5 ) 

1= E\ + j 1 dec a; 

\ / 


or, substituting, 


l^E 


r -ax-- 


1 “h 


Xr. 




J — 


+ J 


1 + 


(x - — - Y +(r~ax- ^ x)j 
\ 1 + aV V 1 + a" 7 


dec 


424. Thus in complex quantities, for oscillating currents, we 
have: conductance, 


r — ax — 


9 = 


I + a? 
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susceptance, 



admittance, in absolute values, 

y + h‘^ == 

in symbolic expression. 



Y=g + ih = 


Since the impedance is 


we have 


\ \ T T 

~ z’ ~ 7„’ ^ ~ 


that is, tlio sairu' relations as in the complex quantities in alter- 
natin^-(*urr(Mit circuits, except that in the present case all the 
constants, .r,,, g, z, //, depend upon the decrement a. 


(Circuits of Zero Impedance, 

425. In an oscillating-current circuit of decrement a, of 
resistance r, in(lu(‘tiv(' reactance x, and conclensive reactance x^, 
the impedance was rei)resented in symbolic expression by 


^ == - Fa 

or numerically by 





-ax — 


a 

1 + 



\ 

1 + aV 



a 

I + a? 



1 4" ct' 
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Thus the inductive reactance, x, as well as the condensive 
reactance, Xo, do not represent wattless electromotive forces as 
in an alternating-current circuit, but introduce power compo- 
nents of negative sign, 

a 


that means, in an oscUlatiag-current circuit, the counter electro- 
motive force of self-induction is not in quadrature behind the 
current, but lags less than 90®, or a quarter period; and the 
charging current of a condenser is less than 90°, or a quarter 
period, ahead of the impressed electromotive force. 


426. In consequence of the existence of negative power 
components of reactance in an osciUating-current circuit, a 
phenomenon can exist which has no analogy in an alternating- 
current circuit; that is, under certain conditions the total 
impedance of the oscUlating-current circuit can equal zero: 


In this case we have 
r -ax- 


1 + 

substituting in this equation, 

X = 2 TcfL; Xc = 
and expanding, we have 


Z=0. 


® ^ n.,» A 

^0 0,2: ^ I 0, 


1 + 


KfC’ 


a = 


T^C 

o f _ ^ vA 1 ^ 

2L^ T^C ^ 2aL' 

That is, if in an osciUating-current circuit, the decrement. 


1 
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T 

and the frequency / = , the total impedance of the circuit 

is zero; that is, the oscillating current, when started once, will 
continue without external energy being impressed upon the 
circuit. 


427. The physical meaning of this is; If upon an electric 
circuit a certain amount of energy is impressed and then the 
circuit left to itself, the current in the circuit will become oscillab; 


7* 

ing, and the oscillations assume the frequency, / , and 

the decrement, 4;raL 

1 


a = 


v/i^ 

' rV 


That is, the oscillating currents are the phenomena by which 
an electric (*ir(*uil of disturbed efiuilibrium returns to equilibrium. 

This f('alur(‘ shows ili(‘ origin of the oscillating currents, and 
the means of producing such current by disturbing the equi- 
librium of 1li(' (‘h'clric circuit; for instance, by the discharge of a 
condens(‘r, by mnk(‘-an( 1-break of the circuit, by sudden electro- 
static charge', as lightning, (i(*. Obviously, the most important 
oscillating curn'iils ari' 11iom' in a circuit of zero impedance, 
repr(‘S(‘n1ing oscillalmg discharge's eif the circuit. Lightning 
streike's fre‘(|ue'iitly be'loug lo this e*lass. 


( )s('ill(i(in(f DisrlidVijes, 

428. The* condition of an eiscillating elischarge is Z = 0, 
that is, 


" 1 
' rr 

If r -= 0, that is, in a e*ire*uit withemt resistance, we have a== 0, 

f= * lliiit is, llio currouts arc alternating with no decre- 

2 71 \ I A ^ 

ment, and the' fre'eiiiency is that e)f resonance. 
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If 


4L 

i^C 


5V/i, a 


< 0, that is, r > 2 V « and / become imaginary; 

1 c 


that is, the discharge ceases to be oscillatory. An electrical 

In 


discharge assumes an oscillating nature only, if r< 2^ ^ 
/L ^ 


the case r — 2^~ we have a = oo, / = 0; that is, the current 


• dies out without oscillation. 

. From the foregoing we have seen that oscillating discharges 
— as for instance the phenomena taking place if a condenser 
charged to a given potential is discharged through a given circuit, 
or if li ghtning strikes the hne circuit — are defined by the equa- 
tion, Z = 0 dec a. 

Since 


I = (ti H- jii) dec a, Er = 7r dec a, 

E^ =-xI (a + }■) dec a, E^,^ = ^ - I ( - a + j) dec a. 


we have 


r — arc - 

-X + 


a 


1 + 
1 + 


= 0 , 

= 0 ; 


hence, by substitution, 


= xl {—a + j) dec a. 


The two constants, ii and ij, of the discharge, are determined by 
the initial conditions — that is, the eleciromotive force and the 
current at the time, t = 0. 


429. Let a condenser of capacity C be discharged through a 
circuit of resistance r and inductance L. Let e = electro- 
motive force at the condenser in the moment of closing the 
circuit — that is, at the time ^ = 0 or ( 5 ^> = 0. At this moment 
the current is zero, — that is, 

I = ii = 0 . 

Since = xl { — a + j) dec a = e at ^ = 0, 

e 

we have v 1 + = e or == — - p : —— . 

X VI + a' 
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Substixuting this, we have, 

I =J 


dec a, Er = je ^ 




xVl + o* 
e 


Vl + 


(1 - ja) dec a, ^ = 


a; Vl + 
e 


Vl + a* 


dec a, 

(1 + jd) dec a. 


the equations of the oscillating discharge of a condenser of initial 
voltage, e. 


Since 


a: = 2 nfL, 


a = 


2i:f = 


V 


2 aL 


we have 


r r ^/4L 


hence, by substitution, 

I =J^\/^clGca, = jer \/^dec a, 
L ' L 


■K, - f - 1 - j) dec «, 

'JW^- 

y yin 


v/t'i - 

r^C 


1 f = 


r V-77; -1 
y-C 

4 tzL 


the final equations of the oscillating discharge, in symbolic 
expression. 
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OsdUating-Current Transformer. 


430. As an example of the application of the symbolic 
method of analyzing the phenomena caused by oscillating 
currents, the transformation of such currents may be investi- 
gated. If an oscillating current is produced in a circuit in- 
cluding the primary of a transformer, oscillating currents will 
also exist in the secondary of this transformer. In a trans- 
former let the ratio of secondary to primary turns be p. 
Let the secondary be closed by a circuit of total resistance, 
r, = r/ + r/, where r/ = external, r/' = internal, resistance. 
The total inductance = L/ + L/, where L/ = external, 
Li" = internal, inductance; total capacity, Cy Then the total 
admittance of the secondary circuit is 


5^1 = (S'! + A) dec a = 


(^1 l + 1 + a^’ 


where =2 nfL^ = inductive reactance: ^ = conden- 

2/ 7Cj(^ 

sive reactance. Let Tq = effective hysteretic resistance^ Lo = 
inductance; hence, Xq= 2 nfL^ = reactance; hence, 


^0= ^0 + j6o 


r r- = admittance 

(ro — a^o) - 


of the primary exciting circuit of the transformer; that is, the 
admittance of the primary circuit at open secondary circuit. 

As discussed elsewhere, a transformer can be considered as 
consisting of the secondary circuit supplied by the impressed 
electromotive force over leads, whose impedance is eciual to 
the sum of primary and secondary transformer impedance, and 
which are shunted by the exciting circuit, outside of the 
secondary, but inside of the primary impedance. 

Let r = resistance; L = inductance; C = capacity; 


hence, 


x == 2 tt/L = inductive reactance, 




= condensive reactance of the total primary circuit, 
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including the primary coil of the transformer. If dec a 

denotes the electromotive force generated in the secondary of 
the transformer by the mutual magnetic flux, — that is, by 
the oscillating magnetism interlinked with the primary and 
secondary coil, — we have = Bi'Y idee a = secondary cur- 


rent. 

Hence, lx =Vli “ = P^i^x dec a = primary load current, 
or component of primary current corresponding to secondary 


current. Also, dec a = primary exciting current; 

V 

hence, the total primary current is 


l=Ix+ '^ 0 '" ^ 

^'= AL Jec a = generated primary electromotive force. 
P 

Hence the total iiriniary electromotive force is 


E = {E' -I- IZ) doc « = — !l + ZYo + fZYxl dec a. 

V 

In an oscillating discharge the total primary electromotive 
force, E - 0, — that is, 

1 [- ZY, + p^ZYx^O; 

or, after substitution, 


1 I 


/ 

a \ 

•/ 1 

( /• - ((,r 

1 1 id ■'') • 

' r 1 + fd y 


+ ji" 


^ /• o.r 


(ro 'W’o) - Fo 


1 + 


- = 0 . 




a 


"A - -i i + 


•r,i 


Substituting in tliis cciuation, x =2r.}L, •^<=-2-/6'’^^^’’’"^ 

get a complex imaginary equation with the two constants, a and 
/. Separating this c(iuation in the real and the imaginary parts 
we derive two cciuations, from which the two constants, a anc /, 
of the discharge arc calculated. 
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431. If the exciting current of the transformer is negligible, 
— that is, if Fo = 0, the equation becomes essentially simpli- 
fied, — 


1 + f 




(r^-ax^■ 


1 + a"* 




■0; 


that is, 



a 

1 + 



a 

1 + a2 





or, combined, — 

(r, — 2 axi) + (r — 2 ax) = 0, 
r, + pV = 2 a (x, + 

x„i + = (1 + a^) (Xi + p^x). 

Substituting for x,, x, x^,, x„ we have 


o = 


v^' 


4 (L, + 

(fj + pV)^ (Cj + p^C) 


- 1 


2;:/ = 


r, + pV 

2a (Z(j + p^D 


^•i + pV ^ -1 (A, + /r/.) 

2 (L, + p/J ' (r,+ p¥)2 {(.\ + p^(;) 

E = ~ \l + p^FFiJ dec a, 


7 = pE^'Y I dec a, 
1 1 ~ 


the equations of the oscillating-current transformer, with E/ as 
parameter. 



INDEX 


Absolute value of wave 

Actual generated 'e.m.f. of alternator 

Addition 

Adjustment of converter field for phase control. . 

Admittance 

and reluctance 

exciting, of alternating-current motor 

of transformer 

experimental determination 

iron-clad 

of receiver circuit. . 

oscillating current. 

parallel connection 

primary, of transformer 

variable 

Advance angl(‘ of eddy curnmts 

of magnetic hysteresis 

c)f (>Iiase, hyst(T(‘tic. . 

Air-gap in rnagiK'tic circuit .. . 

Algebra of coinpb'x (juantity . . . 

a — liysti'retic advanc(‘ of phase 
Alternating arc . . 

as pulsating nvsistanco 
curnMit geiKu-ator 
motor, g(MU‘ral . . 
wave* 

Alternation e m f of motor 
Alt(‘rnator 

aimatun* i(‘actions 
s(‘ru‘s operation . . 

synclironizing pow('r 
Aluminum C(‘ll, cond(‘nsiv(‘ naictanco 

Amplitude' of comph'x (juantity 

of synchronous motor surging . . . 
of wave. . • • • 

Analysis of harmonics . 

Analytic theory of synchronous motor 

Anti-surging devices of synchronous motors 

726 


PAGB 

41 

378 , 385 , 388 

701 

165 

65 

187 

468 

.... 259 

59 

187 

131 

. . 713 , 715 

59 

... 244 

187 

. . . . 196 

. . . 180 , 188 
. . .236 

. . . 190 

701 

. . 180 
. ... 615 

... 578 

361 

. . 465 

6 , 12 

469 
. . 361 

375 
401 

. . 403 , 407 

215 

705 

.... 452 

. ... 6 , 20,33 

588 

424 

458 



726 


INDEX 


PAOB 

Apparatus economy 102,119 

Apparent capacity, general wave 616 

impedance of transformer 249, 254, 256, 268 

power, general wave 611 

resistance 2 

torque efficiency, induction motor 309 

Are, alternating 615 

characteristic 582 

power factor. . 579, 584 

pulsating resistance 578 

Armature reaction, alternator. . . 362, 375 

and self-induction limiting cross-currents 399 

of synchronous motor, variation 449 

Associate numbers 706 

Asymmetncal circuits 13 

Asynchronous generator, see Induction generator, 
motor, see Induction motor 

Average value of wave 12 

Backwards driven general transformer 272 

induction machine 312 

Balanced factor of polyphase system 644, 662 

Balanced polyphase system 634, 643 

Bi-phase, see Quarter-phase. 

Brush discharge 169 


Cable, topographic characteristic 

Capacity 

apparent, of general wave 

of line 

measurement 

oscillating current . . .... 

reactance of line. . . .... 

Cascade connection, see Concatenation. 

Cast iron, hysteresis coefficient 

steel, hysteresis coefficient. . . 

Characteristic of are 

constant of induction motor, 
curves of synchronous motor, 413, 415, 418, 420, 
437, 444 

magnetic . .... 

Charges, induced . . ... 

Charging current of line . ... 

Choking coil as reactance . ... 

Circle of sine wave. . . . . . . . . 

Circuit characteristic, topographic 

factor, general wave 


. . . 50 

3 

616 

225, 230, 232 
10 
714 
227 

181 

181 

582 

478 

427, 432, 435, 


178 

169 

227 

151 

20 

52 

612 



INDEX 


727 

PAGB 

Closed magnetic circuit 
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magnetic . . . 231 
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lag, dielectric 213 
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power current 180 

in transformer 236 

reactance, resistance, susceptance, dielectric 213 


Imaginary number 704 

power 220 

unit 703 

Impedance 2 

apparent, of transformer 249, 254, 256, 268 

curve 
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general wave 

in series with circuit 71 

measurement ^ 

of transformer coils 245 

of transmission line 1^1 

oscillating current ... 713, 715 

parallel connection 

self-inductive, of induction motor 

transformer 

series connection 

single-phase induction motor 

symbolic expression. 

synchronous, of alternator 

Inde})endont p()lyi)hasc systems 

Induc(‘d charge's 

ciirr(*nts, by line . . 

Inductance • • 

factor, gc'noral wave 

ironclad 

ineasurerm'nt 

mutual, see cilso Mutual inductance . . 

oscillating current 

Induction, electrostatic, see also Influence . 

generator .... • • 

power factor . • • ..... 

synchronous, see Synchronous induction generator. 

machine 

primary load current ... 
reduction of secondary to primary circuit 

resultant 269,465,499 

motor 


259 
..55,59 
. 328 

.. 37 

.. 381 
. . 635 
. . 169 

232 
3, 19 
. 612 
. 188 
10 
169 
713 
109 
310, 341 
312 

280 
284 
282 
283 



734 


INDEX 


PAQH 

Induction motor, characteristic constant 478 
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' diagram 287 
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secondary resistance 299 
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Mechanical power, general transformer 270 

M.m.f., resultant, induction machine 283 

Molecular friction . . , 168, 180 

Monocyclic alternator wave . . 573 

connection of transformers , . 0G8 

motor, general alternating-current 4G5 

equations of . . 471 

induction motor 325 

square 97, 111 

on general wave 629 

starting device of single-phase induction motor 327 

synchronous 408 

, systems 649 

Multiple-phase control 164 
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Multiplication 7 Q 2 

Multi-tooth wave 57 ^ 

Mutual inductance . . 

effective resistance and reactance 211 

of line 230, 232 

induction 209 

inductive reactance of transformer 234 

Negative number 704 

unit 702 

wave . . 7 

Neutral ground and third harmonic in three-phase system 592 

point, polyphase system ... 655 

wire, polyphase system . . 655 

Nickel, hysteresis coefficient 181 

No-load current in phase control ... . 159 

Nominal generated e.m.f. of alternator . . . 379, 381, 387, 389, 392 

Non-inductive circuit and inductive line ... ... . 131 

load current, phase control 159 

transformer load 252 

Numbers . . 704 

Numeration . 701 

Ohm’s law in alternating circuits .2 

direct-current circuits .... 1 

Open-delta connection of transformers . . 667 

magnetic circuit . 193 

Oscillating currents. . 709 

discharge 719 

functions of distance . . . 233 

Oscillations ... . 233 

of synihronous machines, see Surging. 

Output, inaxiniuin, by phase control , . . . . 158 

of r(‘(*(‘i v"(‘r circuit • • b'^l 

of syn(*hroii()iis motor . -128 

also see Power. 

Ov(‘r-coin})(‘nsated senes motor, single-phase . . . 500, 502 

Over-synchronous motion, general transformer 2/3 

induction machine ... 312 

OviTtorics of wav(‘ . • ^ 

Parallel connection of alternators . . • d9S, 404 

impedances, resistances, conductances 54 

Parallelogram of sine waves • • • • 

Parameter equations of synchronous motor 

Parasitic currents, see Eddy currents. 

Peaked wave 
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Percentage transformer constants 255 

Period of wave 6 

Permeance, magnetic, of alternator 378, 381, 384 

Phase angle, dielectric hysteresis 213 

eddy currents 196 

excitation and speed, synchronous motor 153 

magnetic hysteresis 180, 188 

measurement 9 

synchronous motor 428, 432 

transmission line 53 

characteristics of synchronous motor 439 

control 152 

adjustment of converter fields 165 

by compounded converter 162 

for unity power factor 156 

fundamental equations 155 

multiple 164 

of voltage 157 

lamp 399 

of power . ... . 221 

of wave . 6,21,34 

splitting starting devices of single-phase induction motor 326 

Pitch, fractional, single-phase commutator motor 503, 512 

Polar coordinates 13 

diagram 28, 42 

of synchronous motor 408 

Polarization ... 5 

cell 215 

as condensance 151 

Polycyclic systems . 049 

Polygon of sine waves , .... 23 

Polyphase induction motor ... . 473 

series motor . , , 495 

shunt motor . , . . 480 

systems . . . . . . . 034 

equivalent single-phase circuits 092 

voltages in constant current transformation 123, 120 

Position angle, alternator armature . . . 392 

Positive wave . . .... 7 

Potential of point . 48 

Power as vector product . . ... . 217 

axes, polyphase system 051 

characteristics of synchronous motor 427 

component of mutual induction . 209 

consumed by arc . . . 579, 584 

by eddy currents 195 

current, hysteretic ... 175 
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Power effective 

equation 

alternating currents 

direct currents 

factor, arc 

control by polyphase shunt or series motor . . . 

general wave 

induction generator 

phase control 

single-phase induction motor 

unity by phase control 

general transformer 

wave 

induction motor 

maximum 

loss by dielectric hysteresis 

constant current transformation 

maximum, of receiver circuit 

polyphase system 

reactive 

symbolic representation . 

synchronous induction machine 

motor . . . . . . 

transferring winding, single-phase commutator motor 

Primary admittance of transformer 

exciting admittance of induction motor 
impedance of transformer 

load current, induction machine. . . 

winding, single-phase commutator motor 
Product of comph'x quantities 
Propagation V(‘locity of field . 

Pulsating wav(‘ . . 

Pulsation of magnetic fi(‘ld distorting wave 

reactance distorting wave . . . . 

resistance' distorting wave .... 
synchronous motor, see Surging, 
synchronous reactance 
Pumping, see Surging. 

Quadrature field, single-phase induction motor. 
Quart('r-phase system . • 

economy 

three-phase transformation 

Quartic curves of synchronous motor 

Quintuple harmonic, wave shapes 


FAGB 

. . . 218 
.. 23 

. . 5 

. . 1 

579, 584 
493, 497 
. 611 
. 312 

. 155 

.. 330 

.. 156 

.. 270 
. 611 
289, 308 
. 295 
.. 211 
106, 116 
.. 131 
. 643 
. 219 
. 220 
. 344 

. . 424 

500 

244 
306 

245 
284 
500 

41 

231, 233 
12 
569 
569, 575 
509, 57S 


. . 326 

635, 645, OSS 
675, 678, 6S1 
. . 664, 668 

42S 

597 


Radiation of line 
Railroading, phase control 


232 

153 
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Ratio of complex quantities 41 

transformation, general transformer 267 

induction machine 281 

transformer 247, 253 

Reactance 2 

and line drop 152 

armature, self-inductive 364 

calculation 11 

capacity, of line 227 

condensive 5, 38 

effective 168, 215 

of armature reaction 380 

of mutual inductance 211 

energy component 558 

general wave 609 

inductive 3, 19, 38 

in series with circuit ' 64 

internal, of transformer, percentage 255 

measurement g 

mutual inductive, of line 232 

of line 130, 230, 232 

pulsation, distorting wave 669, 575 

self-inductive, of alternator 385 

of line 232 

synchronous 364, 375, 380, 389, 391, 394 

variable 559 

variation in synchronous motor , . . . ... 437 

wave distortion , . . . 590 

Reaction, armature . . . 375 

machine ... . . 557 

motor. ... , . . . . 4(j(5 

Reactive current of polyphase shunt motor . . 492 

power 219 

general wave. . . (jl 1 

voltage, distortion . . _ 59O 

Real number ... . . . . . 7Q4 

Receiver circuit, voltage control . I44 

Rectangular components of wave . . . 33 

Rectifiers ... 13 

Reduction of secondary to primary induction machine 282 

Regulation, alternator . 394 395 

curve, alternator . 3(j7 372 

frequency converter. . . . , 275 

of induction generator with low frequency excitation . . 352, 357 

of compounded converter in phase control 163 

of voltage by phase control 162 

Reluctance, magnetic IgQ 
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Reluctance, induction machine 284 

variation, distorting wave 559 

Repulsion generator ... . ... ^24 

“^o^or 5 Q 7 ^ 

inverted . . . 

with secondary excitation 507 

Resistance and line drop . . . . 252 

apparent, of arc 

effective 6^ 167 , 215 

of mutual inductance. 211 

of transformer 260 

in secondary of induction motor 299 

in series with circuit . . . . 01 

internal, of transformer, percentage 255 

magnetic, see Reluctance. 

of line . 130, 230, 232 

parallel connection ... ... . .... 54 

pulsation, distorting wave 569, 578 

series connection . . .54 

Resolution of magnetic exciting current . . 174 

sine waves .... . . 34 

Resonance and harmonics . ... 179 

elect ro-mechani cal, of synchronous motor. 452 

of condenser .... 618 

harmonics in transmission lines . 601 

line and receiver circuit 50 

Resonating circuit, constant current 92, 98 

on g(‘n(*ral wave 626 

R(‘sultant in m.f., induction machine 283 

R(‘V(dving polyphase in in f . 639 

Rigid nu‘clianical connection of alternators 398 

Ring coniu'ction, p()ly[)hase system 656 

curnaii,, polyphase system . . 657 

potcMit i:l 1, poly[)hast‘ sy.stem . . 657 

Ris(‘ of poUaitial in synchronous motor line. . . 413 

Roots of the unit . 70/ 

Rotating fu'ld 642 

H'pulsion motor 513 

polyplias(‘ in.in.f . . 639 

Rotation, alg(‘l)r:ii(t 70/ 

e 111 f of alt(‘rnating-CLirrent motor 4ii9 

g(‘iuTal transformer 272 

Rotor (‘.xciti'd .s(‘iics motor 50/ 

Rulimkorff coil waves . 

Saturation, magnetic, in synchronous motor . . 437 

and exciting current 179 
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598 

Screening effect of eddy currents 

202 

Screen, wave 

632 

Secondary currents . 

169 

frequency, induction machine 

280, 283 

impedance, transformer 

245 

resistance of induction motor 

299 

Self-exciting induction generator 

312 

Self-inductance, definition 

.210 

measurement 

10 

Self-induction 

180 

and armature reaction limiting cross-currents 

between 

alternators 

. . . 399 

armature of alternator 

. . . 364, 375 

counter e.m.f 

169 

e.m.f . . • . 

3 

of commutation 

555 

synchronous motor, variation. . . 

.449 

transformer , . 

. . . 234, 263 

Self-inductive impedance, induction motor 

306 

transformer 

259 

reactance, alternator 

. . . 364, 385 

line . . 

232 

transformer. . .... 

. . 234 

true 

. 380 

Series connection of alternators . . . . 

400 

impedances 

55 

resistances and conductances . . 

54 

motor, polyphase 

495 

single-phase ... 

. 506 

operation of alternators . . 

400 

reactance in circuit 

. . 64 

repulsion motor . . . . . 

. . 507, 528, 546 

resistance in circuit 

61 

Sextic hypocycloid 

417 

Sharp zero of wave 

598 

Sheet iron and steel, hysteresis coefficient . . . 

181 

Short-circuit current of alternator 

393 

Shunted capacity of line 

225 

condensance and lagging current 

74 

condenser representing line capacity 

227 

susceptance and voltage control 

144 

Shunt motor, polyphase 

486 

Shuttle armature 

557 

Silent discharge of line , ... 

. . 230 

Silicon steel conductivity . .... 

199 

Silicon steel hysteresis coefficient . . 

181 
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Sine wave 

circle . . 

equivalent, of magnetic exciting current 

Single-cylinder engines on alternators 

Single-phase cable, topographic characteristic 

commutator motor 

induction motor 

torque 

system . 

economy 

equivalent of polyphase system . 

Single-unit power transmission 

Six-phase system - . ... 

Slip, general transformer . 
induction machine . 
of frequency, induction generator 
of speed, synchronous motor on induction generator 
Speed and excitation, direct-current motor 
angle, series repulsion motor ... 
curves, induction motor 

excitation and phase angle, synchronous motor . . 
polyphase shunt motor . ... 

Spiral, loxodroinic 

Star connection, polyphase system 
current, polyphase system 
potential, polyphase system. 

Starting device, single-phase induction motor 
tonpie, induction motor . 

Static dielectric hysteresis 
Stationary transformer 
Steel, hysteresis coefficient 
Striking distance and waV(‘ shape 
Subtrnction 

Siippr(‘ssion of higher liannonics 
Sursms, c-imuiliitivis of synchronous machines 
of synchronous motor . 


6 

20 

176 

398 

50 

499 

480 

326 

638 

673, 678, 681 

692 

410 

. . . 636, 639 
. ... 264 

.... 280 
. 314, 342 

318 

153 

541 

.... 309, 479 

153 

489 

711 

655 

657 

657 

326 

297 

212 

268 

181 

607 

702 

t)32 

461 

451 

56 


16 S, 


Susceptance 

0 ()ndensiv(‘, of line . 

(‘(Teetive 

'’P'"’": . . ■ ■ ■ '■ . uo, 

of receiver circuit 

and output 

Symbolic calculation of phase characteristic of synchronous motor. . . . 
representation of crank diagram 

of general alternating waves .... 

of polar diagram . ■ • 

Symbolic representation of power 


227 

215 

232 

144 

136 

441 

44 

60S 

36 

220 
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Symmetrical polyphase system 634, 637 

Synchronism, induction motor 303 

Synchronizing alternators 398, 404 

power of alternators 403, 407 

Synchronous converters and phase control 153 

exciter of induction generator 313 

impedance of alternator ’ 381 

induction generator 466 

motor . . 465 

machine 342 

as inductive or condensive reactance . 151 

motion, general transformer 272 

motor . . • . 408, 465, 467, 499 

analytic method . ... 424 

calculation of phase characteristic 441 

characteristic curves, 413, 415, 418, 420, 427, 432, 435, 437, 
444 

cumulative surging . . 461 

excitation, speed and phase angle. .. , . .153 

fundamental equations . . . . ... 425 

load curves . ... 444 

phase control . 153 

power characteristics . . 427 

self-induction and armature reaction, variation — 449 

reactance 364, 375, 380, 389, 391, 394, 449 

variation . 382, 449 

watts, torque ... . . 223 

induction motor. . 308 

Tandem control of induction motors . . . 319 

T connection, constant current , 95, 98 

on general wave . . ()2(> 

of transformers . ()()8 

Tenninal voltage of alternators .37.8, 385, 388 

Tertiary circuit in condenser induction motor 330 

Third harmonic in three-phase system 592 

wave shapes 597 

Thomson motor , . . . 507 

Three-phase alternator wave . . 571 

circuit wave distortion 592, 5i)6 

quarter-phase transformation 004, 008 

system 635, 039, 645, 683 

economy ... 074, (>78, 081 

inverted 036, 040 

economy . , . 670 

topographic characteristic ... .48 

transformer connections and wave distortion .... . 596 
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Three-phase transmission line, calculation 

topographic 

Three-wire quarter-phase system, economy 

single-phase system, economy 

three-phase system, economy 

Time constant 

lag of disruptive strength 

Topographic circuit characteristic 

Torque and energy 

as imaginary energy 

as vector product 

efficiency, induction motor. . 

hysteresis motor 

induction motor 

maximum . . . . . 

starting 

single-phase induction motor . 
synchronous watts . . 

Transformation of polyphase systems 
ratio of transformer 

Transformer 

connections, three-phase, and wave distortion 

constants 

diagram 

equivalent to divided circuit 
general . . 

power . 

non-inductive load 


.... C9i 
51 

675, 67S 

673 

.. 674, 67S 
.... 3 

.... 607 

53 

224 

224 

222 

309 

338 

289, 301, 308 

293 

.... 297 
.... 326 
308 

.... 662 
. 247, 253 

.. . .234 

596 
258 

. . 28, 32 

250 
343 
270 


Ovscillating current 722 

percentage of constants 255 

statioiniry . 26S 

winding, single-])hase commutator motor 500 

Tninsient ph{‘nomena . 233 

Transmission line calculation 694 

capacity . . 225 

phase control 153 

resistance and reactance 130 

resonance of harmonics 601 


topographic characteristic 
voltage control 
single-unit power 
Trelile peaked wave 
Triphase, see Three-phase. 

Triple harmonic, see Third harmonic. 
Two-frequency generator 
Two-phase, see Quarter-phase. 

Two- wire system, economy 


51 

14S 

410 

59S 


345 

673 
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Unbalanced polyphase system 634, 643 

Unbalancing quarter-phase system 691 

Under-compensated series motor, single-phase 500 

Under-synchronous motion, general transformer . 272 

Unequal current distribution 169, 205, 231 

Unit, imaginary 703 

negative 702 

roots, of. . . 707 

Unitooth alternator wave, hysteresis loss .... 606 

Unity power-factor, by phase control 156 

in polyphase shunt and series motor ... . 493, 497 

Unsymmetrical polyphase system . . 634 

Variable reactance 449, 559 

speed of polyphase shimt motor 490 

Variation of synchronous motor constants . 437 

of synchronous reactance . 382, 447 

V-connection of transformers — 667 

Vector of complex quantity .... .... . 705 

of wave . - . .... 21 

products . . 217 

representation of general alternating waves . . 608 

Velocity, finite, of field. . . . . 231, 233 

Vertical component of wave .... . ... 33 

Virtual generated e.m.f. of alternator . . 377, 379, 385, 388 

Viscous dielectric hysteresis ... . 212 

Volt . . . . 17 

Voltage control by shunted susceptance . . 144 

distortion by third harmonic in three-phase system 594 

phase control ..... 157 

ratio of receiver circuit. . 139, 145 

of series repulsion motor 535, 541 

V-shaped synchronous motor curves 430, 437 

Wattless current generation by polyphase shunt and series motor 494, 497 
volt-amperes . . 219 

Wave, general alternating . 008 

of exciting current 172 

screen , . . 032 

Wire, iron, eddy currents , 197 

Y-connection, three-phase system . . 056 

current, three-phase system. . 057 

delta connection of transformers . . 066 

potential or voltage, three-phase system . . 657 

Y connection of transformers . . 067 

Zero of wave . 598 

phase displacement curve, synchronous motor 432 




